
3 Minimal primary decomposition.

3.1 Radical of an ideal.

Definition 3.1. Let R be a ring, let a!R. The radical of the ideal a is defined to be

rad a= {r !R| ∃n!Nrn! a}.



Remark 3.2. Let R be a ring, let a!R. Then rad a is an ideal.



Remark 3.3. Let R be a ring, let a, b!R.

1. a⊆ rad a,

2. a⊆ b⇒ rad a⊆ rad b,

3. rad (rad a)= rad a,

4. rad a·b= rad a∩ b,

5. rad a∩ b= rad a∩ rad b,

6. rad a=(1)⇔ a=(1),

7. rad a+ b= rad(rad a+ rad b),

8. a+ b=(1)⇔ rad a+ rad b=(1).



Remark 3.4. Let R be a ring, let p!R be a prime ideal, let m!N. Then rad pm= p.



Remark 3.5. Let R be a ring, let a!R. If rad a is a maximal ideal, then a is primary.



Lemma 3.6. Let R be a ring, let q!R be a primary ideal. Then rad q is prime.



Definition 3.7. Let R be a ring, let q ! R be a primary ideal and let p = rad q. Then q is
called p-primary.



Remark 3.8. Let R be a ring, let m!R be a maximal ideal, let m!N. Then mm is m-primary.



Lemma 3.9. Let R be a ring, let q1, ..., qn be p-primary. Then q1∩ ...∩ qn is p-primary.



Definition 3.10. Let R be a ring, let a!R be a proper ideal and let

a= q1∩ ...∩ qn

be a primary decomposition of a. If

qj !
!

i=/ j

qi

and

rad qi=/ rad qj for i=/ j ,

then the primary decomposition a= q1∩ ...∩ qn is called minimal.



Theorem 3.11. (Noether-Lasker) Let R be a Noetherian ring, let a!R be a proper ideal.
Then q has a minimal primary decomposition and the prime ideals pi = rad qi are uniquely
determined up to the order.


