Problem set 8: linear maps, matrices of linear maps, eigenvectors and eigenvalues,
diagonalization.

(1) Which of the following maps ¢ : K" — K™ are linear, if:
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f v is a linear map, check if it is a monomorphism, or an epimorphism.

(2) Let V, Vi, Vo, W be vector spaces and let V' =V} @ V5. Show that for each pair of linear maps
wi: Vi = W, i = 1,2, there exists exactly one linear map ¢: V. — W such that ¢ |y,= ;.
ItV =W and ¢ = Idy,, p2 = —Idy, then ¢ will be called the symmetry of V; along V, . If
v1 = Idy,, and ¢y is the zero map, then ¢ will be called the projection of V' onto V; along V5 .

(3) Find kernels and images of linear maps from Problem (1).

(4) Find kernels and images of the symmetry (projection) of V; (onto V; ) along V5 (see Problem

(77)).

2z + 3y
(5) A linear map ¢ : K2 — K3 is given by ¢ ({ v })

= r—y |.Find:
Yy 3y

(a) images of the following subspaces: K2, lin <[ (1) }), lin ([ (1) }), lin ([ } }),

{{z} €K2:2x—|—3y:0};
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(b) counterimages of the following subspaces: K3, 0 , lin , lin
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(6) A linear map ¢ : V — W satisfies the following conditions

(o) = Bi + 262 + 383,
(o) = 4By + 582 + 605,
@(ag) = 781 + 862 + 953

c K3: x+y+20}

where (v, s, a3) is a basis of V', and (31, f2, B3) a basis of W. Find the dimensions of the image
and of the kernel of ¢.
(7) Is there a linear map ¢ : R — R? such that
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If so, discuss the number of solutions and fin
(8) Find a linear map 7 : R® — R? such that:
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at least one such map.

1 2 2 1
T 1 =|11],7 1 =|1]|,707=1idgs.
2 1 1 2
(9) Find:
(a) the symmetry in R? of lin ({ ; ]) along lin <[ (1) }),
1 0 1
(b) the symmetry in R3 of lin 1],]1 along lin 1 :

0 2 1



(c) the projection of R? onto lin ([ g ]) along lin

1
(d) the projection of R? onto lin 0 along lin (
1
1 1
(10) Find a linear map 1 : R?* — R3 such that Ker ¢ = lin 1 and Im ) = lin 1
0 1
How many solutions are there?
—1 1
(11) In  the vector space K?* consider the bases Az = 1 12 1,10
0 1 1
1 0 0
and B = Of(,{11],]10 , and in the vector space K* consider the bases
0 1
2 0] [ -2 1 0 0 0
1 1 0 0 1 0 0
Ay = 0 I N and By = 0 ol 11110 Find
1 0 i 0 0 0 0 1
the matrix of a linear map ¢ : K™ — K™ in the bases A, and B,, (A, and A,,; B, and B,,; B,
and A,,), if:
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r+z—t
t -
93 [ r—y+2t
(d) n=4,m=3, ¢ Z = | 2x—-3y+5z—1 |;
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() n=3m =4, ¢ Y = 5 () n=3m =4, ¢ Yy =
z Y z
y+z
r+ 3y — 2z
r+y—+z
2y — 3z
20 +4y + 2

(12) Let ¢ : K — V; be the projection and 1 : K3 — K3 the symmetry of V; along Vs, where:
(a) Vi =lin(ey,e9), Vo = lin(e + €3);



(b) Vi = lin(€1, 52), ‘/2 = 1in(€2 + Eg);

(C) ‘/1 = hn(€1 + £9, 62)7 ‘/2 = lin(gl —+ €3).

Find the matrix of ¢ in the bases (1, &,¢3) of K and (g1,¢&5) of Vi. Find the matrix of ¢ in
the bases (1,9, 3) and (g1, &9,61 + €3) of K3,

(13) A linear map ¢ : K? — K? has the following matrix in the bases ({ ; } , [ _01 ]) and

1 ~1 2

1|, o],|o

1 1 0
1 -1
0 2
3 -2

(5 ])

(14) An endomorphism v of K? has the following matrix in the basis (g1, €9, &1 + €3):

1 11
-1 0 2
3 2 4
Find .
(15) An endomorphism 1) of R? has the following matrix in the basis (g1 — &9, 2,1 + €3):
1 21
-1 0 2
3 21
1
Find bases of the kernel and of the image of 1. Does the vector 1 belong to the kernel of
-1
0

