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K - formally real field (R)
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K - formally real field (R)

Th.: If K has two square classes, then

(a1, . . . , an) ∼= (b1, . . . , bm) iff.

[n = m] ∧ [sgn(a1, . . . , an) = sgn(b1, . . . , bm)]
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K - formally real field (R)

Th.: If K has two square classes, then

(a1, . . . , an) ∼= (b1, . . . , bm) iff.

[n = m] ∧ [sgn(a1, . . . , an) = sgn(b1, . . . , bm)]

A concept of a ’reduced’ isometry
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K - formally real field
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K - formally real field

P ⊂ K - ordering: P + P ⊂ P , P ·P ⊂ P , P ∩ (−P ) = {0}
and P ∪ (−P ) = K
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K - formally real field

P ⊂ K - ordering: P + P ⊂ P , P ·P ⊂ P , P ∩ (−P ) = {0}
and P ∪ (−P ) = K

XK - set of all orderings
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K - formally real field

P ⊂ K - ordering: P + P ⊂ P , P ·P ⊂ P , P ∩ (−P ) = {0}
and P ∪ (−P ) = K

XK - set of all orderings

a(P ) =

{
1, if a ∈ P,

−1, if a /∈ P,
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K - formally real field

P ⊂ K - ordering: P + P ⊂ P , P ·P ⊂ P , P ∩ (−P ) = {0}
and P ∪ (−P ) = K

XK - set of all orderings

a(P ) =

{
1, if a ∈ P,

−1, if a /∈ P,

(a1, . . . , an) ∼= (b1, . . . , bm) iff.

[n = m] ∧ [∀P ∈ XK(a1(P ) + . . . + an(P ) = b1(P ) + . . . + bn(P ))]
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K - formally real field

P ⊂ K - ordering: P + P ⊂ P , P ·P ⊂ P , P ∩ (−P ) = {0}
and P ∪ (−P ) = K

XK - set of all orderings

a(P ) =

{
1, if a ∈ P,

−1, if a /∈ P,

(a1, . . . , an) ∼= (b1, . . . , bm) iff.

[n = m] ∧ [∀P ∈ XK(a1(P ) + . . . + an(P ) = b1(P ) + . . . + bn(P ))]

b ∈ D(a1, a2) iff. ∀P ∈ XK [(a1(P ) = b(P )) ∨ (a2(P ) = b(P ))].
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K - formally real field

P ⊂ K - ordering: P + P ⊂ P , P ·P ⊂ P , P ∩ (−P ) = {0}
and P ∪ (−P ) = K

XK - set of all orderings

a(P ) =

{
1, if a ∈ P,

−1, if a /∈ P,

(a1, . . . , an) ∼= (b1, . . . , bm) iff.

[n = m] ∧ [∀P ∈ XK(a1(P ) + . . . + an(P ) = b1(P ) + . . . + bn(P ))]

b ∈ D(a1, a2) iff. ∀P ∈ XK [(a1(P ) = b(P )) ∨ (a2(P ) = b(P ))].

(a1, . . . , an) - reduced quadratic form ai ∈ K∗/(ΣK2 \ {0})
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Is it possible to say something about the behaviour of re-
duced quadratic forms by looking at the finite sets of order-
ings?



Home Page

Print

Title Page

JJ II

J I

Page 4 of 15

Go Back

Full Screen

Close

Quit

Is it possible to say something about the behaviour of re-
duced quadratic forms by looking at the finite sets of order-
ings?

Y ⊂ XK : arbitrary finite subset
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Is it possible to say something about the behaviour of re-
duced quadratic forms by looking at the finite sets of order-
ings?

Y ⊂ XK : arbitrary finite subset
b ∈ D(a1, a2) on Y
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Is it possible to say something about the behaviour of re-
duced quadratic forms by looking at the finite sets of order-
ings?

