EXPONENTIAL ATTRACTOR FOR THE CAHN-HILLIARD-OONO
EQUATION IN R¥

JAN W. CHOLEWAY* AND RADOSLAW CZAJA?*

ABSTRACT. We consider the Cahn-Hilliard-Oono equation in the whole of RV, N < 3. We
prove the existence of an exponential attractor in H!(R” ), which contains a global attractor.
We also estimate from above fractal dimension of the attractors.

1. INTRODUCTION

The Cahn-Hilliard equation is well known in material sciences involving phase separation
processes, see e.g. [8, 52 46, [43] and references therein. Several variations are also of
broader interest; multi-component alloy models [29, 11l 36], models with viscosity or with
inertial terms [28] [45] 40] 9], B1], the Cahn-Hilliard-Cook equations [3], 4], [51], and the Cahn-
Hilliard-Oono model [41], 30], which in turn involves hyperbolic relaxation models [49, 50]
and Navier-Stokes equations [44].

In contrast with the case of bounded domains much less references deal with the Cahn-
Hilliard type models in unbounded domains; see [7, 6], 35, B, B38|, 23] 22, 14], 15l 48, 49] 50|
55, 54] in chronological order. Specifically aspects of stability theory related to analysis of
the models in RY are worth further research.

In this paper given 6 > 0 we consider in RY the Cahn-Hilliard-Oono equation

(1.1) w + A(Au+ f(z,u) +6u=0, t >0, v € RY,
subject to the initial condition
(1.2) u(0,7) = up(x), z € RY,

where ug € H'(RY) and N < 3. Without term du becomes the local Cahn-Hilliard
equation which can be obtained e.g. from [39, (2)] or [26] (1.17)] by taking unitary thickness
parameter and considering, moreover, the mobility term therein as unitary constant. The
latter simplification in the model is often exploited in the literature and our considerations
remain in this vein. Specifically, we build upon the approach in [14] suitable for the non-
degenerate problems, whereas the case of concentration-dependent mobilities, which may
vanish (see e.g. [27]), leads to the consideration of degenerate problems.
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2 CAHN-HILLIARD-OONO EQUATION IN RY

As noted in [42, p. 483] and [43], p. 7] the presence in of term du is to account for
long-ranged (i.e., nonlocal) interactions. We remark in turn that recently nonlocal Cahn-
Hilliard equation has been studied in [20] in the case of a degenerate mobility (see also [25]
for Vlasov-Cahn-Hilliard equation), which further expanded the profound nonlocal-to-local
analysis, carried out before in [20] and [2I]. We do not pursue this matter here concentrating
on the approach adequate for the analysis of asymptotics of — as we describe below.

A small linear term du essentially influences long-time dynamics of the Cauchy problem
—. Namely, if 6 = 0, then under dissipativity mechanism customarily used for
parabolic problems in large unbounded domains only a weak form of dissipativity is known,
that is, each individual solution is attracted by the set of equilibria (see [14]). On the other
hand, if § > 0 then strong dissipativity occurs (see again [I4]); in particular a semigroup
of global solutions to (L.1)), {S(¢)}:0, possesses a global attractor A in the sense of [32],
that is, A is compact, invariant under {S(t)}+>0 and such that for each bounded subset B
of H(RY)

d(S(t)B,A) = sug iIelg |S(t)v — w||gr@eyy — 0 as t — oo.
veB W

In [I4] the existence of the global attractor has been proven for nonlinearities which included
as a sample a ‘logistic’ case

(1.3) fx,u) = m(@)u — ulul’™
where
N+2
(1.4) p > 1 is arbitrarily large if N =1,2 and 1 < p < p, := N—+2 =5if N =3,

(1.5)  me LyRY) ={¢ € L, (RY): sup |¢]lz-(Bw.1) < oo} for some 2 <r < oo,
yeRN

and m is the sum, m = m;+ma, of a potential m, for which bottom spectrum of —(A+m;(-))

in L2(RYN) is positive, and my such that |ms(-)|7°7 € L8 (RY) for a certain

2N
In this paper, having indicated in H'(RY) a suitable closed (although not compact) pos-
itively invariant absorbing set B, we will exhibit that with such f there actually exists an
exponential attractor M for {S(t)}:>0, a notion having its origins in [24], namely M C B
such that

(i) ACM and S(t)M C M for every t > 0,
(ii) M is compact in H'(R") and has finite fractal dimension dim (M) = lim sup log1 n.,

e—0
where n, is the smallest number of e—balls needed to cover M in the considered space,

(iii) there exists w > 0 such that for any B bounded in H'(RY)
e“'d(S(t)B,M) — 0 as t — oo.

To introduce a general assumption on the nonlinear term f in (1.1]) we consider as in [14]
a structure condition

wf(z,u) < Cx)u? + D(z)|u|, z € RY, u € R for some

1.7
.7 C e L;(RY), D e L¥(RY) and r, s as in (1.5) and (1.6)
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and C' also such that the linear problem

u = Au+ C(z)u, t >0, v € RV,
(1.8) B oy
u(0) = ug € L*(RY)

enjoys uniform exponential stability property, equivalently (see [14, (A.2)])
(1.9) /R ) (|v¢|2 - C(x)gb2) > wol| |3z gy for ¢ € H'(RY) with some wp > 0.
Also, we consider an additional condition
(1.10) uf(z,u) — 17/ flz,y)dy < G(x)u* + H(z) |u|, v € RN u € R,
0

for sufficiently small 7 > 0 and some

(1.11) G € L(RY), # > 2, 0< H € L¥(R"), max{LNQ—fQ} <35<2(3>1if N=2)
such that
(1.12) / (|v¢12 - G($)¢2) > Gol| )12z for ¢ € H'(RY) with some & > 0.

