
4 Affine algebraic varieties. Hilbert Nullstellensatz.

1. Let a ! k[x1, ..., xn], where k is algebraically closed. Show that f ∈ rad a if and only if
1∈ (a∪ {1− z·f })! k[x1, ..., xn, z].

2. Let a=(x2+ y2+ z2, xy+xz+ yz)!C[x, y, z]. Describe Z(a) and show that I(Z(a))=/ a.

3. Let f , g∈k[x, y], where k is algebraically closed. Show that Z(f)=Z(g) if and only if there
exist integers m,n∈N such that f | gn and g| fm.

4. Let f ∈ k[x, y], where k is algebraically closed and let f = f1
k1·...·fmkm be a factorization of

f into irreducible polynomials with coefficients in k. Show that

a) Z(f) =Z(f1)∪ ...∪Z(fm),

b) I(Z(f))= (f1·...·fr).

5. Show that every proper radical ideal, i.e. such that rad(a)=a, is the intersection of all prime
ideals that contain it.

Homework: Problems 3, 4 and 5.
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