Y ⊂ XK : arbitrary finite subset
b ∈ D(a1, a2) on Y

∀P ∈ Y [(a1(P ) = b(P )) ∨ (a2(P ) = b(P ))]
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Is it possible to say something about the behaviour of re-
duced quadratic forms by looking at the finite sets of order-
ings?

Y ⊂ XK : arbitrary finite subset
b ∈ D(a1, a2) on Y

∀P ∈ Y [(a1(P ) = b(P )) ∨ (a2(P ) = b(P ))]
∀P ∈ XK [(a1(P ) = b(P )) ∨ (a2(P ) = b(P ))]
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Is it possible to say something about the behaviour of re-
duced quadratic forms by looking at the finite sets of order-
ings?

Y ⊂ XK : arbitrary finite subset
b ∈ D(a1, a2) on Y

∀P ∈ Y [(a1(P ) = b(P )) ∨ (a2(P ) = b(P ))]
∀P ∈ XK [(a1(P ) = b(P )) ∨ (a2(P ) = b(P ))]
b ∈ D(a1, a2) on XK
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What about more complicated formulae?
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What about more complicated formulae?

Ψ(a) - pp formula, a = (a1, . . . , ak):

∃t
m∧

j=1

pj(t, a) ∈ D(qj(t, a), rj(t, a)),

t = (t1, . . . , tn), pj(t, a), qj(t, a), rj(t, a) - products of ± some
of the ti’s and some of the al’s
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What about more complicated formulae?

Ψ(a) - pp formula, a = (a1, . . . , ak):

∃t
m∧

j=1

pj(t, a) ∈ D(qj(t, a), rj(t, a)),

t = (t1, . . . , tn), pj(t, a), qj(t, a), rj(t, a) - products of ± some
of the ti’s and some of the al’s

’two forms are isometric’
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What about more complicated formulae?

Ψ(a) - pp formula, a = (a1, . . . , ak):

∃t
m∧

j=1

pj(t, a) ∈ D(qj(t, a), rj(t, a)),

t = (t1, . . . , tn), pj(t, a), qj(t, a), rj(t, a) - products of ± some
of the ti’s and some of the al’s

’two forms are isometric’

’an element is represented by a form’
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For a pp formula Ψ(a) is it true, that if Ψ(a) holds true in
every finite subset of XK , then Ψ(a) holds true in XK?
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For a pp formula Ψ(a) is it true, that if Ψ(a) holds true in
every finite subset of XK , then Ψ(a) holds true in XK?

Th.: If Ψ(a) =’two forms are isometric’, then yes
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For a pp formula Ψ(a) is it true, that if Ψ(a) holds true in
every finite subset of XK , then Ψ(a) holds true in XK?

Th.: If Ψ(a) =’two forms are isometric’, then yes

Th.: If Ψ(a) =’an element is represented by a form’, then
yes
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For a pp formula Ψ(a) is it true, that if Ψ(a) holds true in
every finite subset of XK , then Ψ(a) holds true in XK?

Th.: If Ψ(a) =’two forms are isometric’, then yes

Th.: If Ψ(a) =’an element is represented by a form’, then
yes

E. Becker, L. Bröcker, On the description of the reduced
Witt ring, J. Alg. 52 (1978), 328-346
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For a pp formula Ψ(a) is it true, that if Ψ(a) holds true in
every finite subset of XK , then Ψ(a) holds true in XK?

Th.: If Ψ(a) =’two forms are isometric’, then yes

Th.: If Ψ(a) =’an element is represented by a form’, then
yes

E. Becker, L. Bröcker, On the description of the reduced
Witt ring, J. Alg. 52 (1978), 328-346

M. Marshall, The Witt ring of a space of orderings, Trans.
Amer. Math. Soc. 258 (1980), 505-521
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For a pp formula Ψ(a) is it true, that if Ψ(a) holds true in
every finite subset of XK , then Ψ(a) holds true in XK?

