10 Rational functions field of an affine algebraic variety.
Rational maps of affine algebraic sets. Birational equival-
ence of affine algebraic sets.

Definition 10.1. Let V CE"™ be an affine algebraic variety. The field of fractions of the coordinate
ring k[V] will be called the field of rational functions of V and denoted by k(V'), and its elements
rational functions on V.

Example 10.2. Consider the following easy examples:
o V={(ay,...,an)} €k k(V)=k;

o V=FEF E(V)2k(2,..., 7).

Definition 10.3. Let V C k™ be an affine algebraic variety. A rational function ¢ € k(V) is defined
at a point (as,...,a,) Eszgo—— for some f=F+Z(V),g=G+ZI(V)ek[V], F,Ge€k[x,...,xx],

with G(ay, ...,a,) #0. In this case we say that —F(al @n)

Gl o) €k is the value of ¢ at (aq, ..., n), and
denote it by p(ai, ..., an).

Remark 10.4. Let V Ck™ be an affine algebraic variety, let ¢ € k(V) be defined at (aq,...,a,) € V.
The value of ¢ at (ay,...,ay) is uniquely defined.

Proof. Let 90_ f2 1=+ IV), fo=Fo4I(V), 1 =G1+Z(V), ga= G2+ Z(V) € k[V], F1,
Fy, Gi,Go € k[zl, . ] with G1(as, ..., an) # 0 and Gs(ay, ..., a,) # 0 be two presentations of ¢

as a quotient of elements of the coordinate ring of V. Then figs = fag1 in the ring k[V], so that
Fi(as,...,an)G2(aq, ..., an) = Fa(aq, ..., a,)G1(aq, ..., a,) and thus

Fl(alv"'van) — FQ(alz'“yan) |
Gl(ah...,an) Gg(al,...,an)’

C(x, y) with 22 + y? = 1. Let

Example 10.5. Let V = Z(2? + y?> — 1) C C?. Then C(V)
=0, but ¢ is not defined at (0, —1).

p=1Y y € C(V). Then ¢ is defined at (0,1) €V and ¢(0,1)
Proof. Since z2=1— ¢? in the ring C[V], we get

l-y (-y (Q+y _1-y* 2> =
T r (1+y) z(1+y) 2(l+y) 1+y

and (1 + y)(0,1) =10, we see that ¢ is defined at (0,1) and ¢(0,1) =0. On the other hand,
suppose that ¢ is defined at (0, —1), that is

for some f=F+4+Z(V),g=G+Z(V) e C[V] with G(0, —1) #0. Then (1 — y)G(z,y) =z F(z,y)
in C[V]. But this implies 1-G(0, —1) = 0-F(0, —1) = 0, so that G(0, —1) = 0 rendering such a
presentation impossible. O

Remark 10.6. Let V C k™ be an affine algebraic variety. Every rational function g € k(V),

f=F+Z(\V),9g=G+I(V)€ek|V], F,G € k[r, ..., v,] determines a function defined on some
nonempty open subset U CV with values in k£ that we shall also call a rational function.
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Proof. Indeed, the set

U = {(a,...,an) €V|G(ay,...,a,) #0}
= V\{(ay,...,an) €V|G(a1,...,a,) =0}
= V\N(VNZ(Q))

is open in the Zariski topology on V induced from k™. To see that it is nonempty, suppose that
G(a1, ..., an) =0 for all (ay, ..., ap) € V. But then G € Z(V), that is ¢ = 0 as an element of the
coordinate ring k[V], and thus g cannot be a denominator of a quotient in the field of fractions of
k[V]. d

Remark 10.7. Let V C k™ be an affine algebraic variety. If the rational functions o1, w2 € k(1)
have the same values on a certain nonempty open subset of U C V', then they are equal.

Proof. Say g1 = 2 and ¢ = & with fi = Fy + Z(V), fo = F, + Z(V), g1 = G1 + Z(V),
g2=Ga+ZIZ(V)€k[V]. If ¢1= 2 on an open subset U C V| then

ﬂ_&iFlGQ—FQGl —0
Gl G2 N G1G2 -

on U, that is F1G2— FoG1=0 on U as a restriction of a polynomial function k" — k to V. Clearly
F1G2 — F5(G1 is a continuous function in the Zariski topology, and by Remark 5.5 the set U is dense
in V, so that F1G2 — FoG1=0 on V leading to @1 =2 on V. O

Theorem 10.8. Let V C k™ be an affine algebraic variety over an algebraically closed field k. If
the rational function ¢ € k(V') is defined at every point of V, then ¢ € k[V].

