Practice problems for the final

Mathematical induction and complex numbers.

(1) Solve the following systems of equations. Write your answers in the form z = x + iy, w = u + iv where z,y,u,v are real
numbers.
(a) { 22+1)z —i(3+20)w =5+ 4
(B—14)z+2(2+i)w = 2(1 + 3i)
(b) { (4-3i)z+2(24+1)w = 2(1 + 3i)
2-9)z—(24+3)w=—(1+1)
(© { (24+4)z+(2—i)w=6b—a+ (2a — 3b)i
(1-i)z4+B+d)w=a+9b+ (a+ 3b)i

(d { 5t 1 = 2

5z

2w _
oo e =3
(2) Write the following numbers in polar form:
) ]-7 _17 i, _7;7
) L+, 1—i, —1 44, —1—4,

V5 —1+iv10 +2v5, V10 + 25 +i(v/5 — 1)
V2+V24iV2— V2, V2 V2 +iV2+ V2

)
)
(e)
() VB+1+iv10—2v5, V10 — 2v5 4+ (V5 + 1)
)
)
)

1—i
(144 (1+i/3) n
V54+1+i/10—-2v5
(4) Use de Moivre Theorem (and mathematical induction, where applicable) to prove the following theorems:
) cos2x = 2cos?x — 1, sin2z = 2sinx cos x
) cos3z = cosx(4cos® z — 3), sin 3z = sinx(3 — 4sin® x)
) cosdx = 8cos?z — 8cos?x + 1, sindx = 4sinx cos (1 — 2sin® x)
(d) cosbz = cosz(16 cos* x — 20 cos® x + 5), sin 5z = sin2(5 — 20sin® x + 16sin )
cos2nr=y p_, sin 2nw:22;3
) (2n2k(—1)’c cos2(n—Fk) g sin2k at)7 (2n2k+1(—1)k cos2(n—k)=1 g gin2k+1 w)
£ cos(2n+1)z=cosz X 1 _, sin(2n+1)z=sinz Y 1 _,
) (277,Jr12k:(71)’c cos2(n—Fk) g gin2k :v)’ (2n+12k+1(71)k cos2(n—k) g sin2k x)
(5) Use de Moivre Theorem, mathematical induction (where applicable), and the identity
1— Zn+1
l+z+22+. 42" =—"—
1-=2
to prove the following theorems:

n k . _ 1—rcosz—r"T! cos(n4+1)z+r""2 cos nx n koo _ rsinz—r"tlz4+r"t?sinnz
(a) Zk:o T cos kx = 1—2r cos x+1r? ’ Zk:l rsinkx = 1—27 cos z+12

(b) Z,Z:o cos(kx—l—y) _ cosy—r cos(z—y)—r"F1 cos[(n+1)z+y]+r" T2 cos(nz+y) , ZZ:O rk Sjn(kx+y) — sinytr sin(z—y)—r" ! sin[(n41)z+y]4
C

1—2r cos x+12 1—2r cos x+712

n+1 n+2 . n+1 _: n4+2 _:
n k __ cosx—r—r cos(n+2)z+r cos(n+1)z n koo _ sinz—r sin(n+2)x+r sin(n+1)z
) Zk:o r COS(kJ + l)x - 1—2r cos x+1r2 ) Zk:O r Sln(k + 1)'1: - 1—27 cos x+7r?
n  N\k,.k _ 14rcosz+(=1)"r" T cos(n+1)z+r cos nx] n k41, o _ rsinz—(=1)"r" " sin(n+1)z+r sin nx]
(d) Zk:o( 1) T coskx = 1+2r cos x+7r2 ’ Zk:o( 1) risin ke = 1427 cos x+1r?
(6) Without using the polar form, find square roots of the following numbers:

) i, —i

) 8+ 6i, 8 — 6i, —8 + 6i, —8 — 6i

) 344, —3+4i, 3 —4i, -3 — 4i

) 11+ 604, 11 — 60i, —11 + 604, —11 — 60i
) 15+ 8i, 15 — 8i, —15 + 8i, —15 — 8i
)
)

(
(a
(b
(c
(d
(e
(f) 14+4v3,1—4V3, —14+4V/3, =1 — i3
(g) 2+ 3i,2—3i, =2+ 3i, =2 — 3i



(7) Solve the following quadratic equations:
(a) 22—-32+3+i=0
(b) 22+ (1+4i)z—(5+14) =0
() (4—3i)22—(2+11i)z— (5+4) =0
(d) 22+2(1+i)z2+2i=0

Relations. Equivalence relations.

