Turkish Journal of Mathematics

Volume 46 | Number 7 Article 12

1-1-2022

Dissipative mechanism and global attractor for modified Swift-
Hohenberg equation in SRA{N}S

RADOSLAW CZAJA

MARIA KANIA

Follow this and additional works at: https://journals.tubitak.gov.tr/math

6‘ Part of the Mathematics Commons

Recommended Citation

CZAJA, RADOSLAW and KANIA, MARIA (2022) "Dissipative mechanism and global attractor for modified
Swift-Hohenberg equation in SRM{N}S," Turkish Journal of Mathematics: Vol. 46: No. 7, Article 12.
https://doi.org/10.55730/1300-0098.3298

Available at: https://journals.tubitak.gov.tr/math/vol46/iss7/12

This Article is brought to you for free and open access by TUBITAK Academic Journals. It has been accepted for
inclusion in Turkish Journal of Mathematics by an authorized editor of TUBITAK Academic Journals. For more
information, please contact academic.publications@tubitak.gov.tr.


https://journals.tubitak.gov.tr/math
https://journals.tubitak.gov.tr/math/vol46
https://journals.tubitak.gov.tr/math/vol46/iss7
https://journals.tubitak.gov.tr/math/vol46/iss7/12
https://journals.tubitak.gov.tr/math?utm_source=journals.tubitak.gov.tr%2Fmath%2Fvol46%2Fiss7%2F12&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/174?utm_source=journals.tubitak.gov.tr%2Fmath%2Fvol46%2Fiss7%2F12&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.55730/1300-0098.3298
https://journals.tubitak.gov.tr/math/vol46/iss7/12?utm_source=journals.tubitak.gov.tr%2Fmath%2Fvol46%2Fiss7%2F12&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:academic.publications@tubitak.gov.tr

Turkish Journal of Mathematics Turk J Math

(2022) 46: 2728 — 2750

© TUBITAK

T U B | TAK Research Article doi:10.55730/1300-0098.3298

http://journals.tubitak.gov.tr/math/

Dissipative mechanism and global attractor for

modified Swift-Hohenberg equation in RY

Radostaw CZAJA©®, Maria KANIA~
Institute of Mathematics, University of Silesia in Katowice, Katowice, Poland

Received: 22.11.2021 . Accepted/Published Online: 03.07.2022 D Final Version: 05.09.2022

Abstract: A Cauchy problem for a modification of the Swift—Hohenberg equation in RY with a mildly integrable
potential is considered. Applying the dissipative mechanism of fourth order parabolic equations in unbounded domains,

it is shown that the equation generates a semigroup of global solutions possessing a global attractor in the scale of Bessel

potential spaces and in H?(RY) in particular.

Key words: Initial value problems for higher order parabolic equations, Swift—-Hohenberg equation, semilinear parabolic

equations, dissipative mechanism, global attractor

1. Introduction
Dissipative mechanism for nonlinear reaction-diffusion equations in unbounded domains exploiting exponentially
decaying linear semigroup generated by A — V(z)I with weakly integrable Schrédinger potential V' was
introduced by Arrieta et al. in [2]. They showed that the interplay between diffusion and reaction terms
guarantees existence of compact global attractors in Bessel potential spaces and thus in classical Sobolev
spaces for a particular choice of parameters. These compact sets are used to describe long-time dynamics
of dissipative infinite-dimensional dynamical systems appearing in models from mathematical physics (see, e.g.,
[3, 5, 13, 25, 28]).

Later Cholewa and Rodriguez-Bernal in [6, 7] formulated a similar dissipative mechanism for semilinear

fourth order parabolic equations of the form
u + A%u = f(x,u), r € RN, ¢t >0, (1.1)

to prove existence of global attractors in H2(RY) for semigroups generated by (1.1).

In [4], based on the quasistability method, it was further proved that under slightly strengthened
assumptions these attractors have finite fractal dimension and are contained in exponential attractors. In

the case of fourth order problems, the dissipative mechanism is based on a structure condition

sf(z,s) < C(z)s> + D(x)|s|, z € RN, s € R, (1.2)
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with some functions C, D: RV — R satisfying

IC]

@~y = Sup [[Cllpr(p(y1) < oo for some r satisfying max {&,1} <r< oo, (1.3)
v yERN

with B(y,1) € RV denoting a unit ball centered at y,
0 < D e LYRY) for some ¢ satisfying max{ﬁ,—il, 1} <g<2 (¢>1if N=4), (1.4)

and such that solutions of the linear problem

wi + A%w = C(z)w, z € RN, ¢t >0,
w(0) = wo € L2(RY)

decay exponentially as ¢ — oo. Another application of this mechanism appeared in [8] in the context of
suitable perturbations of the Cahn-Hilliard equation in RY, which define asymptotically compact semigroups
in H'(RY) and in consequence admit global attractors in this space.

In this paper, following the above approach, we study the long-time behavior of solutions in Bessel
potential spaces (in particular in the standard Sobolev space H2?(RY)) to the Cauchy problem for the fourth

order parabolic equation

up + A%u+ yAu + Su = f(z,u), t >0, (1.6)

subject to the initial condition
u(0) = uo, (1.7)

where 7, § are nonnegative and z varies in the whole R .
Such a form of perturbation of the main linear operator is motivated by the Swift-Hohenberg equation

([15, 27]) and its generalizations like

u+ (B + ) u+ h(u) = g(x)

with h being a cubic polynomial in the original model from 1977 by Swift and Hohenberg.

The Swift—-Hohenberg type equations play a significant role in models with pattern formation (see, e.g.,
[9, 22] and the references therein). Having been introduced in connection with the investigation of Rayleigh—
Bénard convection cells, they also appear in a variety of other problems such as wavelength selection in cellular
flows [24] or the study of large aspect ratio lasers [19].

As concerns the long-time behavior of solutions in terms of attractors, the Swift-Hohenberg equation
and its modifications were mainly considered in bounded domains, see, e.g., [12, 17, 18, 21, 23, 26], under the

boundary conditions
u = Au =0 on 0. (1.8)

Polat, in [23], showed that the equation

ug + (I 4+ A)u+u® + au? — ku + b|Vul? =0, (1.9)
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with o = 0 and x,b € R, considered in a bounded domain €2 in R?, generates a semigroup of mild solutions and
has a global attractor in HZ(Q). Song et al. generalized this result in [26] showing that Polat’s problem has a
global attractor in any Sobolev space H*(€2). In [12], Giorgini considered a modification of the Swift-Hohenberg
equation in bounded Q C R3

w + A%+ 2Au+h(u) =0, 2 €Q, t >0,

with the nonlinearity h € C?(R) satisfying for some positive §, K
h(s)s > (14 6)s* — K, h(0)=0.

