Practice Questions for the Final

1. Check which of the following functions ¢ : R™ — R™ are linear operators. In case when a given function is linear, find its
kernel, image, and matrix (in standard bases):

(@) @([z,y,2]) =[x+ 2,22+ 2,3z —y + 2],
(b) ez, y, 2]) = &,y + 1,2+ 2],
(c) oz, y,2]) = 2z +y,2 + 2,2,
(d) o[z, y,2]) = [z —y + 2, 2,4],
(e) o([z,y,2]) = [+ 2,222,3x —y + 2],
) o([x,y,2,t])) =z —y+2t,20 + 3y + 5z — t,x + z — t],
(2) ¢([z,y,2,t]) =[x —y+2t,20 — 3y + 5z — t,x — 2 — 1],
(h) o([z,y,2,t]) =z + 3y —2t,x +y+ 2,2y + £,y + 2],
(i) o([z,y,2,t])) =[x+ 3y — 2t,x +y + 2,2y — 3t, 2z + 4y + z — 2t].
2. Show that the vectors aq,...,a, form a basis of the vector space V, and find coordinates of the vector 3 in this basis

(a) V=R3 a;=[1,0,1], ap =[1,1,0], azg = [1, 1, 1], B =1, 2, 3],
b)) V=R a1=[2,1,1, aa=11,3,1], a3 =[1, 1, 4], =11, 1, 1],

(c) V = R3 (space of 2 x 2 matrices with real coordinates), a; = [1 O} , Qg = [1 1} , Q3 = [1 O] , 0y = {0 O},
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@) V=Cai=[1,1, as =[i, 1], B = [1 +4, 2i];

(e) V = K3 (space of polynomials of degree at most 3 and real coefficients), a1 =1, ag = X — 1, a3 = (X — 1)?, oy
(X -1)38=X34+2X2+X -1,

(f) V =C (complex numbers viewed as a 2-dimensional vector space over R), a; =141, g = 3i, § =2 + 3.

3. (a) Linear operator v has the following matrix in the standard basis:

1 2 0 1
3 0 -1 2
2 5 1
1 2 1 3

Find its matrix with respect to the following bases:

(i) (e1,e3,€2,€4) (g; denotes the standard vector that has zeros everywhere except for the ith coordinate, where it
has 1),

(i1) (e1,e1+€2,61 +e2+e3,61 + 62+ 63+ ¢€4).

(b) Find the matrix of a linear operator ¢ in the basis
(e1,€2 +€3,61 + €2),

if its matrix in the basis
(1) (517 €2, 83)7
(i) (e1 + €2,€2,£3),

is of the form:
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4. Matrix A is the matrix of a linear operator ¢ : C™ — C" in the standard basis. Find eigenvectors and eigenvalues of .
Construct (if possible) a basis of C* formed by eigenvectors of ¢. Find (if possible) a matrix P € C" such that C~1AC is
diagonal.

=z wa=| G2 ma= ) @a-|y ] @a=|2 5]
0 2 1 0 0 1

n=3 ()A=|-2 0 3|, H)A=]01 0], (@A=]|-4 -1 0
-1 -3 0 1 0 O 4 -8 =2

' (t) = 2y(

(a) { y'(t) = —3z(t) + B5y(
) z(t) + 2y(t)

) 20(t) — 2y(t)

t)

) with initial conditions z(0) = 1, y(0) = 2.

with initial conditions z(0) = 16, y(0) = 4.



