8 Rational functions field of an affine algebraic variety.

Definition 8.1. Let V C k™ be an affine algebraic variety. The field of fractions of the coordinate
ring k|V'| will be called the field of rational functions of V and denoted by k(V'), and its
elements rational functions on V.






Definition 8.3. Let V' C k™ be an affine algebraic variety. A rational function ¢ € k(V') is

defined at a point (a1, ...,a,) € Vifgng, for some f, g € k[V] with g(a1,...,a,)#0. In this
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case we say that € k is the value of ¢ at (aq,...,ay), and denote it by p(a, ..., a,).




Remark 8.4. Let VV C k™ be an affine algebraic variety, let ¢ € k(1) be defined at (aq, ...,
an) € V. The value of ¢ at (aq,...,a,) is uniquely defined.



Example 8.5. Let V = Z (2?2 + y? — 1) C C?. Then C(V) = C(z, y) with 2° + y* =1. Let
Y= 1;y € C(V). Then ¢ is defined at (0, 1) € V and ¢(0, 1) =0, but ¢ is not defined at

(0, 1),




Remark 8.6. Let IV C k" be an affine algebraic variety. Every element ge k(V), f,g€kl[V],

determines a rational function defined on some nonempty open subset U C V' with values in £.



Remark 8.7. Let VV C k" be an affine algebraic variety. If the rational functions 1, o€ k(V)
have the same values on a certain nonempty open subset of U C V/, then they are equal.



Theorem 8.8. Let V C k™ be an affine algebraic variety. If the rational function ge kE(V), f,
g € k|V], is defined at every point of V, then gz % for some h € k[V].



Definition 8.9. Let V C k™ be an affine algebraic set, let V =V, U...UV,,, be the decomposition
of V into affine algebraic varieties. The k-algebra of rational functions of V' is defined to be

kKV)=k(W)&...0k(Vy)

and its elements are called rational functions on V.



Definition 8.10. Let V C k" be an affine algebraic set. If a rational function ¢ € k(V') is defined
at every point of an open subset U C V, then the restriction @ [ wil be called a regular function

on U.



Example 8.11. Let V = Z(xzy). Then V = Z(x) U Z(y). Let f = x(y + 1). Then

f 121\ {0,003 =0 and f [z)\ (0,0} =1, f€k(V), f is regular on both Z(x) and Z(y), but
not regular on V/, as it is not defined on (0,0).



Remark 8.12. Let V' C k™ be an affine algebraic set, let f € k(V'). Then f is continuous on
the set of points where it is defined.



Theorem 8.13. Let V C k™ be an affine algebraic variety, let f € k[V]\ {0}, let
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k[V]f_{hek(V)]h_?,mez,gek[V]}

and
Vi={(a1,...,an) €V| f(as, ..., an) #0}.

Then the k-algebra of regular functions on V; is isomorphic to k[V|;.