(1) Let A = {a,b,¢,d}, let R = {(a,a),(a,b),(b,b)}. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive?
linear? trichotomous? is it an equivalence relation? if so, describe its equivalence classes
(2) Let A={a,b,c,d}, let R ={(a,a),(b,D),(c,c),(d,d),(a,b),(b,a)}. Is R reflexive? symmetric? antisymmetric? asymmetric?
transitive? linear? trichotomous? is it an equivalence relation? if so, describe its equivalence classes
(3) Let A ={a,b,c,d}, let R={(a,b), (a,c), (b, c),(c,c),(a,a),(bb)}. Is R reflexive? symmetric? antisymmetric? asymmetric?
transitive? linear? trichotomous? is it an equivalence relation? if so, describe its equivalence classes
(4) Let A = {0,1,2}, let aRb < a < b. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear?
trichotomous? is it an equivalence relation? if so, describe its equivalence classes
(5) Let A ={1,...,10}, let aRb < albAa # b. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear?
trichotomous? is it an equivalence relation? if so, describe its equivalence classes
(6) Let A = {1,2,3,4}, let aRb < 2|a +b. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear?
trichotomous? is it an equivalence relation? if so, describe its equivalence classes
(7) Let A=7Z, let aRb < 3|a — b. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear? trichotomous?
is it an equivalence relation? if so, describe its equivalence classes
(8) Let A =N, let aRb < 2|a +b. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear? trichotomous?
is it an equivalence relation? if so, describe its equivalence classes
(9) Let A = N, let aRb & a # 0 A alb. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear?
trichotomous? is it an equivalence relation? if so, describe its equivalence classes
(10) Let A = N\ {0}, let aRb < alb Aa # b. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear?
trichotomous? is it an equivalence relation? if so, describe its equivalence classes
(11) Let A =R, let aRb < a?> = b%. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear? trichotomous?
is it an equivalence relation? if so, describe its equivalence classes
(12) Let A =R, let aRb < a? # b*. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear? trichotomous?
is it an equivalence relation? if so, describe its equivalence classes
(13) Let A =C, let aRb < |a|] < |b|. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear? trichotomous?
is it an equivalence relation? if so, describe its equivalence classes
(14) Let A = Z, let aRb < |a| + |b] # 4. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear?
trichotomous? is it an equivalence relation? if so, describe its equivalence classes
(15) Let A=R,let aRb < a—b € Q. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear? trichotomous?
is it an equivalence relation? if so, describe its equivalence classes
(16) Let A = Q x Q, let (a,b)R(c,d) < ad = be. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear?
trichotomous? is it an equivalence relation? if so, describe its equivalence classes
(17) Let A = the set of even integers, let aRb < 3|a — b. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive?
linear? trichotomous? is it an equivalence relation? if so, describe its equivalence classes
(18) Let A =N, let aRb < 2|a +b. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear? trichotomous?
is it an equivalence relation? if so, describe its equivalence classes
(19) Let A =17, let aRb < 5|a — b.Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear? trichotomous? is
it an equivalence relation? if so, describe its equivalence classes
(20) Let A = Z, let aRb < pla — b, where p is a fixed prime number. Is R reflexive? symmetric? antisymmetric? asymmetric?
transitive? linear? trichotomous? is it an equivalence relation? if so, describe its equivalence classes
(21) Let A = {1,2,...,16}, let aRb < 4]|a® — b%. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear?
trichotomous? is it an equivalence relation? if so, describe its equivalence classes
(22) Let A = polynomials in one variable ¢ with coefficients from Q, let a(t)Rb(t) < Ip, ¢ € Qa(t) —b(t) = pt +q. Is R reflexive?
symmetric? antisymmetric? asymmetric? transitive? linear? trichotomous? is it an equivalence relation? if so, describe its
equivalence classes
(23) Let A= M(2,R), let ARB < det A = det B. Is R reflexive? symmetric? antisymmetric? asymmetric? transitive? linear?
trichotomous? is it an equivalence relation? if so, describe its equivalence classes
(24) Let A = polynomials in one variable ¢ with coefficients from R, let a(t)Rb(t) < a(t)b(t) is of even degree. Is R reflexive?
symmetric? antisymmetric? asymmetric? transitive? linear? trichotomous? is it an equivalence relation? if so, describe its
equivalence classes

Functions.

(1) For a given function f check if it is one-to-one, onto, find its inverse (if it exists), and find f(A) and f~1(B) if:
(a) f:R—R, f(z) = 20, A= B = {1}



) f:Z—2Z, f(x):2x+1 A={2k:keZ}, B={0}
(¢) f:R=R,f x)zcosa:HA [0,%], B=[1,2]
(d) f:]R—>R fx):{ 1f0rfzr_zf1 JA=1[0,1, B=N
() f: [bm 3] — [~1,1], f(z) = sinz, A= {x}, B = [-1,0]
(f)f:NxN—>N f(n, )-2”-(2m+1)—1
(®) 7:NxN=N, (10 )

) f

:NxN—=N, f(n,m) = Z:{n_lkﬁLm—l
(i) f:ZxN—-Q, f(n,m) = i3
(2) Find the functions f o g, go f, and their domains.

(a) f(z) =22% -2, g(z) =32 +2

(b) f(z)=1-2% g(z) =1/

(c) f(z) =sinz, g(z) =1—-x

(d) f(z)=1- 3z, g(x) = 52% + 3z + 2
(e) fla)=a+ 4, g(z) = 245

(f) f(z)=v22+3, g(z) =2 +1
Cardinality.Prove that:
) if |[A] = |B|, |C|=|D|,and ANB=CND =0, then |AUB| = |C U D|
) if |A| = |B|, then |P(A)| = |P(B)| (P(X) denotes the set of all subsets of X)
) |P(A)| = [{0,1}*] (YX denotes the set of all functions X — Y)
) if |[A| = |C| and |B| = |D|, then |AB| = |CP|
) if BN C =0, then, for every A, |ABYC| = |AB x AY|
) |(4P)C] = [4B<C|
) (Cantor Theorem) |A| < |P(A)|
) (Cantor-Bernstein Theorem) if |A| < |B| and |B| < |A|, then |A] = |B|.
) [P(N)] = [R]