RN

Example. i) For f(z,u) = m(z)u — ulul[’~! in considered with m = my + my and

p > 1, after using Young’s inequality as in [14, (7.2)], we see that if my = —c for some
2p_

constant ¢ > 0 and my € Lo—1(RY) then — hold with

—1 e
C(x)=mi, D(x)= p7|m2]p—1.

This remains true if instead of constant my = —c we take (nonconstant) nonpositive my €
L®(RYN) such that the integral fG mydz 1s infinite for all G from the family of open sets
in RN containing arbitrarily large balls, as in that case (@ enjoys uniform exponential
stability property with C(x) = mq(x) (see [I, Theorem 1.2]). When N =1 this remains true
if we take (monconstant) nonpositive my € Lt (RY) (see [I, Theorem 3.5] ).

i) For f in i) we also obtain as in [14, (8.28)] that

uf(wa) =5 [ Sy < (1 - 5) uf(z,u)
0
and hence we see that - hold with

14

Glz) = <1 - 5) Clz),  H(z) = (1 - g) D()

for C(x) and D(z) as in i) above.
Below, not restricting ourselves to a sample f in ([1.3]), we will assume ((1.7])-(|1.12]) consid-

ering
(1.13) flz,u) = g(x) + m(z)u + fo(z,u), v € RN, u € R,
with m as in ([1.5)),

(1.14) g € L*(RY)
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and fy: RY x R — R satisfying

(1.15) fo(z,0) =0, %(9&70) =0, z € RY

and
(1.16) | fo(z,ur) — folz,ua)| < cluy — ug| (1 + |ug [P~ + Juol?™), ur,up € R, x € RY,

for some p as in (|1.4)).

In [I4, Theorem 8.7] it was shown that if f in (L.13)-(1.16) satisfies (L.7)-(L.9) then
the problem — is globally well-posed in H'(RY) and the associated C° semigroup
{S(t)}i>0 in H'(RY) has bounded orbits of bounded sets and for each ¢ > 0, S(¢) maps
bounded sets of H!(RY) into bounded sets of H*(R"™). There is also a set By bounded in
H?(RY), which absorbs bounded subsets of H'(R"). Then, letting for some large t; > 0

(1.17) B = clygny | S(t)Bo,

t>to

we see that B C clyigyy By, B absorbs bounded sets of H L(RY) and is positively invariant
under {S(t)}+>o-

In [I4, Theorem 8.9] it was also shown that if, in addition, (1.10))-(1.12)) hold then for each
B bounded in H'(RY) and for arbitrarily chosen £ > 0 there exist certain 7z > 0 and R¢ > 0
such that
(1.18) sup sup ||S(¢)uol| L2 ({jal> ey < €

up€EB t>7¢
Consequently, {S(¢)};>0 is asymptotically compact in H'(RY) and has a global attractor A.
In the present paper our main result is the following theorem.

Theorem 1.1. Given N < 3 assume that f is as in — and — hold.

Assume, in addition, that

0
a—fo(x,u) — 0 as u — 0 uniformly for z € RY.
u

Then there exists an exponential attractor M for (1.1)-(1.3) in H'(RY) as in (i)-(iii) above.

With the construction of an exponential attractor M, the results of the present paper
essentially broaden information available so far for the Cahn-Hilliard-Oono problem in R¥
ensuring also finite fractal dimensionality of the global attractor A which is contained in M.

Mention should be made that in our analysis we exhibit a suitable decomposition of the
flow into exponentially stable and compact parts, which is related to the quasi-stability
method developed by I. Chueshov and I. Lasiecka [I7, [I§]. Regarding this we prove the
following result, in which we use the notion of quasi-stable dynamical system described in
Definition of the Appendix.

Theorem 1.2. Assume conditions of Theorem[1.1] and let B be as in (1.17).
Then there is T > 0 such that for t, chosen suitably large dynamical system (H'(RY), S(t))
is quasi-stable on B = clyigny S(7)B at time t,.

Within the mentioned approach we obtain in particular estimates from above of fractal
dimension of exponential and global attractors, in which crucial is the compactness of the
embedding of the space

Z = {z € L*(0,t.; H*(R")): % € L0, t.; (H*(R™))')}
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into weighted-type space
L2(0, t*;LQ’"’(RN))

where 1’ is Holder s conjugate to r given in , ty is as in Theorem . and ¢(-) = (AR | %0
with ¢o > &. Using this we prove the followmg theorem where in l the bounds of

dimensions of A and M are moreover expressed via [19] through the Kolmogorov e—entropy,

which is known to measure quantitatively the compactness of the embedding of the above
space Z into L*(0,t,; LZ"(RY)) (sce [34] and [53, page 108]).

Theorem 1.3. Under the conditions of Theorem[1.1] for each 0 < q. < 1 there exist t, > 0
and K., & > 0 such that given any 6 € (0,1—gq.) fractal dimension of the attractor A satisfies

(1.19) dimf(A) <log 1 mz%

=10

and A is contained in an exponential attractor M having fractal dimension estimated by

(120) dlmf(M) < 1—|—10g L mzn*,

2Ks

5 around

where M2, is the mazimal number of points z; in a closed ball in Z of radius
2ero with the property that &.||z; — Zl||L2(07t*;L3; ®Ny) > 1 whenever j # 1.

