Math 5BI: Problem Set 12
Green’s Theorem

If F(z,y) = M(x,y)i is a vector field on a region D in the plane, where M (z,y)
and N(z,y) are smooth functions on D, and dx = dxi + dyj, then

F(x,y) - dx = M(x,y)dx + N(x,y)dy

is called a differential.

In particular if F = V f, where f(z,y) is a smooth scalar-valued function on
D then

_of of
F(z,y)-dx = 5 (L Y)de + By (z,y)dy.
We write of of
df = 5= d + 7,

We say that a differential Mdx + Ndy is exact if Mdx + Ndy = df for some
smooth function f. Note that if Mdx + Ndy is exact, then
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Problem 12.1. Determine which of the following differentials are exact:
xdy —ydx, ydr+ xdy, eYdx+ zeVdy.

Problem 12.2. a. Write the differential equation

dy  2xy+e?

P T in the form Mdz + Ndy = 0. (1)
x z2 + ze
b. Is it true that

oN _ou,

or Oy

c. Find a function f(z,y) such that df = Mdx + Ndy. Then f(x,y) = ¢, where
c is an arbitrary constant, is the general solution to the differential equation

(77).

Remark. This method of solving ordinary differential equations is called the
method of exact differentials.



A differential Mdx 4+ Ndy on a region D in the plane is said to be closed if
ON OM
or Oy’
Note that every exact differential on a region D in the plane is closed, but we
will see that there are closed differentials on some regions D which are closed

but not exact!
Green’s Theorem relates double integrals to line integrals:

Green’s Theorem. Let D be a bounded region in the (x,y)-plane, bounded
by a piecewise smooth curve 0D, directed so that as it is traversed in the
positive direction, the region D lies on the left. Let M (x,y)dx + N(z,y)dy be
a differential on D U 0D whose component functions M and N are smooth on

DUOD. Then
Md:v+Ndy—// (8N —W) dxdy.
oD

Problem 12.3. Suppose that D = {(x,y) € R? : 22 + 4? < 1}. Verify that
Green’s theorem holds for D and the differential Mdx + Ndy = ydxr — xdy.

To prove Green’s Theorem, it suffices to prove the two simpler formulae

aD Mw= //D <88Ay4> drdy @
oD Ny = // ( > dedy. ¥

We focus on (??); the proof of (??) is similar.
To prove (??) in the case where D is of the special form

and

D={(z,y) e R®:a<z<box)<y<()}

of type I in the terminology we used before, we note that the boundary curve
0D divides up into four pieces:

D = C; + Cs — Cy — Cy,

which have the following parametrizations:

Czi$:tvy:1//(taa
Cs:x=ay=tg¢la) <x <9
Ciiz=by=t9¢0b) <z<79



Problem 12.4. a. Show that dx = 0 along C3 and C,4. Use this fact to
evaluate

Mdx and Mdzx.
Cg C4

b. Show that

Mdx = Mdx — Mdzx.
oD Cl C2

c. Show that
b b b
R / M1, 6(t))dt— / Mt (8))dt = / M (2, $()— M (z, ()} d

d. Use the fundamental theorem of calculus to show that

Y ()
Mdsc—// [ xy]dmdy— // (z,y)dzdy.
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This establishes (??) in the case where D is of type L

The general case of (??) is obtained by dividing a given region D into a disjoint
union of regions D; of type I. In this case,

// ——dxdy—Z// dacdy— / Mdz= | Mds,

because the parts of the boundaries of the D;’s which lie inside D cancel in
pairs.

Problem 12.5. a. Suppose that
D ={(z,y) e R?:2? +y* <1} - {(0,0)}.
Show that the differential

ydx — xdy

Mdx + Ndy = R

(4)
is closed.

b. Let C be the circle z2+y? = 1 directed once in the counterclockwise direction.

Evaluate the line integral
/ ydx — xdy
c rr+y?

c. Does your calculation in part ¢ show that the differential (??) is closed but
not exact? Why or why not?

A region D C R? is said to be conver if

peD and ¢geD = (1—-t)p+tge D foralltel0,]1].



Problem 12.6. Is the region
D = {(z,y) € R? : 2% +y? <1} — {(0,0)}
convex? Why or why not?

Poincaré Lemma. IfD is a convex region in R? then every closed differential
on D is exact.

Problem 12.7. a. Suppose that F(z,y) = P(z,y)i + Q(z,y)j is a smooth
vector field on a region D in the (z,y)-plane, bounded by a piecewise smooth
curve 0D, directed so that as it is traversed in the positive direction, the region
D lies on the left. Let T denote the unit-length tangent vector to 9D and let
N denote the outward pointing unit-length normal to 0D. Show that

(P(z,y)i+ Qx,9)j) - N = (=Q(z,y)i+ P(z,y)j) - T

along 0D.

b. Use Green’s Theorem to prove the Divergence Theorem:

Divergence Theorem. Let D be a bounded region in the (x,y)-plane,
bounded by a piecewise smooth curve OD. Let F(xz,y) = P(z,y)dz + Q(z,y)dy
be a differential on D U 0D whose component functions P and ) are smooth.

Then o 8
/ F~Nd5:// (+Q>dxdy.
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Problem 12.8. Use the Divergence Theorem to evaluate the line integral

/F-Nds,
C

where C is the unit circle 2 + y2 = 1 and

F = (ycose’)i+ (z +y)j.



