8 Rational functions field of an affine algebraic variety.

Definition 8.1. Let V C k™ be an affine algebraic variety. The field of fractions of the coordinate
ring k[V] will be called the field of rational functions of V and denoted by k(V'), and its elements
rational functions on V.

Example 8.2. Consider the following easy examples:
o V={(ar..,an)} k", K(V)2E;

o V=K E(V)ZEk(z1,..., 7).

Definition 8.3. Let V Ck™ be an affine algebraic variety. A rational function ¢ € k(V') is defined
at a point (ai,...,a,) € Vif@zg, for some f=F+IZ(V),g=G+ZI(V)€k[V], F,Ge€k[x1,...,zn],
with G(ql, ey @) #0. In this case we say that %G k is the value of ¢ at (ai,...,a,), and
denote it by p(as, ..., an).

Remark 8.4. Let V C k" be an affine algebraic variety, let ¢ € k(V) be defined at (ay,...,a,) €V.
The value of ¢ at (aq, ..., a,) is uniquely defined.

Proof. Let 90=£=£7 H=F+IV), fo=F+I(V),=G1+Z(V),52=G2 +Z(V) € k[V], F},
Fy, G1, Go € k[x1, ..., Tp), with Gi(aq, ..., an) # 0 and Ga(ay, ..., an) # 0 be two presentations of ¢
as a quotient of elements of the coordinate ring of V. Then fig2= fog1 in the ring k[V], so that
Fi(aq,...,an)Ga(ax, ..., an) = Fa(aq, ..., a,)G1(a1, ..., an) and thus

F1(a1, e an) _ FQ(al, e a,n)
Gl(al,...,an) Gg(al,...,an)'

Example 8.5. Let V = Z(2? + y? — 1) C C% Then C(V) = C(x, y) with 22 + y? = 1. Let
w:% € C(V). Then ¢ is defined at (0,1) €V and »(0,1) =0, but ¢ is not defined at (0, —1).

Proof. Since 22=1— 32 in the ring C[V], we get

1oy -y (A+y  1-y* 2> =
v x z  (I+y) z(14+y) z(l+y) 14y

and (1 + y)(0,1) =10, we see that ¢ is defined at (0, 1) and (0, 1) =0. On the other hand,
suppose that ¢ is defined at (0,—1), that is

for some f=F+Z(V),g=G+Z(V) e C[V] with G(0, —1) #0. Then (1 — y)G(z,y) =z F(z,y)
in C[V]. But this implies 1-G(0, —1) = 0-F(0, —1) = 0, so that G(0, —1) = 0 rendering such a
presentation impossible. O

Remark 8.6. Let V C k™ be an affine algebraic variety. Every rational function § € k(V),

f=F+Z(V),9g=G+I(V) € k[V], F, G € k[x1, ..., s determines a function defined on some
nonempty open subset U CV with values in k that we shall also call a rational function.
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Proof. Indeed, the set

U = {(a1,...,an) €V|Glaq,...,a,) #0}
V\{(a,...,an) € V|G(a1,...,a,) =0}
= V\(VNZ(G))

is open in the Zariski topology on V induced from k™. To see that it is nonempty, suppose that
G(a1, ..., ap) =0 for all (aq, ..., a,) € V. But then G € Z(V), that is g =0 as an element of the
coordinate ring k[V], and thus g cannot be a denominator of a quotient in the field of fractions of
E[V]. O

Remark 8.7. Let V C k™ be an affine algebraic variety. If the rational functions ¢1, g2 € k(V)
have the same values on a certain nonempty open subset of U CV, then they are equal.

Proof. Say ¢ = ﬁ and @y = % with f1 = F1 + Z(V), fa= Fo + Z(V), g1 = G1 + Z(V),

g2=Ga+Z(V)€k[V]. If 1= on an open subset U CV, then

F_FB_RAG-FG _

G1 Gy G1G4 o
on U, that is F}Gy — F3G1=0 on U as a restriction of a polynomial function k™ — k to V. Clearly
F1G4 — F»(G1 is a continuous function in the Zariski topology, and by Remark 4.5 the set U is dense
in V, so that F1Gy— F>G1=0 on V leading to @1 =2 on V. O

Theorem 8.8. Let V CE™ be an affine algebraic variety over an algebraically closed field k. If the
rational function ¢ € k(V') is defined at every point of V, then ¢ € k[V].