If0<q. < % then fractal dimension of the attractor A also satisfies for any 6 € (0, % —q.)
(1.21) dims(A) <log N o

2(qx +9) Ko &

and A is contained in an exponential attractor M having fractal dimension estimated by

(1.22) dim; (M) < N,

K*ﬁ*

where N_o_is the minimal number of balls in LQ(O,t*; LZ'(RN)) of radius % needed to

cover the umt ball in Z.

In Section |2l we derive the estimates of the difference of the solutions to (1.1])-(1.2) and
prove Theorem [1.2] In Section [3|we prove Theorems[I.1]and[1.3] In the Appendix we include
for reader’s convenience some tools used in our approach.

2. QUASI—STABILITY OF THE SEMIGROUP

We use the scale of Bessel potential spaces HJ(RY), o € R, defined as in [53] and denoted
here by H?(RY).

We also recall that A in L?(RY) with domain H?(R") is a selfadjoint operator, which has
spectrum o(A) = (—o0,0] and generates a C” analytic semigroup of contractions {e2!}>o.
Given any «,7y > 0 we have then defined (—A + )~ in L?(R") as in [33, Definition 1.4.1],
which operators are of the class £(L?(RY)) and are symmetric. Moreover, we have for v > 0

1 /OO 1 A 1
— s ze Peds|| pre @y < 2.
I‘\(l) 0 (L2(RN))

2

(2.1) (=2 +7) 72| czeqeny = |l

We assume the conditions of Theorem [L.1] guaranteeing, due to the results in [I4] summa-
rized in the Introduction, that (L.1)-(1.2) governs a C° semigroup {S(t)};>0 in H*(RY) with
a global attractor and with a positively invariant absorbing set B as in ((1.17)).

To derive the quasi-stability estimates the following two remarks will be useful.

Remark 2.1. Since H?(RY) is a reflexive Banach space, B in ([1.17)) is bounded in H*(RY).
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Remark 2.2. Assume conditions of Theorem [I.1]
I) Then from [10, Lemmas 13.3, 13.4] we have

(2.2) m(z) — C(x) < % + aoD(z), v € RY,
(2.3) |fo(z,u) — fo(z,v)] < (% + co(JulP~t + |v|p_1)> lu—v|, u,v € RN, z e RY

for some ag, ¢, > 0.

IT) Since H%(RY) ¢ BUC(RY) and B is bounded in H?(RY) (see Remark [2.1)), values of
elements of B are within the range of a certain real line interval [-Cp, Cp|. Since B is
positively invariant, denoting

u=S()up, v=>5()vy for wugy,vy € B,

we conclude that u and v never leave B. As a consequence, values of v and v are within the
range of [—Cp, Cp] and ([2.3) implies that

(2.4) | folz,u) — fo(z,v)| < Lglu —v|, v € RN,
with Lg > 0 being a multiple of 1 4 204"
The proof of Theorem [I.2] now follows in a sequence of lemmas.

Lemma 2.3. Assume conditions of Theorem and let B be as in . Then for arbi-

trarily fived T'> 0 and o € (—%, i] there is a positive constant |1 = o such that for any
ug,vg € B

150 — SEeoll ey <

||UO — UOHH““(RN)y t e (O,T]

1
i

Proof. As follows from considerations of [I4, Appendix B] the solution u = S(-)ug of (|1.1)
through uy € H'(RY) satisfies Duhamel’s formula

(2.5) u(t) = ety + /0 e (A (- uls)) — du(s))ds, t> 0.

Writing for u = S(-)up and v = S(-)vy respectively, letting
S<u’v) = f(7 u) - f("?v) = m()(u - U) + fO("u) - f()(',U)

and using the estimates of {e=2"*},5, in Bessel scale as in [I3, Corollary 2.7], we have that

U = u — v satisfies for a given e € (0,3) and 0 < ¢ < T

M LM
U@l @r) < = 1U(0) | rsa ey +/ ————R(s)ds,
i o (t—s)ite
where My is a certain positive constant and
Ris) = || = 6U(s) = A(S(uls), v($)))ll zr2+4e )y
Following [53], we remark that for any real 6, 6 we have
(2.6) (H'@RM)) = H?RY) and H(RY) c H*(R") when 6 > 4.

We frequently use that
(2.7) ol 2y < 1]y, ¢ € H'(RY).
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Also, due to [53], formula (1) on page 177 and Step 2 atop page 191]

(2.8) |- Na—2@yy = (A + 1)1 2@y,
whereas from [47), formula (7.1) in Chapter 1] and contractive property of the heat semigroup
(29) -2+ ) oy = | [ e et < 1

0

From (2.6)) it is straightforward that ||U|| g2+ ®nyy is bounded by a multiple of ||U]| g1 @w).
Choosing ¢ € (0, 1) close enough to 1, we combine (2.6) with [16, Lemma 5.2] to get
IAMC) )| (r2rae@yyy < Conel|U|] @y

with some constant Cy, .. Using again ([2.6)) we observe that [[A(fo(-, u)— fo(-,v))|l(m 22 (RN))/
b

is bounded by a multiple of ||A(fo(-,u) — fo(+,v))||#-2@®~), which by (2.8) and (2.9) is, in
turn, bounded by a multiple of || fo(-,u) — fo(-, )|l 2@N)- Smce due to (2.4)

(2.10) [ fo(-su) = fo(s )2y < Ll|U|| 2wy
we actually have

R(s) = [| = 0U(s) = A(S(u(s), ()l zr2+se@yyy < O ellU(8) ]|y

for some constant C, 5. > 0 and we thus obtain

M
(U@ @yy < ——

t

CrpeM

(O)HH4Q(RN) —|—/ B, §+T ||U(S)HH1(RN)d87 0<t S T.
o (- )

From this and [I2, Lemma 1.2.9] we get the result. O

In the next lemma we derive an L*(0,T; H*(RY))-estimate of the difference of solutions.

