Definition and remark
Let C be a category, let O be a zero object. Then for every pair of
objects C, D € Ob(C) there exists exactly one morphism

Oc,p

C —/= D such that

foOcp=0cE and Oc.pog=0pp,

for all morphisms h € Hom(D, E) and g € Hom(B,C). The
morphism Oc p 15 called the zero morphism.



Definition

f
Let C be a category, let C, D € Ob(C), let C' =3 D be
g
morphisms. An equalizer of the pair f, g is the pair (F,e)

consisting of an object F and a morphism E — C such that
1. foe=goe;
2. it A is any object and A LYo I morphism such that
foh=goh,

then there exists exactly one morphism A ", E such that

eoh = h.



In other words the diagram

f
E—S>C—/=D
A g

1S commutative.



Definition:

f
Let C be a category, let C, D € Ob(C), let C' =2 D be
g
morphisms. A coequalizer of the pair f, g is the pair (Q), q)

consisting of an object () and a morphism D 4, @ such that
l.gof=gqogy;
2. it F'is any object and D 5 Fa morphism such that

kof=kog,

then there exists exactly one morphism () %, F such that

koq=k.



In other words the diagram

f

—_— q
C=*D—>Q

|
| k
XV

F

1s commutative.



Remark

f

Let C be a category, let C, D € Ob(C), let C = D be morphisms,
g

let (E,e) be the equalizer, and (Q, q) a coequalizer of f,g. Then:

1. e is a monic,

2. q 18 an epic.



Definition
Let C be a category, let O be the zero object, let C, D € Ob(C), let

C L5 D be a morhism. A kernel of f is the equalizer (E,e) of

the pair f,0c p. The equalizer (E,e) is then denoted by
(Kerf, ker f).

A cokernel of f is the coequalizer (Q),q) of the pair f,0c p.
The coequalizer (Q, q) is then denoted by (Coker f, coker f).



Corollary
Let C be a category, let O be the zero object, let C, D € Ob(C), let

C ER D be a morhism. Then
1. ker f is a monic and f oker f = Okerf,D;
2. coker f is an epic and coker f o f = 0¢ Cokerf-



Definition:

Let C be a category, let A, B, Z € Ob(C). Let A 1, 7 and
B %> Z be morphisms. A pullback of the pair f, g is the triple
(P, p,q) consisting of an object P and morphisms P 2 A and

P L B such that:
L. fop=gog;
2. for every object Q and morphisms Q — A and Q = B such

that f or = g o s, there exists exactly one morphism
Q = P such that r = pow and s = g o u;



in other words the diagram

Pq—>B

P g

A——7
f

is commutative. The object P is denoted by A x 7 B, the
morphism p is called the pulback of g along f, and ¢ is called
the pulback of f along g.



Definition:

Let C be a category, let A, B, Z € Ob(C). Let Z 7, A and

Z <> B be morphisms. A pushout of the pair f, g is the triple
(P, p,q) consisting of an object P and morphisms A = P and

B 4 P such that
l. pof=qogy;

2. for every object Q and morphisms A — @ and B = @ such

that r o f = s o g, there exists exactly one morphism
P = @ such that r =uopand s = uoq;



in other words the diagram

Pl B

P g

A<~——7
J

is commutative. The object P is denoted by A Uz B, the
morphism p is called the pushout of g along f, and ¢is called
the pushout of f along g.



Remark
Let C be a category. Then binary products and equalizers in C
exist of and only if there exist pullbacks.



Remark
Let C be a category. Then binary coproducts and coequalizers in
C exist of and only if there exist pushouts.



Definition

Let C and D be categories. A covariant functor F' : C — D is a
pair of maps (Fi, Fa), F1 : Ob(C) — Ob(D),

Fs: Ar(C) — Ar(D) such that

1. for Ae Ob(C) and for B = F,(A) € Ob(D)
Fr(14) = 1B:;
2. for AL B, A, B e Ob(C)
Fi(4) 2 py(B);
3. for BLC, A% B, A,B,C € Ob(C):

Fy(fog) = Fa(f) o Fi(g)



Definition

Let C and D be categories. A contravariant functor F' : C — D 1s
a pair of maps (F1, Fy), Fy : Ob(C) — Ob(D),

Fs: Ar(C) — Ar(D) such that

1. for Ae Ob(C) and for B = F,(A) € Ob(D)
Fr(14) = 1B:;
2. for AL B, A, B e Ob(C)
Fi(B) 2 Fy(a);
3. for BLC, A% B, A,B,C € Ob(C):

Fy(fog) = Fa(g) o Fi(f)



Definition
Let C and D be categories, let F,G : C — D be covariant

functors. A natural transformation A from F' to G is a class of
morphisms A4 : F(A) — G(A), A€ Ob(C) such that for every
A5 B, A BeObC)

G(a)oAds = Ag o F(a).

In other words, the following diagram is commutative:

F(A) F(B)
Aa AB
G(A) —5 = G(B)

If A4 are all isomorphisms, we say A is a natural equivalence.



Definition
Let C and D be categories, let F,G : C — D be contravariant
functors. A natural transformation o from F' to G is a class of

morphisms ay : F(A) — G(A), A e Ob(C) such that for every
AL B A Beob)

F(f)oaa =apoG(f).

In other words, the following diagram is commutative:

F(A) F(B)
G(A) — > G(B)

If a g are all isomorphisms, we say o 1S a natural equivalence.



Definition 7.14. Let C and D be categories. A covariant functor I':C — D is faithful if for all
objects A, B € Ob(C) the induced function

Hom¢(A, B) — Homp(F(A), F(B))

is injective. If, moreover, it is surjective, then I’ shall be called fully faithful.






Definition 7.16. Let C and D be categories. A covariant functor F': C — D is called a

equivalence of categories if it is fully faithful and essentially surjective, that is for every object
B € Ob(D) there is an object A € Ob(C) such that F(C)=D.