Th.: If Ψ(a) =’two forms are isometric’, then yes

Th.: If Ψ(a) =’an element is represented by a form’, then
yes

E. Becker, L. Bröcker, On the description of the reduced
Witt ring, J. Alg. 52 (1978), 328-346

M. Marshall, The Witt ring of a space of orderings, Trans.
Amer. Math. Soc. 258 (1980), 505-521

Th. (Extended Isotropy Theorem): If Ψ(a) =′ ⋂n
i=1 D(φi) 6=

∅′, φ1, . . . , φn - quadratic forms, then yes
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For a pp formula Ψ(a) is it true, that if Ψ(a) holds true in
every finite subset of XK , then Ψ(a) holds true in XK?

Th.: If Ψ(a) =’two forms are isometric’, then yes

Th.: If Ψ(a) =’an element is represented by a form’, then
yes

E. Becker, L. Bröcker, On the description of the reduced
Witt ring, J. Alg. 52 (1978), 328-346

M. Marshall, The Witt ring of a space of orderings, Trans.
Amer. Math. Soc. 258 (1980), 505-521

Th. (Extended Isotropy Theorem): If Ψ(a) =′ ⋂n
i=1 D(φi) 6=

∅′, φ1, . . . , φn - quadratic forms, then yes

M. Marshall, Spaces of orderings: systems of quadratic
forms, local structures and saturation, Comm. in Alg. 12
(1984), 723-743



Home Page

Print

Title Page

JJ II

J I

Page 7 of 15

Go Back

Full Screen

Close

Quit

Th.: If K = Q(X), then yes
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Th.: If K = Q(X), then yes

M. Dickmann, M. Marshall, F. Miraglia, Lattice-ordered
reduced special groups, Ann. of Pure and Appl. Logic 132
(2005), 27-49.
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Th.: If K = Q(X), then yes

M. Dickmann, M. Marshall, F. Miraglia, Lattice-ordered
reduced special groups, Ann. of Pure and Appl. Logic 132
(2005), 27-49.

Th.: For a space of orderings of a function field of an ir-
reducible conic section without rational points there is a pp
formula which holds true in every finite subspace of orderings,
but fails to remain true in the whole space
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Th.: If K = Q(X), then yes

M. Dickmann, M. Marshall, F. Miraglia, Lattice-ordered
reduced special groups, Ann. of Pure and Appl. Logic 132
(2005), 27-49.

Th.: For a space of orderings of a function field of an ir-
reducible conic section without rational points there is a pp
formula which holds true in every finite subspace of orderings,
but fails to remain true in the whole space

P. G ladki, M. Marshall, The pp conjecture for spaces of
orderings of rational conics, to appear in J. Algebra Appl.
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Th.: The coordinate ring of an irreducible conic section
without rational points is a PID
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Th.: The coordinate ring of an irreducible conic section
without rational points is a PID

P. Samuel, On unique factorization domains, Ill. J. Math.
5 (1961), 1-17
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Th.: The coordinate ring of an irreducible conic section
without rational points is a PID

P. Samuel, On unique factorization domains, Ill. J. Math.
5 (1961), 1-17

Th.: For a space of orderings of a function field of irre-
ducible conic section S without rational points

a ∈ D(b, c)

if and only if ab ≥ 0 or ac ≥ 0 for all real points on the curve
S (a, b, c - polynomials, which are representatives of cosets)
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Th.: The coordinate ring of an irreducible conic section
without rational points is a PID

P. Samuel, On unique factorization domains, Ill. J. Math.
5 (1961), 1-17

Th.: For a space of orderings of a function field of irre-
ducible conic section S without rational points

a ∈ D(b, c)

if and only if ab ≥ 0 or ac ≥ 0 for all real points on the curve
S (a, b, c - polynomials, which are representatives of cosets)

E. Artin, Uber die Zerlegung definiter Funktionen in Quadrate,
Hamb. Abh. 5 (1927), 100-115
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Th.: The coordinate ring of an irreducible conic section
without rational points is a PID