Under these assumptions, the existence of a global attractor in L?(2), bounded in H*(Q), and of an exponential
attractor in a certain subspace of L?() was established in [12]. Next, Giorgini’s problem was studied in [18]
with h € C*(R) satisfying

liminf(h(s)s — s%) > 0,

|s]—o0
where Khanmamedov proved the well-posedness of the problem and uniform global boundedness of solutions
w.r.t. the initial data. Moreover, he showed that the semigroup has the global attractor in H?(2) N Hg (),
which is a bounded subset of H?().

The problem (1.6)—(1.8) in a bounded domain Q C RY | N < 7, was also considered in [17] with positive
parameters v, and the nonlinear term f(z,u) = —h(u) with h € C}(R) satisfying h(0) = 0 and certain
growth conditions. It was proved there that the semigroup generated by (1.6)—(1.8) possesses a global attractor,
which coincides with the unstable manifold of the set of stationary solutions in H?(Q) N H}(Q) provided that

0<7<min{uf),2\/g}, (1.10)

where pf denotes the smallest positive eigenvalue of —A on © with the Dirichlet boundary condition.

Due to the lack of compactness of Sobolev embeddings the Swift—Hohenberg type equations in unbounded
domains were investigated in locally uniform spaces and weighted Sobolev spaces. On the one hand, it allowed
to maintain in the considered space interesting stationary solutions of these equations (consult, e.g., [22]); on
the other hand, it significantly weakened the notion of attractor or made it dependent on the particular choice
of class of weights. The problem of existence of such weak attractors for Swift—-Hohenberg type equations in
unbounded domains was addressed, e.g., in [10, 11, 16, 20]. In [20], Mielke and Schneider proved the existence
of the global attractor for a modified Swift—-Hohenberg equation on the whole real line in a weighted Sobolev

space H!(R). Precisely, they showed that the equation
P
us + (I + (“)m)2u = ku — \u® + Buuy,

with x,A > 0 and 8 € R, defines a semigroup on H}, (R), that is the subspace of H)(R) consisting of
translation continuous elements, with a global (H},(R), H}(R))-attractor, which is translation invariant and
attracts bounded subsets of H}',(R) w.r.t. the metric of H,. Ton in [16] studied the two-dimensional equation
(1.9) with b = 0 in bounded as well as unbounded domains, showing the existence of a global (L*(R?), L2(R?))-

attractor for a certain class of weights p. Efendiev and Peletier in [10, 11] considered

u + A%u + yAu + h(u) = g(x) in R3
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with g € L?(R?) and the nonlinearity h € C*(R) such that
h(s)s = —c1 + cals|>T¢ for |s|>1 and |h(s)s| <eals| for |s| <1,

h'(s) = —cy for s € R,
with positive constants ci,c2,c3,c4 and €. Under these conditions, the semigroup of global solutions was

generated in W;7*(R?), where

L, . —
WER™) = {u € D'®): ullygran, = 10 [l s, < 20,
ye

but its attractor, called there locally compact attractor, was shown to be bounded in WS’Q(R:;), compact only
in I/Vlt’c2 (R3) and attracting in the local topology of Wli’f(]Rg). The upper bound for Kolmogorov’s £— entropy
of this object in the space W*2(B(y, R)) was provided and it was observed that in some situations such an
attractor can have infinite fractal dimension.

Note that the modification (1.6) of the Swift-Hohenberg equation considered here contains the term
~Auw, which counteracts the dissipation of energy for v > 0. We can expect that (1.6) will have nicer properties
if we make the term yAwu subordinate to the terms A?u and du. Therefore, we will show that in general the

equation (1.6) generates a dissipative semigroup (e.g., in H2(RY)) only in a certain region of (7,§) parameters

0<y < Vred, (1.11)
where ve > 0 depends exclusively on the properties of C(x) from the structure condition (1.2) (cp. (3.7)).

Observe that (1.11) is similar in vein to the restriction (1.10) for the bounded domain case.

In our considerations, the right-hand side of (1.6) takes the form
f(x,s) = g(x) +m(x)s + fo(z,s), r € RN, s € R, (1.12)

with mildly integrable potential m: RY — R satisfying

HmHL’,}(RN) = s%g’ Ml (5(y1)) < oo for some r asin (1.3), (1.13)
ye
g € L*(RY), (1.14)
and fo: RV x R — R such that
fo(x,0) =0, z € R, (1.15)
|f0(l’,51) - f0($,52)| < CO|51 - 52|(]- =+ |31|p*1 + |52‘p71)7 S RNv 81,52 € ]R7 (116)

where c¢g is a certain positive constant and the exponent

p > 1 is arbitrarily large for N <4 and 1 < p < % for N > 5. (1.17)
In fact, except for the result of Section 5, we can strengthen (1.17) to
p = 1 is arbitrarily large for N <4 and 1 < p < N—fi for N > 5. (1.18)
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If p € (55, 5%1) then we limit ourselves only to a = 1 below and instead of standard X3 = H2(RY)

solutions we consider e—regular mild solutions in the sense of [1] (see Remark 2.4).

The main result of the paper is the following.

Theorem 1.1 Let f be in the class of functions satisfying (1.12)~(1.16) and (1.17) or even (1.18) for a = § only
and assume the dissipativity mechanism (1.2), (1.3), (1.4) with the equation (1.5) having exponentially decaying
solutions. If the condition (1.11) holds, then the Cauchy problem (1.6), (1.7) with ug from the fractional power
space X%, a € [%, 1), corresponding to the operator A given in (2.5), defines a C° semigroup {S(t): t > 0}
1

of global solutions possessing a compact global attractor A in X, which coincides with H*(RYN) for a = 5-

More precisely, we have

A= W),

where WY(E) denotes the unstable manifold of the set of stationary solutions of (1.6). Moreover, if g €
L2(RY) N L®(RY) and p satisfies (1.17), then A is bounded in L (RYN) and is contained in a positively

invariant bounded absorbing set from L% (RM).