Lemma 2.4. Under the conditions and notation of Lemma[2.3 if ug,vo € B then given any
T > 0 there is a constant kr > 0 such that U = S(-)ug — S(-)vy satisfies

1Ull 20,112 @3)) < Kr[|[U0)]] ey
Proof. Writing for u = S(t)ug, v = S(t)vg, we observe that U = u — v satisfies
Ui + A(AU + §(u,v)) + 06U = 0.

From this for any v > 0 we get
(2.11)

(=A+79)70 = AU = §(u,v) = U + (A +9) 7 F(w,v) + (7* + 0)(-A +7) U = 0.
Writing with v = 1, multiplying by AU in L*(RY) and taking into account that

(A + 1)UL AU) 2y = (Us, (A + 1) THAU) 2@y
= (U, ~U + (-A+1)7'U) 2r)
1d

_1
= 52 (I em) + 1(=A + 172U o)),

we get
1 d 2 _1 2 2
5%(_HU||L2(RN) + [(=A+1)72 U7z @n)) — |AU |72 @y
— (§(u,v), AU) poeny — (U, AU) poeny + (A + 1) 7' F(u, v), AU) 2wy

+ (14 0){(—A+ 1)U, AU) 2 gny = 0.
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From and (2.10) we have
I(=A+ D)7 (fol-u) = fol v)ll2@yy < LellU| 2@y,
whereas from (2.8]) and [16, Lemma 5.2], we get
_ 1

(A +1) 7 m()U) | z@yy = [mO)U |l a-2@v) < Cn(lU 2@y + VU 72@ny)?
with some constant C,, > 0, so that
(212) (=2 +1)7'F(w, )72 @ < 205 (HUHL2 wvy + (IVU [ T2@my) + 2LE U 2
Then the Cauchy-Schwarz inequality used with (2.12]) implies for any £ > 0

_ £
(A +1)7'F(u,v), AU) 2@r)| < (02 + L) U5 gy §||AU||%2(RN)’
whereas with (2.10]) yields

1 3
[(fo(w,u) — fo(iU;U)yAUﬁ?(RN)’ < 2_€L%|’UH%2(]RN) + §HAU”%Q(RN)'
Since for a € (0, 1) close enough to 1 due to [14, Lemma A.1] we have
(21 IO 2e0) < ConallU ooy

using interpolation inequality ||U||pg2a@yy < collU||%2 RN)HU“L? &) (see [53, (11) on page
185]), we obtain by the Young inequality that
Im()U || ze@ry < el| AU || 2wy + del|U]| 2 ry

where we have also used that || - || 2@~y + [|A - ||z2@y) is an equivalent norm in H*(RY).
With the Cauchy-Schwarz inequality this yields

[(m()U, AU) p2@ny| < |m()U|| 2w [|AU]| 2 ey
< e|AU 72 @ny + d= U | 2@ JAU || 2 vy

1
+ _dgnUH%Q(RN)'

3e 9
< ?HAUHB(RN) 9%

Summarizing, we get
1
[(F(u,v), AU) p2mry| < 2e| AUy + 2—€<d§ + L) U7z gy -
Note that due to the Cauchy-Schwarz inequality and @ we also have
€
(=2 + 1)U AU) 2| < o= HUHL2(RN) SIAT L2 ).

Similarly,

1 €

(U, AU) 2y | < 2_€HUH%2(RN) + §HAUH%2(RN)'

As a consequence, taking also into account (2.7]), we get

1d _1
5%(_HUH%2(RN) + (A + 172U 22 @) = 1AU |72

1 ) d?  3L%
(7+5)|\AUHL2(RN +g(1+§+0;+§+ 5 )|]U\|H1RN > 0.

[\Jlm
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3L%

Choosing now ¢ = =1 and denoting d := 2(7+6)(1 + $ + C% + % T

7+6
d

i
Integrating with respect to t € [0, 7], then omitting on the left-hand side the negative terms
resulting from integration and using ({2.1]), we obtain

HU(O)H%P(RN) + HU<T)H%2(RN) + dHUH%Q(O,T;Hl(RN)) = HAUH%Q(O,T;LQ(RN))'
Taking into account 1} and applying Lemma with o = 1—11, we have
1T 72wy < MU @yy < 121U 0) 7@y, t € (0,71,
which after integrating with respect to ¢t € (0,7") yields
1072022~y < NUNZ2 0 msm vy < 2T NU0) |3 gy
As a consequence we get
HAU”%Q(O,T;LQ(RN)) <(1+ 1+ dNQT)HU(O)H?{l(RN)-

Since || - [|rz@yy + |A - || z2@y) is an equivalent norm in H*(RY), the result now follows
easily. Il

), we get

1
—NUlZ2@ny + (A + 1) 72U |72 gn)) + U5 @y > AU 2@y

Using Lemma [2.4] we derive below an estimate involving time derivative.

