Final exam — practice problems

Linear independence
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. Check if the set of vectors {aq,...,a,} is linearly independent if
¢ o1 = [13 2; 3]7 Qg = [37 67 7L
® v = [4a _27 6]7 Qg = [6a _37 9]7
e a1 =1[2,-3,1], ax=1[3,-1,5], az=/[1, —4, 3];
o a1 =1[2,-3,1], ax=1[3,-1,5, az=1[1,—-4,3], as=111,3];
Check if the polynomials 1, X, X?2,..., X" are linearly independent.
Check if the polynomials a1 = 2X + 1,0 = X2, a3 = (X + 1)? are linearly independent.
Check if the rational functions %, ﬁ, ﬁ, ceey Xl_n are linearly independent.

Check if the functions fi(z) = 1, fa(z) = sinx, f3(z) = sin 2z are linearly independent.
Find values of a for which the vectors oy = [1,2, —1], a2 = [0, 1, 3], ag = [1,1,0] are linearly independent.

Supose that the vectors ag, ..., «a, are linearly independent. Check if the vectors 31, ..., 3, are also linearly independent,
if
e fi=a1, fo=ar1+az, fPs=ar+og+as, ..., Bp=a1+ax+...+ap;

e fi=a1+ae, Po=as+tas, ..., Bpoi=0p_1+an, Bpn=a,+ai.

Systems of linear equations
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r+4y+ 102+ 20t ==z r+4y + 10z 4+ 20t = —x
. . —6y — 20z —4bt =y —6y — 20z — 45t = —y
. Solve the following systems of equations. Ay + 155 + 36t = 2 , Ay + 152 + 36t = —2 ,
—y—4z—-10t =t —y—4z—10t = —¢
. Find bases for subspaces of solutions of the following systems of equations:
X1 +Xo—-X3=0 X1 +Xo—X3=0
2Xo — X4 =0 ’ 2Xo — X4 =0
. Depending on « find dimensions of subspaces of solutions of the following systems of equations:
2X1+Xo+ X3=0 X1 4+2Xo+3X3+4X,=0
X1+2X2+X3:O 5 4X1+GX2+3X3+4X4:0 5
X1+ Xo+aX3=0 2X1+Xo+2X3+ X4 =0

20+ 5y —82=28
dr+3y—92=9 |
2043y —52="7"
r+ 8y —T7z=12
8xr + 6y + 52+ 2t =21

20 — 3y +5z+ Tt =1
. Solve the following systems of equations: dr — 6y +2z2+4+3t=2
20 — 3y — 11z — 15t =1

3r+4y+2z+2t=3
6r+8y+22+5t=7
9z 4 12y + 32 4+ 10t = 13

3z —5y+2z+4t =2 3z —2y+5z+4t =2 3r+3y+22+t=10
Tv—4y+z2+3t=5 ; 6r —4y+4z+3t=3 ; dx+2y+3z2+t=8
S5r4+ Ty —4z—6t =3 9z — 6y + 32+ 2t =4 3z+5y+z2z+t=15
Tr+4y + 52+ 2t =18
r+y+3z—2t+3w=1 20 —y+2+2t+ 3w =2 6r+4y+52+2t+3w=1
20 +2y+4z—-t+3w=2 6r —3y+2z+4t+5w=3 3r+2y+4z+t4+2w=3
3r+3y+52—2t+3w=1")] 6r—3y+22+8t+13w=9 "’ 3r+2y —2z+t =7
20+ 2y +82—-3t+9w =2 do —2y+z+t+2w=1 9z + 6y + 2z + 3t + 2w =2

)