The article is organized as follows. In Section 2, we give a short summary of properties of the operator
A2V (z)I with a mildly integrable potential V and justify existence of unique local X%, a € [%, 1), solutions of
the abstract Cauchy problem corresponding to (1.6) within the considered class of nonlinearities. In Section 3, we
use the above-described dissipative mechanism to show boundedness of X® solutions, which, therefore, generate
a CY semigroup on X*. Moreover, we also provide examples of nonlinear terms to which the mechanism applies.
Next, in Section 4, we show that the semigroup is asymptotically compact and prove the existence of the global

attractor from Theorem 1.1 using the existing Lyapunov function. Finally, we discuss in Section 5 regularity

properties of the constructed global attractor and showing its boundedness in L>(R™), we complete the proof
of Theorem 1.1.

2. Local solvability of the problem

We consider the Cauchy problem (1.6), (1.7) for a modified Swift-Hohenberg equation in R” | that is

ug + A%+ yAu+ du = f(z,u), z € RN, t >0,
u(0) = ug,

where 7,0 > 0 and

f(z,s) = g(z) + m(x)s + fo(x,s), € RY, s € R,

belongs to the class of functions satisfying (1.13), (1.14), (1.15) and the growth condition (1.16) with (1.17),

formulated in the Introduction.
Remark 2.1 A direct consequence of (1.15) and (1.16) is the following growth estimate
|fo(z,8)| < col|s| + |s]P), 2 € RN, s € R with cg,p as in (1.16). (2.1)
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The local existence of solutions, but most of all the dissipativity of the problem, will be based on the

regularity of the potential m and the function C' belonging to the common space L, (RY) (see (1.13) and

(1.3)).

Properties of the operator Ay = A2 — V(x)I with V: RY — R satisfying

”VHL{J(RN) = 361;5’ IVIlLr(B(y,1)) < oo for some r satisfying max {Z,1} <r < oo, (2.2)
y

were investigated in [6] from where we collect below the relevant facts. For simplicity, we denote the inner

product in X = L2(R™) by (p,1) and the corresponding norm by |[|¢| for ¢, € L2(RY).

Proposition 2.2 (c¢f. [6]) Under the assumption (2.2),

(i) the operator Ay is a densely defined self-adjoint operator in L*(RN) with its domain D(Ay) dense in
H2(RN); for r > 2 we have D(Ay) = H*(RY),

(i) the operator Ay is bounded below and there exists wy € R such that

L, (1868 = V@) > v ll?, o e HRY) (23)

(iii) if EP denotes the extrapolated fractional power scale associated to Ay in L2(RYN), then

Eﬁ = H4B(RN)’ 6 € [036*]7
(HPRN)) = H-*P(RY), B e[-4,0),

where B* =1+ (8§ — &) _ € (3,1] and z_ = min{z,0} for z € R,

(iv) the analytic semigroup {e=vt:t > 0} in L*(RY) decays exponentially if and only if (2.3) holds with

a certain wy > 0,

(v) (see [6, (2.24)]) for any €0 > 0 there exists &y (e0) > 0 such that

IRCE

If additionally wy in (2.3) is positive, then

< o llel gy + Ev (o) o), @ € H2RM). (2.4)

1
(a) AZ is a positive definite self-adjoint operator in L*(RN) with domain H?(RY),
1
(b) norms HA‘z/QOH and ||¢| g2y are equivalent and

(AZp, Abv) = (Aveo, 1), ¢ € D(Ay), ¥ € D(A2).
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For the potential m: RY — R satisfying (1.13) we choose a constant u > 0 large enough so that

L (1868 = m@e? +06) > s el 0 € HARY)
holds with wy,—, > 0. Then the operator
A=Ap_) =An +pl (2.5)

is positive definite self-adjoint in L?(RY) with the domain D(A4,,) dense in H?(RY) and thus generates
a strongly continuous analytic semigroup {e‘At: t > 0} on X. Moreover, its fractional power space X 3 =

D(A?) coincides up to the equivalence of norms with H2(RY) endowed with the equivalent norm
2 2 2
1@l g2y = 1A+ llell™-

We consider the problem (1.6), (1.7) in the abstract form

ug + Au = F(u), t >0, (2.6)
u(0) = ug
with
F(u)(@) = =yAu(x) + (u = d)u(x) + g(x) + Fo(u)(x), Fo(u)(z) = folz,u()).
We fix a € [3,1) and note that F: X — X is well defined, since (2.1) yields
1Fo(u)l* < 2¢5(lull® + llull s, )
which combined with the Sobolev type embedding (see [29, 2.8.1/15]), due to (1.17),
H*(RN) — L*(RY), (2.7)
implies
IF @) < llgll + elllull gany + ullfpzgry), w € X C HXRY), (2.8)

with some positive c.
In order to prove local solvability of (2.6) it suffices to show that F: X* — X is Lipschitz continuous
on bounded subsets of X* and apply the standard theory of analytic semigroups (see [5, 14]).

Theorem 2.3 Under the assumptions (1.12)~(1.17) for each uop € X*, a € [3,1), there exists a unique local

X solution
u € C([0,740); X*) N C((0, Tug); D(Am)) N CH(0,7y,); X'7)

of the problem (2.6) in X satisfying the Duhamel formula

u(t) = e~ Ay + /t e~ A=) Fu(s))ds, t €[0,7y,), (2.9)
0

and defined on its maximal interval of existence [0,7y,), €.,

limsup [|[u(t)|| ya = 00 unless 7,, = cc.
t—=Tug
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Proof For a fixed bounded subset B of X and uy,us € B by (1.16) and the Holder inequality we deduce
that

1Fo(un) = Folun) | < e (llur =l + lfur — walloqem) Qs 1524wy + w2l en) -

Thus, by (2.7), we get
1 _
1 (un) = Fuz) | < e (llur = wallmaam) (17 + g+ 6+ oty + 02 ratan))
and hence F: X® — X is Lipschitz continuous on bounded subsets of X. O

Remark 2.4 Observe that o different approach of e—reqular mild solutions from [1] for N > 5 allows to

extend the admissible interval [1, %] in (1.17) of the growth parameter p also to the interval (%7 %} if
up € H*(RY) = X2 . Indeed, we decompose F = ]?0 + F1 with

Fo(w)(z) = folz, u@)) +g(z),  Fi(w)(@) = —yAu(z) + (1 - d)u(z).
It has already been shown in [6, Section 3.2] that for p € (5=, %] the map Fo is e—regular relative to

(Xz,X~2). More precisely, we have

~ ~ -1 -1 1
|Fo) = o) oy Sello—wll g (14 I ) v € X3

xiE@-4 PEA

with some constants ¢ >0, € >0 and J(e) € [pe, 3]. Since

<cllv—wll x50

oo - o

X%

and J(e) < %, it follows that also F is an e—regular map relative to (X%,X*%), Consequently, there exists

a unique local e— regular mild solution of (2.6) with ug € H?(RN) such that
u € C([0,74); HA(RY)) N C((0, 70 ); H* (RY)) N CH((0, 73 ); L* (RY))

satisfies (2.9) and 7o is its mazimal ezistence time for p € (g, Xt3) in the sense that

limsup [[u(t)[| g2 (gay = 00 unless Ty, = oo.
t—>‘r[0

Therefore, if p € (%, %) in (1.16) then we limit ourselves only to o = % and instead of standard X©

solutions we consider e— regular mild solutions.