Lemma 2.5. Under the conditions and notation of Lemma[2.3 if ug,vo € B then given any
T > 0 there is a constant wy > 0 such that U = S(-)ug — S(-)vy satisfies

”Ut”LQ(O,T;H*Q(RN)) < WTHU(O)HHl(RN)-
Proof. Writing with v = 1 and applying L*(R")-norm, we get
(A + 1)U 2@yy < AU 2@y + 15w, )l 2@y + [1U]] 2@y
=2 )75 0) gy + (L 8)[(=A + )70 .
Due to (2.9), and both [[(=A + 1)7'F(u,v)| 12~y and |[|[§(u, v)| 2@y are

bounded from above by a multiple of ||U| g2®~) (see the embedding in ) It is also
straightforward that the sum [|AU||r2@yy + |Ull2@yy + (1 + 0)[[(=A + 1)U 2wy is
estimated from above by a multiple of [|U||gz®y) (see again ) As a consequence there
is a constant w > 0 such that

(A + 1)Ul 2@y < wl|U]lm2@ny, t >0,
which in turn yields
(A + D)7l 20102y < WU l20.03m2@yy, T > 0.
Using now and Lemma , we get the result. U
Given a positive function ¢ of variable z € R and ¢ > 1, we denote by LZ(R") the
weighted space consisting of all ¢ € LL (RV) such that ¢ps € LI(RY), with norm

loc
1
||¢||L$(RN) = ||¢W”Lq(RN)-
In what follows, we consider ¢ : RY — (0, 1] of the form

1 ) N
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Lemma 2.6. Under the conditions and notation of Lemmal2.3 there exist positive constants
T and v such that if up,v9 € B then U = S(-)ug — S(-)vo satisfies for each t > 7 and all
sufficiently large R the estimate of the form
_1 Sty 1
[(=A+7)2U@)|2r) < e 2D(—A + ) 2U(7) || L2y + CRHU”LQ(T,t;L?pT'(RN))
+ arl|Ul| 274024 oY)

where ¢ is as in , 118 from , Cr is a certain constant depending on R and agp — 0
as R — oo.

Proof. For u = S(t)ug, v = S(t)vg with ug,vy € B, multiplying (2.11)) by U = u — v in
L*(RY) gives for any v > 0
1d

||( A+ 7)_§U||L2(RN + ||VU||L2 (RN) — <3<Ua U)v U)LQ(RN) - ’YHUH%Q(RN)
+ (P +OI(-A+ 7)‘§U|IL2(RN) = (=2 + )" F(w,v), U) 2

and we proceed in three steps.
Step 1. In this step we find an estimate of [|[VU||3, &)~ (§(u,v),U) 2w~y from below.

By assumption there exists wg > 0 such that (1.9 . ) holds and there is a continuous decreas-
ing real valued function w(r) defined in a certain interval [0, 1] and satisfying

2 dt

li%1+w(y) = w(0) = wy
such that
[ (0= 0I96F = C@)?) 2 w6lan, for v Dul, 6 € H'ERY)

(see [14, Theorems A.2 and A.4]). Using this with a suitably small ¥ > 0 (such v is fixed
from now on), and applying (2.2, given any ball Bg = {z € RY: |z| < R} we get

/ (|VU|2—m(x)U2):/ (1/+1—V)|VU|2—/ (C +m — C)(z)U?
RN RN RN
3w
2 0 2 2
> VU gy + 252y = (f + [ )om = )0
09
> VU gy + G0y~ [ (m= OV =0 [ Daj?

By

where B = RN \ Bg. Also, by assumption on D, due to the Holder inequality we have

D(@)U? < |ID|zesg) IUI7 20 vy
Bj,

Since by the locally uniform integrability of m and C' there is a positive constant kr such
that

| o) = Cl)U? < bnllUla s
R
where the exponent ' is Holder’s conjugate to r, we actually get
W
/}RN(IVUI2 —m(x)U?) > v||[VU|[72@m + 70||U||2Lz<RN) krllU o 5
— ag|| D]

L*(B%) ’UHiQS’(RN)'
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Applying ([2.3) and (2.4), we get
[ o) = swopv < ([ + [ Yiftw.w) - fala0ll0]
RN Br A

gLB/ 240 U2+c*/ (Jul?™" + [o~ U™
Br 8 Jag ?‘a

Due to (1.18) given any § > 0 there exist 7¢ > 0 and R¢ > 0 such that sup;. ., lullrzse ) <€
= ¢

which yields, since values of u are within the range of [—Cpg, Cgl,
1-2 2 1-2 2
lull ey < O Fllullfaqpy) < Ci F€F forany > 7 and R> Re, £>2

and the same holds true for v. Using this with ¢ = g(p — 1) and ¢ > max{Z%, ﬁ}, via the
Holder inequality and Sobolev embedding H'(RN) c L*'(RY), we obtain

U Hqu’

] e e P g
R

< (@) Null st gy + 101701 eIV 7 vy

p—1-2 2
< 20%((]/)08 qﬁ"(HU”%Z’(RN) + ||VU||L2(RN))7 t>7, R> Re,

where cs(¢’) denotes the Sobolev embedding constant. Choosing then suitably small £ > 0,
we get for all large enough R

[ (o) = ale, o) < Ls [ U4 U e,

Br

3v wWo
min {275 (W0 + 19U ) 2 7

As a consequence we obtain
14 Wy

IVUI L2y = (8w, 0), Udpeeyy 2 ZIVU 2@y + U 2en) = krlU N

— Lol|U[[22 5y — 0D

Ls (B, ||UHL25 '(RN) t > Te-

Step 2. In this step we find an estimate of [y((—A 4 ~)7'§(u,v), U) r2gx)| from above.
Since due to the resolvent equation

(=8 +9) 7§ 0) = (A + 1)7F(w,0) + (1= )(=A + )7 (=2 + 1) 7 F(u, ).
we have
V(A + )7 (w,0),0) 2@y < [7{(—A + 1) F(w,v), U) o)
+ (L= N (=A+9) 72 (A + 1) 7 F(w0), (—A +9) 720 2.