1?7 What is the image of the vector | 1 |7

e}

(16) Consider the vector space R™ and its bases A and B. Denote by £ the canonical basis (1, s, ..., &,).
Find the transition matrices from £ to A, from &£ to B, from A to £ and from A to B, if:

o s ({3 (B

8 ] —16 | 9 1 3 2
(b) n=3, A= -6, 7 |.,| -3 B = 21, -11],]1 ;
7 —13 | 7 1 ) 2
1 -1 [ 2 0 1 —1 1 1
0 1 0 0 2 0 1 0
@m=dA=10y b0 lal|o "B ol ] 2] |1]]o0
1 0 0 1 0 1 1 0
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(17) Let A = (ay, s, a3), B = (81, 2, 33) be bases of the space C3. Find the matrix of the symmetry

2 3 0
of Vi = lin(ay, ay) along V5, = lin(as) in the basis B, if a; = | =1 [ ,aa = | 0 | ,a3=| 0 |,
2 1 1
1 1 1
Gi=12|,0,= 1 |,B3= 1 0 |.Find the matrix of the projection onto V; along V5.
1 -1 0
1 1 1 1 0
. . 1. . 0 0 0 1
(18) Find the coordinates of the vector L | the basis ot 2ol o of the
1 1 4 0 0

space K* if char K # 2, 3.
(19) Find formulae for the change of coordinates while passing from the basis

1 1 1 1
0 1 1 0
1121110/’ 0
_1_ _O_ _0_ _—1_
to the basis
1] [1]1 Jol [ o]
1 0 0 0
o110’ 1] 1
_0_ _O_ _1_ _—1_

of the space K* if char K # 2.
(20) Find the matrix of ¢ : K* — K? in the basis (1, &3 + €3, €1 + &) if the matrix of ¢ in the basis

(a) (e1,e2,e3), (b) (€14 €2,62,¢3)

1 00

isequalto [ 0 2 0
00 3

]

(21) An endomorphism ¢ € End(C?) has the following matrix in the basis A = ([ 1 } , [ 0 })

3 4 2 1
ONEE RUR
Find eigenvalues and eigenvectors of ¢. What will be the solution if we assume that A is the
canonical basis? And if we assume that ¢ € End(R?)?
(22) A is the matrix of an endomorphism ¢ € End(C") in the canonical basis. Find eigenvalues and

eigenvectors of ¢. If possible, find a basis of C" consisting of eigenvectors of ¢, as well as a matrix
C € GL(n,C) such that the matrix C~'AC is diagonal.

=2 oa=| G 2o a=| Y gliea=]) B @a=]3 )
[0 2 1 00 1 3 1 0

n=3:(e A= -2 0 3|; (f) A=]010]; (g A=|] -4 -1 0 |;
-1 -3 0 100 4 -8 -2




0001 0000 112 3
0020 : 0010 02 2 4
n=d: A=ty 300 @A=g a0 of WA= g0 1 2
4 000 3000 000 2
1123 0 1.0 O 1 100
0112 0 01 0 3 010
) A=1902 0] 0 00 1 P A= 3001
000 2 -6 1 7 —1 -2 000
(23) Find the characteristic polynomial of an endomorphism, which in a certain basis has the following
matrix:
—Ap—1 —Ap—92 -+ —A1 —Qo 00 - 0 —Aag
1 0 -0 0 10 - 0 —a
(a) 0 1 <o 0 0 1, (b) 01 0 —as
0 0 e 1 0 00 1 —ap—1

(24) Find eigenvalues and corresponding eigenvectors of endomorphisms of real vector spaces whose
matrices in the canonical bases are equal to:

-3 4 1 1 1 2 2 4
N Il U R A O R O N g
5 6 -3 0 01 0 2 1
@ | -t0o 1], ®|lo1ol|; @ |-2 0 3
1 2 -1 1 00 -1 -3 0

(25) Find eigenvalues and corresponding eigenvectors of endomorphisms of complex vector spaces
whose matrices in the canonical bases are equal to:

[ -1 2 0
(a) = 2]; (b) [—a O}foraER
0 1 0 --- 0 07
-1 0 1 --- 0 O
O -1 0 --- 0 O
(C) : : o, : :
0 o 0 --- 0 1
L0 0 0 -~ =10

(26) Find a formula for A", if A equals-to
1 2 0 2 1 1 1 2
@ s o [ 53 @] @l 4]
(27) Find a formula for a,, if
(a) ap=0,a; =1, apio = apt1 + a, (Fibonacci sequence);

(b) ag — 17 a; = 2, Apt2 = S(In - 2CLTL+1.