P. Samuel, On unique factorization domains, Ill. J. Math.
5 (1961), 1-17

Th.: For a space of orderings of a function field of irre-
ducible conic section S without rational points

a ∈ D(b, c)

if and only if ab ≥ 0 or ac ≥ 0 for all real points on the curve
S (a, b, c - polynomials, which are representatives of cosets)

E. Artin, Uber die Zerlegung definiter Funktionen in Quadrate,
Hamb. Abh. 5 (1927), 100-115

L. Bröcker, Characterization of fans and hereditarily pythagorean
fields, Math. Z. 151 (1976), 149-163
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Th.: The coordinate ring of an irreducible conic section
without rational points is a PID

P. Samuel, On unique factorization domains, Ill. J. Math.
5 (1961), 1-17

Th.: For a space of orderings of a function field of irre-
ducible conic section S without rational points

a ∈ D(b, c)

if and only if ab ≥ 0 or ac ≥ 0 for all real points on the curve
S (a, b, c - polynomials, which are representatives of cosets)

E. Artin, Uber die Zerlegung definiter Funktionen in Quadrate,
Hamb. Abh. 5 (1927), 100-115

L. Bröcker, Characterization of fans and hereditarily pythagorean
fields, Math. Z. 151 (1976), 149-163

M. Dickmann, M. Marshall, F. Miraglia, Lattice-ordered
reduced special groups, Ann. of Pure and Appl. Logic 132
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x2 + y2 = 3
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x2 + y2 = 3
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∃t1∃t2(t1 ∈ D(1, a1) ∧ t2 ∈ D(1, a2) ∧ a3t1t2 ∈ D(1, a1a2))

• on (p21, p14), (p24, p16), (p26, p11) a1, a2 > 0 ⇒ t1, t2 ≥ 0

• near p23 a1 > 0 ⇒ t1 > 0 ⇒ near p13 t1 d.ch.s.

• near p13 a1a2 > 0 ⇒ a3t1t2 ≥ 0
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∃t1∃t2(t1 ∈ D(1, a1) ∧ t2 ∈ D(1, a2) ∧ a3t1t2 ∈ D(1, a1a2))

• on (p21, p14), (p24, p16), (p26, p11) a1, a2 > 0 ⇒ t1, t2 ≥ 0

• near p23 a1 > 0 ⇒ t1 > 0 ⇒ near p13 t1 d.ch.s.

• near p13 a1a2 > 0 ⇒ a3t1t2 ≥ 0

• near p13 a3 ch.s. ⇒ t2 ch.s. ⇒ near p23 t2 ch.s.
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• at p23 and p13 t2 ch.s. and t1 d.ch.s.
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• at p23 and p13 t2 ch.s. and t1 d.ch.s.

• at p11 and p21 either t1 ch.s. or t2 ch.s. but not both
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• at p23 and p13 t2 ch.s. and t1 d.ch.s.

• at p11 and p21 either t1 ch.s. or t2 ch.s. but not both

• on (p11, p22) t1 ch.s. ⇔ t2 ch.s. (m1 simultaneous ch.s.)
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• at p23 and p13 t2 ch.s. and t1 d.ch.s.

• at p11 and p21 either t1 ch.s. or t2 ch.s. but not both

• on (p11, p22) t1 ch.s. ⇔ t2 ch.s. (m1 simultaneous ch.s.)

• on (p22, p13) m2 simultaneous ch.s.
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• at p23 and p13 t2 ch.s. and t1 d.ch.s.

• at p11 and p21 either t1 ch.s. or t2 ch.s. but not both

• on (p11, p22) t1 ch.s. ⇔ t2 ch.s. (m1 simultaneous ch.s.)

• on (p22, p13) m2 simultaneous ch.s.

• on (p13, p21) m3 simultaneous ch.s.
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a3 − + − + + − + + + − + +

• at p23 and p13 t2 ch.s. and t1 d.ch.s.