From this, using the Cauchy-Schwarz inequality with ¢ = 1 and ¢ = @ respectively, we
get

- g - g
(=84 7)1 (0, 0), U age| < 212+ 171§, 0) Bagaw + 210 ey

7(1— 7)?

490 1
(—A+’7) QUH%?(RN)_’_ ( )

I(=A + 1) 7§ (w, v) [ 22y,
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where in the last term above we have also used (| . Recalling then , we obtain
_ 1
(= ) (00 U] < {1+ S0
1 , (=77, 2

Step 3. We now combine the estimates to complete the proof.
Hence for all t > 7¢, any v > 0 and each large enough R we have

)02 (U1 2wy + VU 2y

(—A+ 7)7§UH%2(RN)'

1d 1 v wo
5@”(—A +7) 72U L2 @ny + ZHVU”%Q(RN) + ZHUH%z vy = kRl Ul o 5 — Lol U725,
7 +5 1
— MU 2@y = aoll Dl s 1 U117 20 v [(=A+7) 2U||2L?(]RN)
(1—9)?

)cfxnvn%mm + uwnim)

1 s (1-— 7)2 2 2
+ 7 <§ + L + WLB U 72@®nys

which with v > 0 chosen now suitably small gives

1d _1 v 1+ ~3
gl (A0 Ul + I VUl + 5= (=2 +7) 72Ul

<71
<1+ ey

2dt 2
Wo
(2.15) + 1_6HUH%2(RN) < kRHUHizr'(BR) + LB|’UHi2(3R) + apl| D] L#(Bg) ’UHi%’(RN)
1
< (kR + LB‘BR|T)HU”3:2T’(BR) + O‘OHD LS(BI%)HUHiES’(RN)'

Since [ \UP" < Is,, U == < 2 [on [U* ¢, we have

fo — inf
info = infy

. _ 1

1

Using this in (2.15)), denoting (% = Q(kR—I—LB|BR|%)(inf cp) 7, and omitting on the left-hand

side of (2.15) nonnegative terms %||VU||?, 2(RN) 16||UHL2(RN and 292[[(=A +~)~ 2U||L2 RN
we obtain after letting

O{% = QCVOHD”LS(B%)
that
d _1 _1
A7) U R, + 1= +9) 20y < GBIV e vy + ORI sy £ 2 7
The result now follows easily. U
Then we have the following result.

Lemma 2.7. Under the conditions and notation of Lemma[2.3 if T and y are as in Lemma
and ug, vo € S(7)B then U = S(-)ug — S(-)vg satisfies for each T'> 0 and all sufficiently
large R the estimate

_1 _sr _1
(=A+7)2UM) | 2@y) < e 2 [[(=A+7) 72U (0) |l 2@~y + CeIUI 120,720 )

+ aR”UHL2(O,T;L23'(RN))
with @, (g and ag as in Lemma[2.6,
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Proof. By assumption ug = S (T)g, vog = S(7)0 for some 1y, Ty € B, whereas by Lemma
U(t) = S(t)up — S(t)vy satisfies for ¢ > 7 and all sufficiently large R

(=2 + )20 @) | a@ny < e 2N (=A +9) 72T (7) | 2@y + CaIT | 22 @y
+ OCRHUHLQ(T,t;L%’(RN))-

Since U(t) = U(t — 7) whenever t — 7 > 0 and U(7) = U(0), we actually have for t > 7

I(=A +7)72U (= 1)l 2@r) < e 3EDN(=A +9) 72U (0) |2

+CrIU( = T)HL?(T,t;Lg;’(RN)) + arl|U( = )l r2(rp2e ®3)

and letting T' =1t — 7 we get the result. U

Given 7 as in Lemma 2.6 we define
(2.16) B = clyi@yy S(7)B.

Remark 2.8. From the semigroup property and the properties of B listed below (1.17)) (see
also Remark it follows that B C B, B is bounded in H?(R") and that B is positively
invariant and absorbs bounded sets of H'(RY) under {S(#)};>0.

Due to Lemmas [2.3]and [2.4] the estimate in Lemma [2.7 now leads to the following estimate
in HY(RY).

Lemma 2.9. Under the conditions and notation of Lemma given any q. € (0,1) there
existt, > 1 and & > 0 such that if B is as in and ug,vg € B then U = S(-)ug— S(-)vg
satisfies

(2.17) IUE @y < ¢ llUO) | @wny + ElU 204502 @3y

where ¢ is as in .

Proof. First let ug, vy € S(7)B. Due to positive invariance of B, S(t)ug, S(t)vy € B for every
t > 0. Given t > 1, using the semigroup property and then Lemma with a = —% and

T =1, we get via (2.8)
U@l vy = 1SS = o = SW)S(E = Dol
< ILL”S(t - 1)U0 - S(t — 1)/UOHH*2(]RN)
= (=2 + 1) (S(t — Dyug — S(¢ — 1) |2
= pll(=A+ 1)Ut = Dl 2@y).-
Due to the resolvent equation and ([2.9)
J=A+ 17U = 1)l = (1 + (7 = D=2+ 1)) (A +7) U = 1)l 2y
<@+ Iy = 1DI=A+)TUE = D2y,
whereas by
(= +2) (= 1)lla = (=8 +9)H A+ ) HU (= Dl
<y E (A +7) 20 = D)2y
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Using this and applying the estimate of Lemma with T'=t — 1, we get for all sufficiently
large R