3. Semigroup of global solutions

In this section, we will take advantage of the interplay between the linear term and the nonlinearity in (1.6).
To this end, we assume here the structure condition (1.2) along with (1.3), (1.4) and require that solutions of

(1.5) decay exponentially, which by Proposition 2.2 (iv) means that

/ (\A@F - C(w)go2) > we |lol?, ¢ € H2(RY) with some we > 0. (3.1)
RN
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Multiplying (1.6) by 2u; in L?(RY), we obtain

d
() = =2l <0, (32)
where
L) = 180 + [l =7 Vel =2 [ Pla,u) (33)

with the antiderivative

F(z,s) = / f(x,7)dr, z € RN, s €R.
0
Remark 3.1 Note that the structure condition (1.2) implies

F(x,s) < =C(x)s> + D(z) |s|, z € RN, s € R. (3.4)

N | =

Moreover, Proposition 2.2 (v) for C € Ly, (RYN) yields in particular

1 2 2
/RN C(z)¢” < 1 1l@yy +Ccllell”s v e H*(RY), (3.5)
with some positive constant (c .

Proposition 3.2 The functional £ from (3.3) is well defined for u € H*(RY™) and for some ¢, > 0, we have

L(u) < ex(1+ [full 2 gy + lullfogn))s v € HARY). (3.6)
Moreover, if
2 + 1
5>7z2<1+®2>72, (3.7)
vc we

where we comes from (3.1) and (o from (3.5), then for some constants ca,c3 > 0 we have
2 2
L(u) = 2 |ullgz@ny = s Dl pa@ny s v e H*(RY). (3.8)
In consequence, for any bounded subset B of X%, a € [%, 1), there exists Rp > 0 such that

sup sup |lu(t,uo)|| yo < Rp. (3.9
t20 upeB

Proof Using the mean value theorem, (1.12) and (2.4) for |m| € L, (RY), we have

/RN |F(z,u)| = /RN |F(2,u) — F,0)] = /RN lul |z, 0u)|

< o el + St 1l + gl + [l o, )
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where 6 = §(x) € (0,1). Moreover, due to the embedding H2(RY) — LTI (RY) for p > 1 satisfying (1.18),
we get from (2.1)

ul | fo(z, Ou)| < (||u||H2(RN ||UH§;1RN )
)
RN

and in consequence (3.6).

For u € H?(RY), we estimate £(u) from below. By (3.4), we get
L) > | Aull® + 6 [|ul® =~ || Vul|* - / Clzju* =2 [ D(x)]ul. (3.10)
RN RN

We estimate the last three terms. If ¢’ denotes the conjugate exponent to ¢ from (1.4), we have H?(RY) —
LY (RN). Thus, by Holder and Cauchy inequalities, we obtain for any e; > 0

/ D(z) |u| < ”D”Lq(]RN) l[ull Lo ]RN) Hu||H2(RN) HDHLq(RN) (3.11)
Following [6, Corollary 2.11], by (3.5), we get for 0 < v <
v
2w [ C@u? > = g, - 206 Jul® (312)
RN
Moreover, for any €9 > 0, we have
YIVul® < v [ Aul [lull < 2 || Aulf? + ||u|| (3.13)

Combining these estimates and using (3.1), we obtain for any 0 < v < 1

L(u) > §y—s —e1 ) ||Au|)? + 5—L2—e —5+(1—2y)w — 20 \|u||2—f||p||2
~\2 2 e © ¢ g EARY)

Setting

we 1
Vo= ——— € <0, ) 3.14
Swororh S\"3 (3:14)
and €1 = g2 = ¢, we have (1 = 2ve)we — 2vele = ve and
2 462
2 2
£() > ve |[ulf + € ul + ( ) ull? = 2 D)2y
Vo Vo

Thus, we get (3.8) provided that (3.7) holds.
Applying (3.2), (3.6), and (3.8), we obtain

e )Pz vy — €5 DI vy < L(u(®) < Llug) < ex(L+ fuollZpany + luollGtgn))s (3.15)

which yields the a priori estimate (3.9) with o = 1 for a bounded subset B of Xz = H2(RYN). The a priori
estimate (3.9) for o € (3, 1) is then a consequence of (2.8) and (3.15), see [5, Theorem 3.1.1] for details. O
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Summarizing the above considerations, we conclude that the modified Swift—-Hohenberg equation (1.6)

generates a C° semigroup {S(t): t > 0} on X for a given « € [3,1), that is, the mapping
[0, OO) x X455 (t,'LL(]) — S(t)U() e X“
is continuous (cp. [5, Remark 3.1.1]).

Theorem 3.3 Additionally to the conditions of Theorem 2.3 guaranteeing local solvability (with p satisfying
the enhanced bound (1.18) as in Remark 2.4 for a = L only), assume the structure condition (1.2) together with
(1.3), (1.4), and (3.1). If (3.7) holds, then the problem (2.6) with uo € X*, o € [§,1), defines a C° semigroup
of global X solutions

S(t)ug = u(t;ug), t =0, ug € X%,

which has orbits of bounded sets bounded.

We emphasize that the restriction (3.7) is only related to properties of the function C', since we and
Cc come from (3.1) and (3.5), respectively. Note that a similar limitation was also required for the modified

Swift-Hohenberg equation considered in a bounded domain of RY to generate a semigroup of solutions (see
[17] and (1.10)).

Remark 3.4 Observe that in a simple situation when the structure condition (1.2) holds with C(z) = —d, d
being a positive constant, and D € L*(RY), the estimate of L(u) from below given in (3.8) holds provided that

,VQ

0+d> T (3.16)
which replaces the restriction (3.7) in this case. Indeed, we write (3.10), take € > 0 so small that 6 +d—e > 772

and apply the estimates
£ 2 1 2
/ D() [ul < IDlHlull < 7 lul™+ Z 1D
RN 9

and
2

YIVul® <y llAul [Jull € 52— 1Au]® + i + 2 ul?
v2 4 2 4 2

(compare (3.13) with €3 = 72’77-:25) Thus, we obtain in this case

cw s (1= =2 Y jau+6+d- 2L —oyjul - 2|0 (3.17)
v2 + 2¢ 4 € ’

which proves the claim.