Proof. Since ¢ is defined at every point of V, then for each such point a € V there exist

@:1@+Iwmg@:02+zwqekW}wththfwthAQ¢o.Mta:ch

a € V}) < k[xy, ..., xn). Since k[z1, ..., ,] is Noetherian, there exists a finite number of points
ai, ..., &m € V such that a = (Gg,, ..., Ga,,). The polynomials G, ..., G4, have no common
zero on V, for if Gg,(a) = ... = G4, (a) = 0 for some a € V, then G,(a) # 0 and, as G, € q,

Gala) =Pi(a)Gg,(a) + ... + Pn(a)Ga,(a), for some Pi, ..., Py, € k[z1, ..., ), so that Gg(a)=0—a
contradiction. Therefore Z(a+Z(V))=0, and by Lemma 4.16 there exist Hy, ..., H,, € k[z1, ..., Tp)
and @ € Z(V) such that the following equation holds true in the ring klz1, ..., z,):

Hngl +...+ H,G

am

+Q=1.

But this leads to

(Hy 4+ Z(V))(Gay +Z(V)) + e+ (Hy + (V) (G + (V) + (Q+Z(V)) =
= (Hi+ZI(V)( Gy +Z(V)+ ...+ (Hn+Z(V))(Gq,, + Z(V))
= 1+Z(V)

holding true in k[V] and, consequently, £(V'). Multiplying both sides by ¢ and using the fact that

o= ng, i€{l,...,m}, yields:
(Hi+Z(V) far + o+ (Hin +Z(V)) fa,, =
that is ¢ € k[V]. O
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Definition 8.9. Let V C k™ be an affine algebraic set, let V=V1U...UV,, be the decomposition of
Vinto affine algebraic varieties. The k-algebra of rational functions of V is defined to be

EV)=k(W)&..ek(Vy)
and its elements are called rational functions on V.

Definition 8.10. Let V Ck™ be an affine algebraic set. If a rational function ¢ € k(V) is defined at
every point of an open subset U CV, then the restriction ¢ [y wil be called a regular function on U.

Example 8.11. Let V = Z(zy). Then V=2Z(x)UZ(y). Let f=2(y+1). Then f[z(x)\{(0,0)} =0
and f [zy)\{0,00 =1, f€k(V), f is regular on both Z(x) and Z(y), but not regular on V, as it
is not defined on (0, 0).

Remark 8.12. Let V C k" be an affine algebraic set, let f € k(V). Then f is continuous on the
set of points where it is defined.

Proof. It suffices to check that counterimages of closed sets are closed, which follows directly from
the definition of Zariski topology. O

Theorem 8.13. Let V' C k™ be an affine algebraic variety, let f = F + Z(V) € k[V] \ {0},
Feklxy,...,zp), let

k[V]f:{<pek(V)|@z%,mez,hekz[V]}

and
Vf:{(ah ...,an) € Vl F(al, ...,a,n) #0}

Then the k-algebra of reqular functions on Vy is isomorphic to k[V]y.

Proof. That every rational function from k[V]; is defined at every point of V; and thus yields a
regular function there — is clear.

Conversely, consider a rational function ¢ € k(V') regular on V;. Following the proof of Theorem 8.8,
for every a € Vy there exist ho=Ho+Z(V), fo=F,+Z(V) € k[V] such that gp:% with F,(a) #0.
Let a=({Faa€V;}) <k[z1,...,2,). Then a=(Fy,, ..., Fa,,), for some points ai, ..., am € V¢, and the
polynomials Fy,, ..., Fy,, have no common zeros on Vy i.e. conceivable common zeros of Fy,, ..., Fy,,

are among zeros of F. Thus Z(a) C Z(F), hence a D (F') and there exist Gy, ..., G, € k[z1, ..., Tp)
such that

GiFg,+..+ G F,, =F
yielding
(Gl +I(V))fll +.t (Gm +I(V))fgm =f,

h

which, after multiplying by ¢ and using ¢ = f—g, a € Vy, gives

(Gl +I(V>)hg1 +o+ (G +I(V))hgm = fo,
or, denoting by h=(G1+Z(V))ha, + ... + (G + Z(V))hg,, € k[V]:
h=feo,

or, equivalently, ¢ = }—; O
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