Categories.

Category C consists of a class of objects Ob(C), denoted by
A,B,C,... and a class of morphisms (or arrows) Ar(C)
together with:

1. a class of pairwise disjoint arrows Hom(A, B), one for each
pair of objects A, B € Ob(C); an element f of Hom(A, B) is
called a morphism from A to B and denoted A L Bor
f:A— B,

2. functions Hom(B,C) x Hom(A, B) - Hom(A,C), for
each triple A, B,C € Ob(C), called composition of
morphisms; for morphisms A 7, B and B % C values of
this function are denoted by (g, f) — g o f and a morphism

A2, ¢ called composition of morphisms A 1, B and
B C.



Moreover, the following axioms are satisfied:
Associativity: if A ER B, B 9, ¢ and C % D are morphisms in
C, then
ho(gof)=(hog)of.

Identity: for each object B € C there is a morphism B 15, p
such that for each A ENyS and B C:

lpof=fandgolp=g.

If the classes Ob(C) are Ar(C) sets, then the category C is called
small. If the classes Hom(A, B), for each pair of sets

A, B € Ob(C), are sets, then the category C is called locally
small.



An isomorphism is a morphism A 1, B such that there exists
a morphism B % A such that

fog=1pand go f=14.

If there is an isomorphism A ER B, then the objects are
isomorphic, denoted A =~ B.

An automorphism is an isomorphism A S A An

endomorphism is a morphism A ENyY



Definition

Let C be a category, let {A; 1 i€ I} be a family of objects in C. A
product of {A; :i € I} is an object P togehter with a family of
morphisms {P = A; : i€ I} such that for each object B and a

family of morphisms {B 2, A; i€ I} there is exactly one

morphism B 2, P such that
T3 © d) = d)i’

fori e I. In other words, the following diagram commutes:

B-%-p

BN

A;

A product P is denoted by [ |

ze[



Definition

Let C be a category, let {A; 1 i€ I} be a family of objects in C. A
coproduct of {A; :i € I} is an object S together with a family
of morphisms {A; <> S :i € I} such that for each object B and

a family of morphisms {A; Yisie I} there is exactly one

morphism S Y, B such that

Yo =,

fori e I. In other words, the following diagram commutes:

_¥.B
Li
A

A coproduct S is denoted by [ |

B2—0

ze]



Definition
Let C be a category. The category C is called concrete, if there
is a function o : Ob(C) — Ob(Set) such that

1. each morphism A S Bisa function between sets

f:0o(A) = a(B);

2. the identity morphism A 14, A is the identity function
1lg:0(A) - o(A);

3. composition of morphisms is composition of functions.



Definition

Let C be a concrete category, let F' be an object in C, let X be a
nonempty set, let f: X — F be a function between sets. The
object F' is called free with basis X if and only if for each
object H and each function between sets h : X — H there is

exactly one morphism F %, H such that pof=h.



Definition

Let C be a category. An object I of C is called an initial object
(or universal), if for each object C' of C there is exactly one
morphism I = C.

An object T of C is called a terminal object (or
couniversal), if for each object C of C there is exactly one
morphism C N

An object Z of C is called a zero object, if it is both initial
and terminal.



Definition
Let C be a category, let B,C € Ob(C). A morphism B % Cis
called a categorical monomorphism (or monic), if for every

P
object A and morphismsA r’l_, B:
P2

if o1 = ¢ oy then iy = 1ho.

A morphism B 2, C' is called a categorical epimorphism (or

p
epic), if for every object D and morphisms C :;1 D:
b2

if P10 ¢ = a0 ¢ then Yy = Ys.