Example 3.5 A specific simple version of the dissipative mechanism was considered in [30] for the hyperbolic
relazation of the Swift-Hohenberg equation. Namely, there v =2, m(x) =0 >0, g € L2(RY) and fo € C%(R)

is an x— independent function satisfying

13(s)] < Co(1+1s]"7%), s €R, (3.18)
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with p>2, (N—4)p< N and
fo(s)s < —(1+6)s?, s €R. (3.19)

It is easy to see that (3.18) yields (1.16). Moreover, (3.19) implies that fo(0) = 0 and the structure condition
(1.2) holds with C(x) = —1 and D(z) = |g(z)|, which is the case discussed in Remark 5.4 with d = 1. Since
(3.16) is trivially satisfied (one can take e.g. €3 = % € (0,1) in (3.17)), it follows that (3.8) holds without

any further restriction on § > 0. Thus, (3.7) is not needed in Theorem 3.3 in this example.

Now we give other examples of nonlinearities of the form (1.12) satisfying assumptions (1.13)—(1.16) and
the dissipative mechanism (1.2)—(1.4) with (3.1).

Example 3.6 Remaining in the simple setting of Remark 3./ for N < 4, we can take the nonlinearity
f(z,s) = —ds — cs* 1+ g(z), z e RN, s €R,

where k € N, k > 1, ¢,d are positive constants and g € L*>(RY). The abovementioned assumptions are then
satisfied with fo(z,s) = —cs?*~1, C(z) = m(x) = —d, D(x) = |g(z)|, ¢ =2 and wc = d. Moreover, (1.18)
also holds for N =5 if k=2,3,4 and for N =6,7 for k=2.

Example 3.7 Consider now the nonlinear term of the form
f(x,s) = m(x)s + p*(x)s — [p(x)|"Ts|s|?7t, 2 € RY, s € R,

with m satisfying (1.13) and (2.3) with wy, >0, p € L2RN)NL®(RY) and p > 1 as in (1.18). Using Young’s

inequality ab < “7: + %ﬁ with

we obtain

F(@.5)s = m(a)s® + p(a)s| T |p(o)s|F = p(@)sl?*! < m(a)s? + = lp(a)s| + (; - 1) [pla)s]”*.

Note that our assumptions are satisfied with
folz, ) = p*(2)s — p(x)["*ss["~!

and C(z) = m(x), D(z) = %|p(x)| and we = Wy, -

For more examples of suitable right-hand sides of (1.6), we refer the reader to [8, Section 7].

4. Asymptotic compactness and global attractor
In this section, we consider the very same assumptions as in Theorem 3.3 so that (1.6), (1.7) defines a semigroup
on X% with a given «a € [%, 1). Our aim is to show that this semigroup is asymptotically compact and in

consequence has a global attractor. To this end, we will estimate the tails of orbits of bounded subsets of X

in the sense of the following lemma.
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Lemma 4.1 For each bounded subset B of X and each € > 0, there exist T, p > 0 and k. p € N such that

for any k > k. p we have

sup - sup [[S(E)uoll p2(jzy>ar) < €
uo€B t>T- 5

Proof Let 6: [0,00) — [0,1] be a C*° function such that 6(s) =0 for 0 < s <1 and 0(s) =1 for s > 2 and
let 8y > 0 be such that |6'(s)| < 6y and [0”(s)| < 6y for s € R. We define

n(z) = 62 <|i|> for z € RY and k € N

and note that

26 1 0 0 1 0
|V77/€| (33) < 707 an? (x) < ?07 |A777€‘ (Z‘) < F;» 77]3 (.23) < k%’ HAES RN7 (4'1)

with some #; > 0 depending on 6y and N.
We multiply (1.6) by ngu in L2(RY) and get

[omweat [ m@u?eq [ m@uurs [ mad = [ nfau- [ @n@uus 280V va)
RN RN RN RN RN RN
By (4.1) and (3.9), we obtain
- [ (A (aau+ 2800 V) < L,
RN k

where henceforth cp denotes a positive constant depending on the set B, which may change from line to line.

Applying (1.2), we get for 0 < v < 2

Ldj 12 v o1 2 y
-4 A f‘ 5A H 1-7 / Au)?
2dt‘ “H J”/RN”’“( w5 | Au +( 2) | (B

+5/ nkut/ C(@)(nf u) /D ) ul 7.
RN RN

Since we have

and as a result
1 1 1 2
me(Bu)? = (A u) = 29(n) - Vu = Al u)

it follows from (3.9), (4.1), and (4.2) that
[, (4a0i0ved - vur 2ami0amiu =4 (Vuh - Vo) A ) < 2

and in consequence

1

2
n,?uH +’y/ e (Au)u 4+ = ‘
. 2

1d)
2 dt

N

5 / m? — [ Cla)miu? < E + / D(z) [u] 5.
RN RN k RN
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We estimate the last term as in (3.11) with arbitrary e; > 0 by

Moreover, by (3.9) and (4.1), we get

1 2

1 12 c2 1
n,gD‘ nZu nEUH >+ nﬁD‘

251

1
2

| <5 (Jaetu] |
La(RN) L @®N) 2 i La(RN)

1 2 12
neVu <y |[ Vi) +

—7/ e (Au)u =y
RN

VU~V(771€)U+7/ %B
RN

RN
which, as in (3.13), gives for arbitrary g2 > 0

2

1 2
*7/ nk(Au)u < 2 HA(UIEU)H + *47
RN E9

CB

l 2
2 _
”k“H T

1
Thus, these inequalities, the estimate as in (3.12) with nZu in the role of v and (3.1) imply that for any

0<v <1, wehave

1dypi 2 vt 2 oov e 12
v i+ 5 e +<<12”>“’02”<C”45222 [
2 2
-3 oubalf <2+ £ oo
+<V €2 B (77k u)|| < 2 +2e’:‘1 U LaEN)
Thus, taking v = v¢ from (3.14) and &1 = “¢, g2 = “Z, we obtain in particular
L2 pol L2 ~2 L2 cg o 22 L2
ol 5 ] 25 2 bl <+ 2 ol
dt‘nkuH + 2 ‘nkuH + ( Vc'> T k + v i La(RN)

Therefore, if (3.7) holds, by the Gronwall inequality, we get

12
Note that ||U||iz(|l‘22k) < Hn;ﬁuH < [lul* and

|

since D € LY(RYM). Thus, for each ¢ > 0, there exist T. g > 0 and k. p € N such that for ¢t > T, p and

1

2

Yoy 2 (CB 2¢2 77l ’
k

2 1 2
bl < o] e+ - (T
npu®)]| < |ivof| e +VC k+Vc

2
D > t>0.
La(RN)

2
np D

2
Hm@w) <IDIE spaory = 0 as k — o0,

k 2 ke,p we have [[u(t)||2(452k) < €, which ends the proof. O
Proposition 4.2 The semigroup {S(t): t > 0} on X< is asymptotically compact, that is, for any sequence
{S(tn)uon}, where {ug,} is bounded in X% and t, — oo, there exists a convergent subsequence in X .

