11 Projective space. Projective algebraic sets.

11.1 Projective space.

The concept of a projective space originated from the visual effect of perspective, where parallel
lines seem to meet at infinity. A projective space may thus be viewed as the extension of an
Euclidean space in such a way that there is one point at infinity for each direction of parallel lines.

Consider the affine plane k2. Each point (x, y) € k% can be idetified with the point (z,y, 1) € k3.
Every point (z,%,1) € k® determines a line in k2 that passes through (0,0,0) and (z,y,1). Every line
through (0, 0,0) except those lying on the plane z =0 corresponds to exactly one such point. The
lines through (0,0, 0) in the plane z =0 can be thought of as corresponding to the “points at infinity”.

Definition 11.1. Let k be a field. Projective n-space over k, written P™(k), is defined to be the
set of all lines through (0, ...,0) € k" 1. Any point (z1,...,xn41)# (0,...,0) determines a unique such
line, namely {(Az1,...,\Tn+1)| AEk}. Elements of P"™(k) are called points. If a point P € P™(k)
is determined as above by some (x1,...,xp11) € K" T\ {(0,...0)}, we say that (z1,...,T,11) are the
homogeneous coordinates of P and write P =[z1:...: Tp11].

Remark 11.2. Let P"(k) be a projective n-space over k. Two points (x1, ..., Tnt1), (Y1, vy
Ynt1) € k"L determine the same line is and only if there is a nonzero A € k such that x1=\yy, ...,
Tpt1=AYns1. Let us say that (x1,...,Zni1), (Y1, ..., Yns1) € K7L are equivalent if this is the case.
Then P"(k) may be identified with the set of equivalence classes of points k" *1\ {(0,...0)}.

Remark 11.3. Let P™(k) be a projective n-space over k and let P € P"(k), P={[z1:...:Zn41]. Note
that the i-th coordinate z; is not well-defined, but that it is a well-defined notion to say whether
the i-th coordinate is zero or nonzero. If x; # 0 the ratios z; /z; are well-defined, since they are
unchanged under the abovedescribed equivalence.

Definition 11.4. Let P"(k) be a projective n-space over k. Let
Ui={[y1: ..t yns1] € P"(k)| i # 0}
Each P € U; can be written uniquely in the form
P=[zy:..cxi—1: Limiqr: i xnga).

The coordinates (X1, ..., Ti—1,Ti+1,.--; Tnt+1) are called the nonhomogeneous coordinates of P
with respect to Uj.

Remark 11.5. Let P™(k) be a projective n-space over k. Define ¢;: k™ — U; by
gOi(l'l, ceny .Zn) = [Ili et Lj—10 1: Ljg1teeet Il‘n]

Then ¢; defines a bijective correspondence between k™ and U;. Note that P"(k) = U?jll U, so that
P"™(k) is covered by n+ 1 bijective copies of k™.

Definition 11.6. Let P"™(k) be a projective n-space over k. The set

Hoo=P"(k)\ Upy1={[71:...:Tn+1]| Tn+1=0}
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is called the hyperplane at infinity.

Remark 11.7. Let P™(k) be a projective n-space over k. The map H., — P"~1(k) given by
[Z1: iz 0= [mn ..y

is bijective. Thus Hs, may be identified with P"*~1(k) and P™(k) =U, 41U Hy, is the union of an
affine n-space and a set that gives all directions in affine n-space.

Example 11.8.
1. PO(k) is a point.

2. PY(k) = {[z: 1]| z € k} U {[1: 0]} is the affine line plus one point at infinity. We call it
projective line over k.

3. P2(k)={[z:y:1]| 2,y €k} U{[x: y:0]| [: 4] €P1(k)}. Here H, is called the line at infinity.
P?(k) is called the projective plane over k.

4. Consider a line £: y=ax +b in k2. If we identify k? with U3 CTP2(k), the points on the line
£ correspond to the points {[z: y: z]| y=ax +bz and z#0} € P%(k). Then

{lz:y:2]ly=az+bz} N Heo={[1: a: 0]},

so that all lines with the same slope a, when extended that way, pass through the same
point at infinity.

5. Consider the curve C: y%2 = 22 + 1 in k2. The corresponding set in P%(k) is given by the
equation y% =22+ 22, 2+0. Thus

{[z:y:2]| > =22+ 22} N Hoo = {[1: 1: 0], [1: —1: 0]}.
These are the points where the lines y = and y = —z intersect the curve.

11.2 Projective algebraic sets.

Definition 11.9. Let P™(k) be a projective n-space over k. A point P € P™(k) is said to be a zero
of a polynomial f € k[x1,...,xn41] if f(21,...;8n4+1) =0 for every choice of homogenous coordinated
for P; we then write f(P)=0.