NU@)| vy < p(1+ |y — 1’)’7_%\’(—A + 7)_%[](75 — D2y
< L+ by = 17 2e 2= A +9) 72U (O0) |2y
+ul+ |y - 1’)7_%(CRHUHm(oﬂs;Lgf’(RN)) + arl|Ull 20,4225 ®oy))-
Applying , and the Sobolev embedding H*(RN) ¢ L*'(RY), we get
IU®) 1y < (1 + Iy = 1)y e 2 DT (0) s ey
+p(l+ |y = 1|)7_%(§R||UHL2(0¢;L3T’(RN)) + arc(S) Ul r20,m2@)),

where ¢(s’) is the Sobolev embedding constant. Applying Lemma [2.4] we thus obtain for
each t > 1 and all sufficiently large R

U@ vy < (0 + Bred) [UO) [ vy + €U 20,402 vy »
with &g = p(1+ |y — 1))~y 2,

= p(L+ |y — 1)y e 3D and B = p(1 + |y — 1)) "1y 2¢e(s))ar.

Choosing t, > 1 such that 7, < &, we next take R, so large that S, x,, < 4. Hence we
obtain

(2.18) 1U @) @y < @ellUO) | @vy + EllUN 20,102 @y

where &, = &g, .
Taking now ug, vg € B with B as in ([2.16]), we write (2.18)) for the approximating sequences
of initial data from S(7)B C B. Since by Lemma 2.4 and the Sobolev embedding

1S(-)ur — S(')UlHL?(o,t*;Lgr'(RN)) <cl|S(-)ur — S(')”IHH(O,t*;H?(RN))

< chy, [lur — w1l grgwy > w01 € B,
we can pass to the limit on both sides of (2.18)) and get the result. O

We now give the following compactness result.

Lemma 2.10. Given T' > 0 consider the space

Z ={z e L*0,T; H*RY)): 2—; € L*(0,T; (H*(RY))")}

with norm || 2| 20 r.m2@yy) + | % | 20, (m2@yyyy and let ¢ be as in :

Ifp > max{%, 1} then Z is compactly embedded in L*(0,T; Lip, (RN)), where p' is Holder’s
conjugate to p. In particular, n(-) 18 a compact norm on Z in the sense
of Definition [A]].

Proof. By Sobolev embedding H*(RY) c L*(RY). Taking into account that ¢ < 1 we
/ / 1,1

observe that L* (RV) C LZ'(RY). SiI/lCG ¢ € LY(RYN), writing ¢ as p» ¥ and using the

Holder inequality, we conclude that L2 (RY) C L%(R"), where the latter space is a Hilbert

space. Therefore we have

H*(RY) ¢ LY (RY) € LL(RY) C (LL(RY)) © (H*(RY))’

= ” ) ||L2(0,T;Lip,(RN))
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algebraically and topologically. In addition, the identity map is compact from H?(RY) to
L% (RY), because H*(RY) is continuously embedded into locally uniform space HZ(RY),
whereas HZ(RY) is compactly embedded in L% (RY) (see [2, Lemma 4.1 (iii)]). Hence [37,
Theorem 1.5.1] applies and we get the result. O

Proof of Theorem[1.3. We specify that conditions in Definition hold here with & =
B, X = H'(RY), Z = {z € L*(0,t; H*RY)): ¢ € L*(0,ts; (H*(RY)))}, nz(-) being
a multiple of [ - [| ;2o 4..z2 mry), and mapping K such that B 5 ug 5 S(Yug € Z, where t,
is taken from Lemma [2.9, Indeed, with this notation the estimate in (A.2)) is satisfied by
Lemma 2.9 with ¢, < 1 and V = S(t,), whereas compactness of nz(-) on the space Z follows

from Lemma [2.10 Also, K: # — Z is globally Lipschitz (cp. (A.1)), since by Lemmas
and (2.

(219) ||KU0—KU0||Z: ||S()U0—S<)U0||Z S KJ*HU()—U()HHl(RN), Up, Vo €B

where K, = Ky, + wy, . O

3. FINITE-DIMENSIONAL ATTRACTORS FOR THE SEMIGROUP
First we show Holder continuity in time of the semigroup {S(t)}+>o.

Lemma 3.1. Assume conditions of Theorem and let B be bounded in H*(R™) and
positively invariant under {S(t) }+>o-
Then, given any B < 2, for arbitrarily fized ( € (0,1) and T > 7 > 0 we have

(31) ||S(t1)U0 - S(tQ)U()HHﬁ(RN) < X|t1 — tQ‘C, tl,tz S [7’, T], Uy € B
for some positive constant x.

Proof. Letting F;(u), j = 1,2,3, as in [14, Appendix B] and using [I4, Lemmas B.1, B.2,
B.3] with p = 2 and r > 2, observe that

3
HY = D(RY) 5 u— Y Fy(u) + const.u € (HA(RY))'
j=1
is Lipschitz continuous on bounded sets whenever o < 1 is close enough to 1. Concerning
u = S(-)ug, observe that it is the solution as in [I2] Lemma 2.2.1] if we let therein F(u) =
23:1 Fi(u)+ (64 Du, A =A*+1 and X = H*=2)(RN) (see [I3, Corollary 2.7] for the
action of the semigroup generated by —A? — 1 on the scale of Bessel potential spaces). Then
[12, (2.2.3)] gives the result with 5 = 4(a — 3) for any a < 1 close enough to 1. Applying

(2.6)), we see that (3.1) actually holds for any 5 < 2. d
We are ready to prove Theorems [1.1| and announced in the Introduction.