Proof By Lemma 4.1 for a given € > 0, there exist 7' > 0, rg > 0 and ng € N such that for I,n > ng we
have t¢;,t, > T + 1 and
||S(tl — ].)Uol — S(tn — ]‘)U’O””Lzﬂx\}ro) < eE. (43)

2741



CZAJA and KANIA /Turk J Math

Moreover, by (3.9), the sequence {S(t, — 1)ug,} is bounded in X* — H?(RY), hence in H?(|x| < o), which
is compactly embedded into L?(|z| < rp). Thus, we can choose a convergent subsequence {S(t,, — 1)ug,, } in
L?(|z| < r9). Combining this with (4.3), we see that {S(t,, — 1)uon, } is a Cauchy sequence in L?(RY), hence
convergent in L?(R™). Since this sequence was bounded in X it follows from the Duhamel formula (2.9) and
[5, Theorem 3.2.1] that the sequence

S(]‘)S(tnk - ]‘)uonk = S(tnk)uonk

contains a convergent subsequence in X, which proves the claim. O

Having proved the asymptotic compactness of the semigroup, our next goal is to show that it possesses

a global attractor. For this purpose we make the following two observations.

Proposition 4.3 The set £ of stationary solutions of (1.6) is bounded in X .

Proof Multiplying
A?u 4 yAu + 6u = f(x,u)

by u in L2(RY), we get from (1.2)

JAul? + 6 [[ull? — ~ |Vl = / fawus< [ Cl? + / D(x) [ul.
RN RN

RN

Applying (3.1), (3.11), (3.12), and (3.13) with v = v¢ from (3.14) and ; = ¢, 2 = %2, we obtain

ve Il + 2l + (5= 2 jul < < o)
C 4 Vo X Vo La(RN) *
Invoking (3.7), we conclude that
402 2
s < 2 DI
@) S g La(RN)

which shows boundedness of the set of equilibria of (1.6) in H2(R™). If p satisfies (1.17), then by (2.8) the set
of stationary solutions is bounded in X* = D(A). O

Proposition 4.4 The functional L from (3.3) is continuous on X*.

Proof Since X — H?(RY), it suffices to show continuity of £ on H?(RY). Let u,u, € H*(RV), n € N,

be such that |[u, — ul|g2@~) — 0 as n — co. Since

|£(un) = L(u)| < [Aun — w)[[([Aunl + (| Aull) + 2/sz |F (2, un) — F(z,u)l
IV (un = @) [([IVun | + [[Vull) + 6llun = wf|(Junll + [lul),

it suffices to show that [ |[F(2,u,) — F(z,u)] = 0 as n — oo. Using the mean value theorem, (1.12) and
(2.1), we have

/ F (@, un) — Flo,u)| = / 1@+ Bum — )l um — u] < 9] tm —

RN RN

+2/ |m<x>|<|un|+|u|>|un—u|+c/ et — ][] + [t] + ttn]? + [u]?)
RN RN
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with @ = 0(x) € (0,1). Considering a partition of RV by disjoint unitary cubes Q; centered at i € Z~ | by the

Holder inequality and Sobolev embeddings with r from (1.3) and its conjugate exponent 7/, we get

[ @+ bl =l < 3 il Ml + el s =l
i€ZN

<ellmlgy @y (D Munl +lullFzgn) * (D llun = ullfrag,)*

ieZN i€ZN
< cllmllpy @y (lunll gz@ny + lull ge@ey) lun = vl g @vy -
Applying the Holder inequality to the last term on the right side of (4.4) and next using the embeddings (2.7)

for p from (1.17) and H?(RY) — L%(RN) for p € (%, %) , we consequently obtain

[ 1P = Pl < dun = ulmsges)
R
(gl + il vy + Dl + Tallms ) + ot ey + ey

which implies the continuity of £ on H2(RY). O

Theorem 4.5 Under assumptions of Theorem 3.3 the semigroup {S(t): t > 0} on X with a € [%7 1) has

a global attractor A in X*. More precisely, we have
A =W"E), (4.5)
where W*(E) denotes the unstable manifold of the set of stationary solutions of (1.6).

Proof The functional £: X* — R defined in (3.3) is a Lyapunov function for the semigroup {S(¢): ¢ > 0},
since £ is continuous on X¢ by Proposition 4.4, bounded below by (3.8), nonincreasing along the solutions
and constant only for stationary solutions due to (3.2). Since by (3.9) orbits of bounded subsets of X< are
bounded in X, Proposition 4.3 and [3, Theorems 2.41 and 2.43] imply the existence of a global attractor A

for the semigroup in X with the structure given in (4.5). O
5. Regularity of global attractor
In this section, we strengthen the regularity of g assuming that

g € L*(RN) N L>=(RY). (5.1)

Therefore, for a given arbitrary 2 < p < co, we have g € LP(RY) and in the following paragraphs, we will

rewrite the differential equation (1.6) as
w + Au = Fi(u) + Fou) + Fs(u), (5.2)

where the operator A = A? — m(z)I + ul is now considered over the base space LP(RY) and such that —A

generates an exponentially decaying analytic semigroup {e~**: ¢ > 0} on LP(RY). Moreover, the extrapolated
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scale of fractional power spaces corresponding to A is characterized by

g _ JH(RY), B € 0,5 (),
P (H P (RY)) = HIPRY), B € [-B.(p),0),

where *(p) =1+ (% — %)7 € (0,1] and B.(p) = B*(p') with r as in (1.3) and x_ = min{z, 0}, and we

have for some w=w(p) >0 and M = M(p) > 1

—wt

_ e "
le™ AN s gy < Mygrmprs £> 0, =Bu(p) < Br < P2 < B ()- (5.3)

For the proofs of these statements, we refer the reader to [6, Theorem 1.1].