Proof. Since ¢ is defined at every point of V, then for each such point ¢ € V there exist
fo=Fa+ (V) go = Ga + Z(V) € k[V] such that ¢ = 2 with Gy(a) # 0. Let a = ({Gil

a € V}) < klzi, ..., x,). Since k[z1, ..., z,) is Noetherian, there exists a finite number of points
ai, ..., am € V such that a = (Gq,, ..., Gq,,). The polynomials Gy, ..., Gg,, have no common
zero on V, for if G, (a) = ... = G, (a) = 0 for some a € V, then Gy(a) # 0 and, as G, € qa,

Gu(a) = P1(a)Ga,(a) + ... + Pn(a)Ga,,(a), for some Py, ..., Py, € k[x1, ..., Ty, so that G4(a) =0 — a

contradiction. Therefore Z(a+Z(V)) =0, and by Lemma 5.16 there exist Hi, ..., Hp, € k[z1, ..., Tp]
and @ € Z(V) such that the following equation holds true in the ring k[x1, ..., z,):

HiGg, + ...+ HpGa, + Q=1.

But this leads to

(Hi+ I Gy +Z(V))+ o+ (Hn +Z(V))(Ga,, +IT(V)) +(Q+Z(V)) =
= (H1+Z(V)( Gy +Z(V))+ ...+ (Hp + Z(V))(G,,, + Z(V))
= 1+1(V)

holding true in k[V] and, consequently, k(V'). Multiplying both sides by ¢ and using the fact that

gp:%, i€{l,...,m}, yields:
Hi+Z(V) far + -+ (Hn+I(V)) fa,, = ¢
that is ¢ € k[V]. O
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Definition 10.9. Let V CE"™ be an affine algebraic set, let V=V, U...UV,, be the decomposition
of Vinto affine algebraic varieties. The k-algebra of rational functions of V is defined to be

EV)=k(W)®..®Ek(Vy)
and its elements are called rational functions on V.

Definition 10.10. Let V C k™ be an affine algebraic set. If a rational function ¢ € k(V') is defined at
every point of an open subset U CV, then the restriction ¢ [y wil be called a regular function on U.

Example 10.11. Let V= Z(zy). Then V =2Z(z)UZ(y). Let f=x(y+1). Then f[z)\{(0,0}=0
and f[z)\{©,00y =1, f€k(V), f is regular on both Z(x) and Z(y), but not regular on V, as it
is not defined on (0, 0).

Remark 10.12. Let V C k"™ be an affine algebraic set, let f € k(V). Then f is continuous on the
set of points where it is defined.

Proof. It suffices to check that counterimages of closed sets are closed, which follows directly from
the definition of Zariski topology. O

Theorem 10.13. Let V C k™ be an affine algebraic variety, let f = F + Z(V) € k[V] \ {0},
Feklzy,...,zy], let

k[V]f—{goek:(V)g@-%,mEZ,hek[V]}

and

Vi={(a1,...,an) € V| F(ay,...,a,) #0}.

Then the k-algebra of regular functions on V; is isomorphic to k[V];.

Proof. That every rational function from k[V]s is defined at every point of V; and thus yields a
regular function there — is clear.

Conversely, consider a rational function ¢ € k(V') regular on V;. Following the proof of Theorem
10.8, for every a € V; there exist hy = Hy + Z(V), fo = F, +Z(V) € k[V] such that ¢ = % with

Ja

Fu(a)#0. Let a= ({Fy|a € V;}) <k[z1,...,x,). Then a=(Fy,,..., Fa,,), for some points ay, ..., a, €V},

and the polynomials Fy,, ..., Fg, have no common zeros on V} i.e. conceivable common zeros
of Fy,, ..., Iy, are among zeros of F. Thus Z(a) C Z(F'), hence a O (F) and there exist Gy, ...,