5. Solve the following systems of equations over complex numbers:

(I4+d)x+2iy—2=3+2i (I4+i)x+2y—iz=2-3i
B+dz+(1—d)y+42=6+1i , 3x+iy+ (2—i)z=6+4i .
Sx+y—iz=2 (44+i)x+y+32=06+61
6. Depending on parameters a, b solve the following systems of equations:
r+y+2z=1 ar+y+z=1 ar+y+z=4 ar+by+z=1
r—y+z=0 r+ay+z=a |, r+by+z=3 , r4+aby+z2=1>0 .
2r4+ay+2z=5 r+y+az=a’ T+2by+2z=4 r+by+az=1

7. Find systems of equations to which the following are sets of solutions: Span([2, 1, 3, 1], [1, 3, 4, 3], [1, 0, 1, 2], [0, 2, 2, 4] ),
Span([2, 1, 3,1], 0, 1, 1, 2], [1, 0, 1, 2], [0, 2, 2, 4] ).
[1,2,4,4] + Span([1,—1,-3,-1])
[1,0,3] + Span([1,2,3],[—2,4,1])
[0,1,2] + Span([1,1,1]).

Matrix multiplication

6 4 -3 4 3
1. Find the following products of matrices: 12 . -4 0 =2 1 |- 0 12 , 0o 2 8 , 21 ,
-2 3 -1 5 3 4 5 1 3
7 9 1 3 -1
., L [20 T T2 o0
[1 234 5] [12345],[12345][12345],]31 3 1
3 2 3 2

0 1
A% +2AB+ B? and (A+ B)?; A% -2AB+ B% and (A— B)?; A?-B? (A- B)(A+ B) and (A+ B)(A — B).

3. Find all 2 x 2 matrices A such that:
1 2] |1 2 1 0 |11 10, |11 5 |00 s |1 0
alyal=l0 a]aals o]=10 ol o ola=lo o l=]0 0 4=]5 1]

Ranks of matrices

2. For A:{1 1} iB:{(l) (1)} find:

1. Find ranks of the following matrices:
11 1 1

43 9 1 3 1 1 2 -1 8 1 -2 1 7 7 g
0o 2 -1 1 2 2 7 4
1 4 1 1 7 5 1 -1
T U N T U S IO (2 2N P R B
L1031 12 9 8 -7 3 -1 -2 -1 11 3 s
111 2 -12 -5 -8 5 1 1 5 3
4 0 3 2 1 100 0
1 -7 4 5 f:g_%g_g? 01100
71 5 3 |l ., |- l00 110l
-5 -3 -3 -1 5 1 3 9 s 000 11
1 -5 2 3 1 00 01
1100 001 [4 4 -1 0 -1 8 5 —4 4 0 0 0
011000 2 3 7 5 2 3 9 -7 6 0 0 0
001100 32 5 7 3 2 3 =2 1 00 0
0o 00110(’]12 2 1 1 20" 1 =1 2 001
00001 1 17 6 6 5 7 0 1 -3 010
10000 1] |21 1 2 2 1 -2 1 0 100
2. Find ranks of the following matrices:
2 1 0 00 3 20 00
(1)}(1)8:::88 1 2 1 0 0 1 3 2 0 0
01 2 00 01 3 00
?888:::%1 000 -~ 21 000 --- 3 2
|0 00 1 2 | |0 00 1 3|




[a 1 1 1 1] [ a 1 1 1 17 (1 n n n n|
1 a 1 1 1 -1 a r - 1 1 n 2 n --- n n
1 1 a 1 1 -1 -1 a --- 1 1 n n 3 --- n n
1 1 1 a 11> . )
-1 -1 -1 -+ a 1 n nn - n-—1
|11 11 a | | -1 -1 -1 -1 ] | n nn n n |
a1 9 3 1 a 1 1 1 1
1 -0 3 2 1| [Fel D
3. Depending on a, find ranks of the following matrices: 9 3 a4 1 1|’ 1 1 a 1 1].
3 9 1 —a 1 1 1 1 a1
1 1 1 1 a
14+¢ 147 1-—1 1—1 i -1
4. Find ranks of the following matrices over complex numbers: 1—9 —-147 1437 |, 1 0 2
1 i 1+ i 2—14 1414