• at p11 and p21 either t1 ch.s. or t2 ch.s. but not both

• on (p11, p22) t1 ch.s. ⇔ t2 ch.s. (m1 simultaneous ch.s.)

• on (p22, p13) m2 simultaneous ch.s.

• on (p13, p21) m3 simultaneous ch.s.

• on (p11, p21) m1 + m2 + m3 + 1 simultaneous ch.s.



Home Page

Print

Title Page

JJ II

J I

Page 11 of 15

Go Back

Full Screen

Close

Quit

(p
11

;p
22

)

(p
22

;p
13

)

(p
13

;p
21

)

(p
21

;p
14

)

(p
14

;p
23

)

(p
23

;p
15

)

(p
15

;p
24

)

(p
24

;p
16

)

(p
16

;p
25

)

(p
25

;p
12

)

(p
12

;p
26

)

(p
26

;p
11

)

a1 − − − + + + + + − − − +

a2 − − − + − − − + + + + +

a3 − + − + + − + + + − + +

• at p23 and p13 t2 ch.s. and t1 d.ch.s.

• at p11 and p21 either t1 ch.s. or t2 ch.s. but not both

• on (p11, p22) t1 ch.s. ⇔ t2 ch.s. (m1 simultaneous ch.s.)

• on (p22, p13) m2 simultaneous ch.s.

• on (p13, p21) m3 simultaneous ch.s.

• on (p11, p21) m1 + m2 + m3 + 1 simultaneous ch.s.

• at p11 and p21 s. of t1, t2 are the same ⇒ m1 + m2 + m3

is odd
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a3 − + − + + − + + + − + +

• at p23 and p13 t2 ch.s. and t1 d.ch.s.

• at p11 and p21 either t1 ch.s. or t2 ch.s. but not both

• on (p11, p22) t1 ch.s. ⇔ t2 ch.s. (m1 simultaneous ch.s.)

• on (p22, p13) m2 simultaneous ch.s.

• on (p13, p21) m3 simultaneous ch.s.

• on (p11, p21) m1 + m2 + m3 + 1 simultaneous ch.s.

• at p11 and p21 s. of t1, t2 are the same ⇒ m1 + m2 + m3

is odd

• those are the only simultaneous sign changes
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• t1 = u1q1 . . . qkr1 . . . rl, t2 = u2q1 . . . qkr
′
1 . . . r′m
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• t1 = u1q1 . . . qkr1 . . . rl, t2 = u2q1 . . . qkr
′
1 . . . r′m

• simultaneous ch.s. → only at zeros of q1, . . . , qk
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• t1 = u1q1 . . . qkr1 . . . rl, t2 = u2q1 . . . qkr
′
1 . . . r′m

• simultaneous ch.s. → only at zeros of q1, . . . , qk

• for each qi there is even number of zeros



Home Page

Print

Title Page

JJ II

J I

Page 12 of 15

Go Back

Full Screen

Close

Quit

• t1 = u1q1 . . . qkr1 . . . rl, t2 = u2q1 . . . qkr
′
1 . . . r′m

• simultaneous ch.s. → only at zeros of q1, . . . , qk

• for each qi there is even number of zeros

• m1 + m2 + m3 is even
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Th.: The formula

∃t1∃t2(t1 ∈ D(1, a1) ∧ t2 ∈ D(1, a2) ∧ a3t1t2 ∈ D(1, a1a2))

holds true for every finite subset Y ⊂ XK iff. it hold true for
every subset of orderings associated with valuations induced
by π1, . . . , π6 via the Baer-Krull correspondence
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Problem 1: Give examples of elliptic curves whose coor-
dinate rings are PID.
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Problem 1: Give examples of elliptic curves whose coor-
dinate rings are PID.

Problem 2: Give an ’elementary’ proof of the fact that
irreducible rational polynomials intersect with rational conics
without rational point transversally.
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