Gm € k[x1, ..., 2p) such that
GiFy + ...+ GnFy, =F
yielding

(G1+I(V) far+ o+ (G +T(V) fa,, = T

which, after multiplying by ¢ and using ¢ = %, a€V;, gives

(G1+Z(V))hg, + ...+ (G + (V) ha,, = fo,
or, denoting by h=(G14+Z(V))hg, + ... + (G, + Z(V))hg,, € k[V]:

h= fop,
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or, equivalently, o = % O

Definition 10.14. Let V C k™ and W C k™ be affine varietes. A rational map f:V — W is a
map such that there exist fi, ..., fm € k(V) such that f(a) = (fi(a), ..., fm(a)), for all the points
a €V where all the rational functions f1,..., fm € (V) are defined.

Remark 10.15. Let V C k™ and W C k™ be affine varietes, let f: V — W be a rational map,
F=0f1,-- fm) with f1,..., fm € k(V). There exists an open set 0 £U CV such that fi [v, ..., fm [U
are regular on U. In other words, we can think of rational maps as defined on open subsets.

Proof. By Remark 10.6 there exist nonempty open subsets Uy, ..., U,, CV such that f; [y, is regular
on U;. The set U=U;N...NU,, is open, as a finite intersection of open sets, and it suffices to show
that it is nonempty.

Indeed, suppose that ()" U;=0. Say U; =V \ 'V, for some closed subset Vj, i € {1,...,m}. But
then V;£V and V = U:’;l V; contradicting the fact that V', as a variety, is irreducible. O

Remark 10.16. Let V C k™ and W C k™ be affine varietes, let fi,..., fm € (V). Then fi,..., fm
define a rational map f:V —W.

Proof. It suffices to check that at every point a € V where all the rational functions fi, ..., f,, are
defined we have, in fact, (fi(a), ..., fm(a)) € W. Let U CV be the nonempty open set such that
filu,..., fm [U areregular on U. Let u € Z(W). Then u(f1,..., fm) €k(V) and u(f1, ..., fm) vanishes
at every point of U. As a nonempty open set in V', U is dense in V' by Remark 5.5. u(f1,..., fm)
is continuous and vanishes on the dense set U, so it vanishes on V. Since u € Z(W) was chosen
arbitrarily, this yields (fi(a), ..., fm(a)) € W. d

Remark 10.17. Let V CE™ and W C k™ be affine varietes, let f:V — W be a rational map and
assume that f(V) is dense in W. The map f defines a field embedding f*: k(W) — k(V).

Proof. Let fi,..., fm € k(V) be such that f=(fi,..., fm) and let U CV be the nonempty open
set such that fi[v,..., fm v are regular on U. Consider f as a map f:U — f(V). For ¢ € k[W],
e=0+Z(W), ®cklzy,..., ), define f*(@)=D(f1,..., fm). Clearly ®(f1,..., fm) € k[V] Ck(V),
so that f*: k[W]— k(V) is a homomorphism, and it suffices to check that it is injective.

If f*(¢)=0for p=®+Z(W)e€k[W], then =0 on f(V). But if ®#0 on W, then the equality
® =0 defines a closed subset W’ of W. Then ¢(V) CW’, but this contradicts the assumption that
f(V) is dense in W.

The embedding ¢*: k[W] — k(V') can be extended in an obvious way to ¢*: k(W) — k(V). O

Definition 10.18. Let V C k™ and W C k™ be affine varietes, let f: V — W be a rational map
such that f(V') is dense in W. The map f is a birational equivalence if there is a rational map
g: W — V such that g(W) is dense in V and

fog=1w and go f=1y.

In this case we say that V and W are birationally equivalent or birational.

Corollary 10.19. Let V C k™ and W C k™ be affine varietes. Then V and W are birationally
equivalent if and only if k(V) = k(W).

Proof. If V and W are birationally equivalent, then k(V) = k(W) by Remark 10.17. Conversely, if
kE(V)~k(W), then the rational functions z; = X; +Z (V') correspond to rational functions f; € k(W).
One checks that f=(f1,..., fm) is a birational equivalence. O
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Example 10.20. Let V = Z(zy — 1) and W = Z(y), let f: V — W be given by (z, y) — (z, 0).
This is a birational equivalence, but not an isomorphism.