Proof of Theorems[1.1] and[I.3. The quasi-stability of the semigroup {S(¢)}so in H'(RY)
generated by 7, which has already been proved in Theorem guarantees that
the assumptions of Theorem are fulfilled with V' = S(t,). In particular, invoking (2.17))
with constants ¢, > 1, ¢, € (0,1) and & > 0 and the global Lipschitz condition
K: B — Z with a Lipschitz constant x, > 0, it follows that for any 6 € (0,1 — ¢.) there
exists a compact set E C B in H!(R") such that S(¢,)E C E and for some ¢ > 0

(3.2) d(S(kt,)B,E) < c(q. +0)*, k € N,
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and

(3.3) dims(E) <log_ 1 max.,

qx+6 0

where mz.. is the maximal number of points z; in a closed ball {z€Z:|z|z < %:}inZ
with the property that &.|/z; — Zl||L2(0’t*;LaT/(RN)) > 1 whenever j # [. Since by invariance of
A we have A = S(kt.)A C S(kt.)B, we see that A C E and thus the global attractor A
has its fractal dimension estimated as in ((1.19)).
Setting
M= |J) SHECB,
te[te,2t4]
it follows that M is compact in H'(RY), since S(t)uy is continuous in H'(RY) with respect
to a pair of arguments (¢, ug) € [0,00) x HY(RY). Moreover, S(¢t)M C M for t > 0, because
S(t.)E C E. Using Lemmawith o= 1 and with # = 1, the fractal dimension of M
in HY(RY) is estimated from above by % (1 + dim(E)) (see [I'7, Proposition 3.1.13]). Since

this holds for any ¢ € (0,1), we get from ([3.3)

dimy(M) <1+ log Mo,

1
4 +0
Note that if B is bounded in H'(R¥), then there exists tz > 0 such that S(tz)B C B. For
t > tp + 2t,, we have t — tg = kt, + t. + r with some r € [0,%,], £ € N, and using again
Lemma with o = }L, we obtain from ([3.2))

d(S(t)B, M) = d(S(t — t5)S(t5)B, M) < d(S(t. + r)S(kt.)B, S(t, + r)E)
< pd(S(kt.)B,E) < pe(ge +6)* < Cpe™™,

where £ = —L1In(g. +0) > 0 and Cz > 0. Hence M enjoys the properties (i), (i) and (iii)

*

listed in the Introduction and thus is an exponential attractor for the semigroup {S(¢)}:>o
with the upper bound of its fractal dimension as in (1.20).

Ifo<gq, < % we moreover apply [19, Theorem 2.1, Corollary 3.5]. Based on this we obtain,
in turn, the estimate of fractal dimension of the global attractor A expressed through the

Kolmogorov e—entropy as in ([1.21)). Also, A is then contained in an exponential attractor
M satisfying the estimate (|1.22]). O

APPENDIX A. ESTIMATE OF FRACTAL DIMENSION VIA METHOD OF QUASI-STABILITY
We recall that given in a Banach space X a compact set A its fractal dimension is

dims(#4) = limsuplogi n.,

e—0

where n, denotes the smallest number of e—balls needed to cover Z in X. In what follows
we include key notions and results connected with estimates of fractal dimension using the
method of quasi-stability (see e.g. [18, [17]).

Definition A.1 ([I7, Definition 3.1.14]). We say that nz: Z — [0, 00) is a compact seminorm
on a normed space Z if and only if ny satisfies

nz(z+y) <nz(x) +nz(y), nz(Az)=|[Anz(z), z,y € Z, AeR,
and each sequence {z,} bounded in Z contains a subsequence {z,, } such that

Nz(zn; — 2n) — 0 as j,l — oo.
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Definition A.2 ([17, Definition 3.4.1]). Let X be a Banach space and % be a subset of X.
We say that a mapping V: # — X is quasi-stable on A if there is a normed space Z with
a compact seminorm ny on Z, and a mapping K: % — Z such that for some constants
g« € [0,1), ke > 0 we have

(A1) |Ke — Kyl , < ks llz—yllx, 2,y € %,

(A-2) Ve =Vyllx < g lle —ylx +nz(Ke - Ky), 2,y € 2.
In case of a semigroup {S(t)}+>0 on X, we say that the dynamical system (X, S(t)) is quasi-
stable on # C X at time t, > 0 if the mapping S(t,) is quasi-stable on .

Theorem A.3 ([I7, Theorem 3.1.21]). Let X be a Banach space, B be bounded and closed in
X andV: B — X be quasi-stable on A as in Definition[A.3. If Z C VA then A is actually
compact in X, its fractal dimension dim¢(%) in X is finite and, given any 0 € (0,1 — q.),

dim (%) < logﬁ Mae,

0

where Mze. is the mazimal number of points z; in the ball {z € Z: ||z|, < 2=} such that

0
nz(zj — z) > 1 whenever j # L.

Theorem A.4 ([I7, Theorem 3.2.1]). Let X be a Banach space, & be bounded and closed
in X and V: B — X be quasi-stable on B as in Definition[A.3. If VB C P then given
0 € (0,1 — q.), there exists a compact set & C B satisfying

Vge C @@67 d(vk‘%a @(()9) < T(Q* + e)k’ ke Nv

for some r > 0, and also such that its fractal dimension in X is finite and estimated by

dimy (&) < logﬁ Ma2ns

6

where Max. 18 as in Theorem .
0
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