Furthermore, the right-hand side of (5.2) consists of
Fi(u)(@) = g(x) + (= 0O)u+ for(z, u(z))

where fo1(2,0) =0 and fy; is globally Lipschitz w.r.t. the second variable,

Fa(u)(x) = for(z, u(z))

with fo2(2,0) = 0 and such that with p from (1.16)

| foa(x, 51) — foa(x, 82)| < c|s1 — sa| (Js1]” ™" + [s2]”™"), 51,82 €R, (5.4)

and fo(z,s) = for(z,s) + foz(z,s) (see [6, Lemma 3.1]), whereas F5(u) = —yAu. In order to deal with F3, it
is useful to observe that
Np

8p) = N+2p

if and only if r >

Following the idea from [7, Proposition 3.3], below we make a key observation, setting

B, 0< B (p) <3,
B(p) = {é, 5 () > 1. (5.5)

Lemma 5.1 Assume that u(-,ug) is an X* solution of (2.6) for a given a € [5,1) and N > 2. If

sup [[u(t, wo)l| pro (rivy < 00 for some po > 2 (5.6)
20

and for p = po the following estimate
el (3o coy iy < (&t (e meyizngayy)s 4 € Colfe 00); P(RY)), (5.7)
holds with some continuous function K(e,-) and € >0 small enough, then
Hu”Cb([e,oo);Loc(]RN)) < Kole, ||U||cb([o,oo);Lpo(RN))) (5.8)

for some continuous function Ky(e, ) and any € > 0 small enough.
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Proof For the sake of completeness of the presentation, we include a sketch of the proof. We apply (5.7) with

p=po. If f*(p) < 5 then
1) - S =45 ) - S =42 >0,
p p r
whereas if 3*(p) > 3 and p > &, then 453(p) — % =2- % > 0 and in both situations EF®) < L=°(RY) and
(5.8) follows.
If 8*(p) > % and p < %, then in particular we have E,'f(p) — LPY(RY) with p; = % > p and apply
(5.7) with p = p;. In the worst case scenario, repeatedly using (5.7) with bigger and bigger p’s, after a finite

number of steps, we get some p,, > % and (5.8) must hold regardless of the value of 5*(py,). O

We locally solve the Cauchy problem corresponding to (5.2) for initial data from LP(RY) with sufficiently
large p.

Lemma 5.2 For N > 2, we consider the problem

Ut—‘rAU:fl(U)‘f'fQ(U)‘i'fS(U)a t>t0a (59)
v(tg) = vo € LP(RY). ’
If
N N
P> and p > E(p —1), where p comes from (1.16), (5.10)

then there exists a unique mazimally defined LP(R™N) solution of (5.9) such that
1
v € C([to, 7,); L*(R™)) N C((to, 7): B ) 1 C((to, 7y ); LP (RY)).

_1
5, we have fB.(p) > % and consider (5.9) in the base space Y = Ej, > = H ?(RY).

Proof Since p > -,

To guarantee its local solvability in LP(RY) via the semigroup approach of [5, 14], we need to check that the

right-hand side of (5.9) is Lipschitz continuous on bounded sets as a map from LP(RY) into H,?(R"Y). Since

Fi is a globally Lipschitz map from LP(RY) into itself and
[ F3(v1) = Fa(va)ll g2my < ellvr — v2ll oy s
for a given bounded subset B of LP(RY), it is sufficient to show with some constant L(B) > 0 that

[F2(v1) = Fa(va)ll g2 mny < L(B) [[or = 02| o ey » 01,02 € B (5.11)

From (5.4) and (5.10) using the Sobolev embedding L?(RY) < H,*(RY) with ¢ = % > N]j_’;p and the Hoélder

inequality, we obtain
-1 -1
[F2(01) = Fa(v2)ll g2y < cllvr = v2ll e @) (||®1|\ZP(RN) + ||u2||ﬁp(Rw))

and thus (5.11) in consequence. O

In the proposition below we assume that (1.16) holds with p satisfying (1.17).
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Proposition 5.3 Assume that B is a bounded subset of X for a given o € [%, 1). Then, denoting by u(-,uo)

the X< solution of (2.6), for any € > 0 there exists }NEB,E > 0 such that

sup sup [[u(t, uo)l| vy < B (5.12)
Proof Observe that (3.9) implies an a priori bound of orbits in H2(RY). For N < 3, this automatically
yields the L>°(R”Y) bound. In view of Lemma 5.1 for N > 4 it suffices to show (5.6) uniform with respect to
up € B and (5.7). For N =4, by (3.9), we get the a pr10r1 bound in LP° (]RN) with arbitrary py > 2. Finally,
for N > 5, it implies a bound in LPo(RY) with py = . Note that py > &5 and po > §(p— 1) due to

(1.17). Therefore, for any N > 4, it follows that (5.6) is satlsﬁed uniformly for ug € B with some py > 2 such

that
N

and po > E(p —1). (5.13)

Po >

Therefore, we are left to show (5.7) for N > 4 and p > py using (5.13). To this end, we suppose that
u € Cy([e,00); LP(RN)) with some positive e small enough. In particular, we have u(e) € LP(R") and consider

the problem (5.9) with tg = €, vo = u(e), which by Lemma 5.2 and (5.5) has a unique maximally defined
LP(RY) solution such that

v € C(le,70,); LPRY)) N O((e, 7w ) By W) N C (e, 70, ); LP(RY)).

Since u € C(Je,00); LP(RY)) is also an LP(RY) solution of the same problem, these functions must coincide.
In particular, we have u € C([2¢,00); Hy? (RY)) with 8 = B(p) as in (5.5).
We will follow some of the arguments of the proof of [7, Proposition 3.3], where (1.6) with v =§ = 0 was

discussed. Firstly, we write the Duhamel’s formula corresponding to (5.2) on a short interval

u(t) = e A0 Du(e) + / A=) [Fi(u(s)) + Fo(uls)) + Fs(u(s))ds, ¢ <t <1

€

with sufficiently small 0 < & < § and estimate it in H?(RY) = EJ with 8 = 8(p). Note that by (5.3), we get

in particular

C

—A(t— Cc
He ¢ E)u(g)‘ BB < m Hu(s)”LP(]RN) < m ”u”C’b([s,oo);LP(RN))V

C

<@_MOMMM+MM@MWMQ,

/t e A=) Fy (u(s))ds

t
/ e~ A=) 7 (u(s))ds
€ EP

(1-6)p

0p
. < (t— )5 [ ||Cb(eoo) LP(RN))< Zl(lp H s—e)’u ||E’3)

with some 6 € (0,1) such that 8p € (0,1), since p > % and p > %(p —1). Indeed, considering only p > 1

we have

/t e~ Al=9) T, (u(s))ds

€

t
1
<c | gogpc )L ds
E,‘f /e (t*S)ﬁ*C ” ( )HL P(RN)
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for some —f,(p) < ¢ < 0 such that f—1 < ¢ provided that 4¢ — % < f% and p > g > 1. By the interpolation
inequality (see [29, 2.4.2/11, 1.9.3/3]), we further obtain

if 480 — % > —% and p < gp for some # € (0,1), which we additionally want such that 0 < fp < 1.