Example 10.21. Let V = Z(y) and W = Z(y? — 23), let f:V — W be given by (z,0) — (22, z3).
This is a birational equivalence (the inverse map g: W — V being (z, y) — (%, O)), but not an

isomorphism.

Proposition 10.22. Let V C k™ and W C k™ be affine varietes, let f: V — W be a birational
equivalence. Then there exist open subsets U CV and U’ CW which are isomorphic.

Proof. Let g: W — V be the birational map such that fog=1y and go f=1y. Let U1 CV be
the open set on which f is defined, and, likewise, Uy C W the open set where g is defined. Then
f o g is the identity map on Uy N g~ (U;) and go f is the identity map on Uy N f~4(Uy). Thus f
and g define an isomorphism between U = f~1o g71(U;) and U’'= g~ 1o f~1(Uy). O

Proposition 10.23. (Noether normalization lemma) Let k be algebraically closed, and k C K
a finitely generated field extension. Then there exist elements z1, ..., z4+1 € K with K=k(z1,..., 24+1)
such that z1, ..., zq4 are algebraically independent over k, and zq+1 s separable over k(z1, ..., zd+1)-

Proof. Let K be generated over k by a finite number of elements t1,...,t,, and let d be the maximal
number of algebraically independent elements among ¢y, ..., ¢,. Changing the order of ¢y, ..., %,, if
necessary, we might as well assume that ¢4, ..., ¢4 are algebraically independent. Then any element
y € K is algebraically dependent on ¢4, ..., tq and, moreover, there exists a relation f(¢1,...,tq, y) =0
with f(T4,..., T, Ty41) irreducible ober k.

Let f(T1,...,T4, Ty+1) be such a polynomial for tq,...,tq, tg+1. We claim that the partial derivative
(,?—;;(Tl, vy Ty, Ti11) #0 for at least one i € {1,...,d+ 1}. Indeed, if this was not the case, then each
T; occurs in f in powers that are multiples of the characteristic p of the field k, that is, f is of the
form f=Yai, iy, TP TEEH Set aiy gy, = bp gy, and g=f=3" bir.oia 1Ty . Then
we get f= gP, which contradicts the irreducibility of f.

If %(Tl, voes Ty Tuy1) # 0, the d elements tq, ..., t;—1, ti+1, ..., ta+1 are algebraically independent
over k. Indeed, t; is algebraically independent over k(ti, ...,t;—1, tit1, ..., ta+1) because %(Tl, .
Ta, Tuy1) #0, so that T; occurs in f. Thus if ¢1,...,¢;—1,ti41, ..., tat1 Were algebraically dependent,
the transcendence degree of k(ty, ..., tg4+1) would be less than d, which contradicts the algebraic
independence of tq, ..., 4.

Thus we can always rearrange t1, ..., tq+1 so that t1,..., ¢4 are algebraically independent over k, and

%(Tl, vy T, T4 1) #0. This shows that ¢4 is separable over k(t1,...,tq). Since t442 is algebraic

over k(ti, ..., tq), by the Primitive Element Theorem we can find an element y € K such that
k(t1,...,ta+2) = k(t1, ..., tq, y). Repeating the process of adjoining elements t441, ..., t,, we express
K as k(z1, ..., 2z4+1), where z1, ..., zq are algebraically independent over k and f(z1,..., 24, z4+1) =0,

with f an irreducible polynomial over k with %(Th ey T, Ti1) #£0. d

Proposition 10.24. Let V. C k™ be an affine variety. Then V is birationally equivalent to a
hypersurface of some affine space k™.

Proof. k(V) is finitely generated over, say k(V)=k(t1,...,t,). We may view ¢1, ..., t,, as rational
functions on V. Let d be the maximal number of t1,...,t; that are algebraically independent over k.
By the Noether Normalization Lemma, k (V') can be written in the form k(z1, ..., 24+1), where 21, ...,
zq are algebraically independent and f(z1, ..., z4+1) =0 for some irreducible polynomial f € k[T, ...,

Ty+1] with %(Tb vy Ty, Ty 1) #£0. Let W = Z(f). The function field k(W) of the variety W is

obviously isomorphic to k(V'), which means that V' and W are birationally equivalent. (|

A variety is called rational if it is birationally equivalent to k", for some n.
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