Problem set 6: vector spaces and subspaces, linear combinations.

(1) Check which of the following subsets of the space K* are subspaces, where K is an arbitrary
field.

(a) U=A{[t,t+1,0,1] : t € K};
(b) U = {[t,u,t +u,t —u] : t,u € K};
(c) U =A{[tu,u,t,0] : t,u € K};
(d) U =A{[z,y,2,t] :x+y—2=0}
(e) U={[z,y,2t] : 2y = 0}
(f) U ={t[1,0,1,0] + u[0, —1,0,1] : t,u € K}.
(2) Check which of the following subsets of the space R* are subspaces:

VU = {[t,u,t +u,t —u] : t <u};
(b) U = {[t,u,t,0] : tu > 0};
() U=Alz,y,21] : z,y,2,t € Q}.
(3) Let R* be the space of sequences of elements of the field R. Check which of the following subsets
are subspaces:

(a) U1 = {[al, ag, .. ] P Qi1 = Q4 + a1 for every 1= 2, 3, .. },
(b) U2 = {[al,ag, .. ] L a; = % (Cli,1 + ai+1> for every 1= 2,3, .. },
(c) the set of all sequences |ay, as, . ..], whose entries are almost all zero;

(d) the set of all bounded sequences.
(4) Let A C R be a nonempty set and let V = R” be the space of functions A — R. Check which of
the following subsets are subspaces:
(a) the set of all even functions, if A = R;
(b) the set of all odd functions, if A =R;
(c) the set of all increasing functions;
(d) the set of all monotone functions;
() U=1{f€V:f0)=f)}if A=[0,1];
O U={feV:f(x)=0forevery x € B}, if BC A and B # A.
(5) Show that if Uy = lin(ay, ag, ..., ax), Us = lin(fy, fa, . . ., Bi), then

Ul + U2 == hn(a]_,OéQ, cee 704]67517/827 s 7ﬁl)'

(6) Find all subspaces of
(a) Z,* ;5 (b) Z3*; () Zy’ .
(7) Show that R4 = U1 @D UQ, if

1
a) U; is the set of solutions of 1 + x5 + x5+ 24 = 0, and U, = lin 1 :
1
1
0 1
. . $1+21’2—l’3+31‘4:0 T 2 1
(b) U; is the set of solutions of { i+ Ty b1 = 0 ,and Uy = lin R
1 1

1



(8) Show that R* = Uy +Us,, but R* # U, @ Uy, if U; is the set of solutions of 3, — 2wy + 3 +4x4 = 0,

1 2
. 1 0
and Us = lin R
1 3
(9) Show that
(1] [0] [ 1] 1 0 1
R3 = lin 01,]1 @ lin L {)=tlin(|0|,]|0 @ lin 1
0] [ 0] | 1] 0 1 1
(0] [0] [ 1]
= lin 11,10 @ lin 1
i 0 11 1 ] i 1 |
(10) Check if the vectors o and 3 are linear combinations of the system A of vectors of the space R*,
if 3 - ) )
1 2 5 9 9
1 1 3 6 6
(a’> A - 1 ) 1 ) 2 ) a = 5 ) 5 - 5 )
I -1 1L 1 1L 0 | i —1 ! 0
1] 2] [5] [1 9 9
1 1 3 0 6 6
(b) A - 1 ) 1 ’ 2 ’ 0 y = 5 ) 6 - 5
i -1 1L 1 1L 0 | 2 —1 | 0
1 c
(11) For which values of ¢ € C is the vector | ¢ | a linear combination of the vectors | —1 4
7 141
1
and | —1 | of the space C3?
—c
1 2 1
(12) Check if the system 11,12 ]|,]3 of vectors of the space C? is linearly independent.
1 1 1
2
Express the vector 3 as the linear combination of the above vectors.
1+ 2
T T 1 1
(13) Find a vector | zy | of the space Z3, such that the vectors | x3 |, | 0 |, | 1 | are linearly
I3 X3 1 1

independent. How many solutions are there?
(14) Check if the system of vectors (a, ..., a,) of the space K* is linearly independent, if

1 4 2 5
2 1 1 4

(a)K:Z7,a1: 3 , Qg = 5 , (3 = 3 , Oy = 2 )
1 4 4 2
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(b) K
(c) K

= Z57 a

(d) K