Definition 11.10. A polynomial f € k[x1, ..., Zny1] is called a form of degree d if it is a sum of
monomials of degree d:

— i in+1 ; .
f= E @iy ooiyy BT Ty 1 i1+ ..+ ipp1=d.
(#15enyin 1) ESCNPHL

Remark 11.11. A polynomnial f € k[z1, ..., Zn+1] is a form of degree d if and only if

f(abh ceny abn+1) = adf(bl, ceey bn+1),

for all a,by,...,bp4+1 € k.
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Proof. If f:Z(il,.i.,inﬂ)eSCN"Hai1~--in+1xil'“"xn++1l where i1 +...+ip1=d for all (i1,...,in) €S,

then for any a, b, ...,b,11 € k:

_ }: i ing1
f(abh ...,abn+1) = ail_._inﬂ(abl) 1~...-(abn+1) "

(i1,-rint1)ESCNPFL

= i1+t i i

- Cl,il.__in+1a“+ ’ln+1b1 1'...'bn+1 ntl1
(#1,0rin 1) ESCNPFL

= ¢ i i

= a Z ailminJrlbl 1-...~bn+1 nti

(1,04 1) €SCNT+1
= af(by,...,bny1).

Conversely, assume that f(aby, ..., abyy1) = a®f(b1, ..., byi1), for all a, by, ..., byy1 € k. Let

— o i1, int1
f= Z(il,...,in“)esgN"H Qiy.ipr 1Ty Then

f(ab17~~~,abn,+1): E ailmiwr1a11+---+zn+1b111,_”.bn+1zn+1'
(41,..sin+1) ESCINTHL

On the other hand

d _ dy, 1 b
a f(bl,...,bn+1)— E iy g1 @ blzl-...-anrl“Jrl,

(i1, yin 1) ESCNHL

which yields a+~Fir+1=q? and, consequently, iy + ... + 4,11 =d for all (iy,...,i,) €S. |
Remark 11.12. Let P™(k) be a projective n-space over k, let P € P™(k). If f€k[z1,...,zn11]is a

form of degree d and f vanishes at one representative of P, then it vanishes at every representative

of P.

Definition 11.13. Let P™(k) be a projective n-space over k. A projective algebraic set V
is a subset of the projective n-space P™(k) consisting of all common zeros of some set of forms
S Q k[Ih ...,l‘n+1] N

V=A{la1:....an41] € P™(k)| f(aq, ..., an41) =0 for all feS}.
We shall call the set V to be defined by the set of forms S and denote by V = Z(S).

Definition 11.14. An ideal a <Qk[z1,...xn41] is called homogeneous if for every f €a, if

F=30 5,
d=0
where {9 is a form of degree d, then also f©, ..., f(™ cq.

Proposition 11.15. An ideal a < k[z1, ..., Tp11] is homogeneous if and only if it is generated by
a finite set of forms.

Proof. Assume that a < k[x1, ..., n4+1] is homogeneous. Since k[z1, ..., n4+1] is Noetherian,
a={f1,..., fx), for some fi,..., fx € k[x1, ..., Tpt1]. Write f; = ;n:io fi(d), where fi(d) is a form of
degree d, i€ {1,...,k}. Then fi(d) €a, as a is homogeneous, and hence <fi(d)| ie{l,...k},de{0,...,
max {my, ..., mk}}> Ca. But as every element of a is a combination of fi,..., fx which, in turn, are

combinations of fl-(d)| 1€{1,...,k},de{0,...,max {m1,...,my } }, the other inclusion also holds.
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Conversely, assume that a= < fl(dl)7 e f,gd’“)>7 where fi(dl) €k[z1,...,tnt1] is a form of degree d;. Let
fea. Write f= Z::m fi, where deg f;=1i. It suffices to show that f,, € a, for then f — f,, €a and

an inductive argument finishes the proof. Write f= Zle ai-fi(d")7 for some ay,...,ar €k[x1, ..., Tnt1].

Comparing terms with the same degree we conclude that f,, = Zie{ﬂd:m} ai-fi(di), so fmea. O

Remark 11.16. Let S C k[z1, ..., Zn+1] be a set of forms and let a be the homogenous ideal of
klx1, ..., zny1] generated by S. Then

Z(S)=Z(a).