/t e A=) Ty (u(s))ds

S

t
1 (1-0)p
< [ e 1 o, T2, s

8
EP

Since p > % and p > %(p 1), then 1 < < % and all above restrictions will be fulfilled if we

N+2
find
and ¢ € (%,p] such that
N N
-2 —" <P (5.15)
p q p

Taking q € (%,p] such that % > % 45 , we get —2—% < —% < 46—%. If = %, we take ( > f—1= —% >
—B.(p) so close to —% that —2— & > < 4¢ — % < —;, whereas if 0 < 8 < % we simply choose ¢ = —% >fpF-1,
hence fulfilling both (5.14) and (5.15). Then the claim follows noticing that

t _ )8
/ (t _ s)(gtc(z)_ E)ngds = (t - 5)1+<7ﬂ9p8(1 - ﬁ@p, 1 + C - B) g B(l - ﬁep’ 1 + C - 6)7

where we used Euler’s Beta function.
For our problem, we also need to estimate the term with F3. Note that we have

for some & = &(p) € [—B+(p), 0] such that 3 —1 < &.
Observe further that

/t e~ A=) Fy(u(s))ds

t efw(tfs)
a C/e = syp= 1) e ) ds

1-6
il e ey < €l s ey Il » 0 € HB(RY), (5.16)

provided that 46,8 > 4£ 4+ 2 for some 6; € (0,1). Since 0 < 8 < % and S.(p) > %, these restrictions are
fulfilled with

1 1 1 1
—5 <{<B-5 and B(§+§)<91<1. (5.17)
Consequently, we obtain
1-6,

/t e~ A=) Fy(u(s))ds

€

since as before

o S T Mletoonaramy (s s =Pl 5)",

K (t—¢)P
/ E—s)PE(s =) S B(1-p01,1+£—p), e <t <1
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Combining these estimates and denoting z = sup H(t — s)ﬁu(t)HEg ,if 22> 1, we get
te(e,1] P

zsc (HgHLP(lR{N) + HuHCb([e,oo);LP(RN))) + L(|[ull o, (e o0y Lo mny) ) 2™
with 02 = max{fp, 6,1} € (0,1) and a nonnegative continuous function L. In particular, this gives
e Jlu(2e)ll o < 2 < max{L, zo(|[ull o, (2 00); Lo (r3))) )+ (5.18)

where zo(h) is the only nonnegative root of z = c([|g| s @~y + 1) + L(h)z".

Now we estimate in Eg the Duhamel’s formula corresponding to (5.2) on an unbounded interval

u(t) = e A2y (2) + /Qt e AU F (u(s)) + Fa(u(s)) + Fa(u(s))]ds, t > 2e.

This time, by (5.3) and (5.18), we have for t > 2¢

He*f‘@*%)u(zs)HEﬁ < M (22| < Me™ masc{L, z0([[ull gy (o oy ey }- (5.19)
P

By (5.3), we also obtain

and, using the fact that p > % and p > %(p — 1) and reasoning as before, we get

with some 6 € (0,1) such that 6p € (0,1) and some ¢ > 8 — 1, since

/Qt e A=) F (u(s))ds

€

, < c(llgllzr @y + Null ey (e.00) Lo @y ) (5.20)
Ep

/; e_A(t_S)]:g(u(s))ds

£

(1-6)p Oe
< Nl oy (5w ()l (5.21)

s€[2¢,t]

t —w(t—s) _ t o—w(t—s) —
[ T g [ P10
2 2

s < ds <
. (t — 5)6 wl-8 c (t — 5)5_< wl=B+¢

Moreover, using (5.16) with &,60; as in (5.17), we estimate the term with F3 by

Setting z(t) = sup ||u(s)|\E5, we join (5.19), (5.20), (5.21), (5.22) and if z(t) > 1, we get
SE[2e,t]

01
1-6, y
, < elle paey (3up, TuCs)leg) (5.22)

/; e_A(t_s)fg(u(s))ds

)

p

2(t) < ale, ||Uch([57oo);Lp(RN))) JrZ(||uHCb([g7oo);LP(]RN)))Z(t)02
with 6y = max{fp,6;} € (0,1), a nonnegative continuous function L and

a(e, h) = e(Me™" max{1, z0(h)} + gl o ey + h)-
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This gives

lu(®)ll ge < 2(t) < max{1, 21, [ullg, ((c 00y Lo @™))) > T2 26, (5.23)

where z1(e,h) is the only nonnegative root of the equation z = a(e,h) + L(h)z%. Thus, (5.23) yields (5.7),
which ends the proof. O

Theorem 5.4 Under the assumptions of Theorem 4.5 with p satisfying (1.17) and g as in (5.1), the global
attractor A from Theorem 4.5 is bounded in L>=(R™N) and there exists a positively invariant bounded absorbing
set B in L=°(RY).

Proof By (5.12), A = S(¢)A is contained in a closed ball in L>(R") centered at 0 and of some radius EA@.
If By denotes an eg—neighborhood of A in X¢, then

B= | S()By,

t>TB0

with T, > 0 being an absorption time of By, is a positively invariant bounded absorbing set, which is bounded
in L>(RY) again by (5.12). )
We now gather the results to complete the proof of Theorem 1.1 announced in Introduction.

Proof of Theorem 1.1 Under the assumptions of Theorem 1.1, the problem (1.6),(1.7) generates a C°

semigroup of global X%, a € [%, 1), solutions with orbits of bounded sets bounded by Theorem 3.3 provided
that v and ¢ satisfy the condition (1.11). This semigroup is asymptotically compact by Proposition 4.2 and
in consequence possesses the global attractor A coinciding with the unstable manifold W*(€) of the set of
stationary solutions of (1.6) due to Theorem 4.5. Knowing that g € L2(R™) N L>°(RY) and p satisfies (1.17),
it then follows from Theorem 5.4 that A is contained in a positively invariant bounded absorbing set from

L>(RY), which completes the proof. O
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