Remark 11.17. Let S Ck[z1, ..., zn+1] be a set of forms. Then there exists a finite set of forms
{f1, s fr} Ck[z1,...,2nt+1] such that

Z(8)=Z(f1, s fr)-

Remark 11.18. Let P™(k) be a projective n-space over k, let V- CP™(k) be a projective algebraic
set. The set Z(V) of all polynomials whose common zeros coincide with V:

I(V)={f€klzi,...,xn41]| f(a1,....an4+1) =0 for all [a1:...:ap41] €V}
is a homogenous ideal of k[z1, ..., Zy)].

Definition 11.19. Let P™(k) be a projective n-space over k, let V. CIP"(k) be a projective algebraic
set. The ideal Z(V') consisting of polynomials whose common zeros constitute V shall be called the
ideal of the projective algebraic set V.

Remark 11.20. Let P™(k) be a projective n-space over k, let V', V4, V5 C P™(k) be projective
algebraic sets, let a, a;, as be homogenous ideals of k[z1, ..., Zn41]. Then:

1. a; C Cl2:>Z(l11) ;)Z(ag),

2. Z(Z2(a)) 2a,

4. ViV, & I(V) 2Z(V),

5. Vi= Vo (V) = Z(Va).
11.3 Irreducible projective algebraic sets.

Definition 11.21. Let P"(k) be a projective n-space over k. A nonempty projective algebraic set
V CIP"™(k) will be called irreducible, if for projective algebraic sets A, B CTP"(k):

V=AUB=V=AVV=B.

Theorem 11.22. Let P"(k) be a projective n-space over k. A nonempty projective algebraic set
V CIP"™(k) is irreducible if and only if Z(V') is prime.

Theorem 11.23. Let P"(k) be a projective n-space over k. Every projective algebraic set Vis a
finite sum of irreducible projective algebraic sets:

V=Wvu..uV, r>1.
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If in the above decomposition the sets Vi are incomparable (that is V; ¢ V; for i+ j), then they are
uniquely defined.

11.4 Projective Nullstellensatz.

Definition 11.24. Let P™(k) be a projective n-space over k, let V. CIP"(k) be a projective algebraic
set. The set

CV)=A{(z1,..., Tnt1) €E™ [z1: .0 xn] €V IU{(O,...,0)}
will be called the cone over V.

Notation 11.25. To avoid confucion when necessary, we shall write Z,(I) and Z,(V') for affine
operations and Z,(I) and Z,(V') for projective operations.

Remark 11.26. Let P"(k) be a projective n-space over k, let V'-CP™(k) be a nonempty projective
algebraic set. Then

Moreover, let a <1 k[x1, ..., Zn41] be a homogeneous ideal such that Z,(a) #0. Then

C(Zp(a)) = Za(a).

Corollary 11.27. (projective Nullstellensatz) Let k be algebraically closed, let a < k[z, ...,
ZTn+1] be a homogeneous ideal. Then:

1. Z,(a)=0 if and only if there is an integer N such that a contains all forms of degree >=N;

2. if Zp(a) #0, then ITy(Zp(a)) =rad(a).

Proof.
1. The following four consitions are equivalent:
i. Zp(a)=0,
ii. Zp(a) C{(0,...,0)},
iil. rad(a) =Zu(Za(a)) 2 (z1,...,xn+1) (by the affine Nullstellensatz),
iv. (v1, ..., 2ns1)N Ca.
2. T,(2,(@)) = Tu(C(Z,(0))) = Tu(Za(a)) =rad (a). O

11.5 Zariski topology. Quasiprojective varietes.

Lemma 11.28. A finite sum of profective algebraic sets is a projective algebraic set. To be more
precise, let a1, ..., a, be homogenous ideals of the ring k[x1, ..., xn4+1]. Then

Z(a)U...UZ(am)=Z(ar- ... ),

where aj ... Gy, = {Zleailaig...aim| keN, ai; € Clj,je {1, ...7m},i€ {1, v k}}
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Remark 11.29. Let ay,...,a,, be homogenous ideals of the ring k[z1, ..., Z5+1]. Then

Z(ag .. ) =Z(a1N ... Nap).

Lemma 11.30. Intersection of any number of projective algebraic sets is a projective algebraic set.
To be more precise, let {a;|i €1} be a family of homogenous ideals of the ring k[z1,...,xn+1]. Then

QI Z(a;) —z((LEJI a))

Remark 11.31. Let ay, ..., a,, be homogenous ideals of the ring k[x1, ..., Zn+1]. Then

Zlar+...+ay) =Z({a1U...Uay,)).

Theorem 11.32. In P™(k) there is a topology whose closed sets are projective algebraic sets in
P(k).

Definition 11.33. The topology of P™(k) defined by projective algebraic sets is called the Zariski
topology in P"(k).

Definition 11.34. Open subsets of closed projective algebraic sets are called quasiprojective
varietes.
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