GLOBAL ATTRACTORS FOR IMPULSIVE DYNAMICAL SYSTEMS
- A PRECOMPACT APPROACH
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ABSTRACT. In this work we give the definition of a global attractor of an impulsive dynamical
system and obtain several important properties for this class of attractors. We prove the
theorem on existence of such attractors and apply it to chosen ordinary and partial differential
equations with impulsive functions.

1. INTRODUCTION

The theory of impulsive dynamical systems describes the evolution of systems where the
continuous development of a process is interrupted by abrupt changes of state. This subject
has been the research topic of many authors over the last four decades and first appeared in
the 70’s in the works of Rozko (see [31, B2]). In 1990, Kaul constructed the mathematical
foundation of this theory with impulses at variable times in [25] and next, Kaul and Ciesielski
published very important results in this area (see [16, 17, 18], 26} 27]). Thereon a vast literature
on this topic has been developed and the reader can see for instance [7, 8, 9, [10, 111, 29] for
details of this theory and [1 [5, 12} 13, 15, 20 21], 22] for other results and applications. Many
real world problems are defined in terms of impulsive systems; for instance, a simple medicine
intake, which requires that a new dose must be taken in order to keep the disease under control.

The study of impulsive dynamical systems requires a previous knowledge of continuous au-
tonomous dynamical systems (or simply, semigroups) and we now state very superficially this
theory.

Let (X, d) be a metric space with metric d and R, be the set of non-negative real numbers.
A semigroup in X is a family of functions {7 (¢): ¢ > 0}, indexed on R, satisfying

(i) 7(0)z =z, for all x € X;
(ii) 7(t+s) =n(t) om(s), for all ¢, s > 0;
(iii) the map R, x X > (t,x) — 7(t)x is continuous.

From now on we omit the composition sign ‘ o’ and will simply write property (ii) as 7(t+s) =

m(t)m(s).
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A subset A of X is called m—invariant under {7 (¢): ¢t > 0} if m(¢)A = A, for all t > 0. Also
A is m—positively (negatively) invariant if 7(t)A C A (n(t)A 2 A), for all t > 0.
Given two subsets A, B C X, we say that A m—attracts B if

tliglo dy(n(t)B, A) =0,
where dg (-, -) denotes the Hausdorff semidistance between two sets; i.e.,
dy(C, D) = sup inf d(z,y).
zeC yeD

We can now define the notion of a global attractor for the semigroup {n(t): ¢t > 0}.

Definition 1.1. A subset A of X is called a global attractor for the semigroup {m(t): t > 0}
if it is compact, m—invariant and w— attracts all bounded subsets of X .

We know that the global attractor A of the semigroup {m(¢): ¢ > 0} is unique and describes
the long-time behavior dynamics of {7 (¢): ¢t > 0}; that is, to study the asymptotic dynamics
of the semigroup {7 (¢): ¢t > 0}, one must understand completely the global attractor and its
internal structures. This has been the main research topic for many authors (see for instance
@, 14, 23, 24, 28, 30, 33]).

Our goal is to develop an analogous theory for impulsive dynamical systems; more precisely,
we want to define a useful notion of a global attractor for an impulsive dynamical system, in
such a way that this object describes completely the long-time behavior of the system. To this
end, we introduce some of the definitions and basic properties of impulsive dynamical systems
and we attempt to find an appropriate notion of a global attractor.

Let {m(t): t > 0} be a semigroup in X. For each D C X and J C R, we define

F(D,J)=J=(t) (D).
teJ
A point x € X is called an initial point if F'(x,t) = & for all ¢t > 0.

Definition 1.2. An impulsive dynamical system (IDS, for short) (X,m, M,I) consists of
a semigroup {m(t): t = 0} on a metric space (X,d), a nonempty closed subset M C X such
that for every x € M there exists €, > 0 such that
F(z,(0,e)) "M =2 and | J {z(t)z} "M =g, (1.1)
t€(0,e2)
and a continuous function I: M — X (its role will be specified later).

The set M is called the impulsive set and the function I is called impulsive function.
We also define

M*(z) = (U 7r(t)$> N M.

t>0

Remark 1.3. Condition (1.1)) means that the flow of the semigroup {m(t): t = 0} is, in some
sense, transversal to M at any point of M.
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Proposition 1.4. Let (X,m,M,I) be an IDS and x € X. If M*(z) # @ then there exists
s > 0 such that w(s)x € M and n(t)x ¢ M for 0 <t < s.

Proof: Since M (z) # &, there exists so > 0 such that 7(sg)z € M. Assume by contradiction
that there exists a sequence s, — 0 such that 7(s,)x € M. Since M is closed, the continuity
of Ry >t +— m(t)x implies that x = w(0)z € M. Thus we have two possibilities:

e if z ¢ M we have already reached a contradiction;
e if x € M then the condition 7((0,¢€,))z N M = @, for some €, > 0, gives us a contradic-
tion.

With this proposition at hand, we are able to define the function ¢: X — (0, 00| by

o(2) s, ifw(s)xr e M and w(t)x ¢ M for 0 <t < s,
xTr) =
oo, if MT(z)=2.

If M*(x) # @, the value ¢(x) represents the smallest positive time such that the trajectory of
x meets M. In this case, we say that the point 7w(¢(x))x is the impulsive point of x.

Definition 1.5. The impulsive trajectory of v € X by the IDS (X, m, M, I) is a map 7(-)x
defined in an interval J, C R, with values in X given inductively by the following rule: if
M*(z) = @, then w(t)xr = ©(t)x for all t € Ry. However, if M (x) # & then we denote
r =g and define 7(-)x on [0, d(x])] by

' {w)xot if <t <o),
T(t)x =
I(m(d(ag)ag), i t=o(xg).
Now let sg = ¢p(xg), 1 = w(so)xg, and x{ = I(m(so)zy). In this case sy < oo and the process
can go on, but now starting at x. If MT(x]) = @ then we define 7(t)x = w(t — so)zx{ for
so < t < oo and in this case ¢p(x]) = oo. However, if MT(z{) # @ we define 7(-)x on

[s0, 50 + @(a7)] by

ﬁ(t)m:{ m(t — so)zy if s <t <so+d(ay),
I(m(p(xy))ay), if t=s0+ o(xT).

Now let s1 = ¢(x]), xa = w(s1)x], and 2 = I(w(s1)x]). Assume now that 7(-)x is defined
on the interval [t,_1,t,] and that 7(t,)x = x}, where to = 0 and t, = Y1~ s; forn € N.
If MH(x}) = @, then w(t)x = w(t — t,)z,} fort, <t < oo and ¢(z}) = oco. However, if
M*(x}) # @, then we define 7(-)x on [tn, t, + ¢(x})] by

) {m — to)xt, if  ty <t <t + (),
T(t)x =
I(m(p(z))zt), if  t=t,+d(x)).



4 E.M. BONOTTO, M.C. BORTOLAN, A.N. CARVALHO, AND R. CZAJA

Now let s, = ¢(z}}), Tpi1 = 7(sp)x), and xf,, = I(w(s,)x,)). This process ends after a finite

number of steps if M (x7) = @ for some n € N, or it may proceed indefinitely, if M+ (x") # @
for alln € N and in this case 7(-)x is defined in the interval [0,T(x)), where T'(x) =Y 10 Si-

With these basic definitions and results, assuming that all impulsive trajectories exist for all
time ¢ > 0, i.e., assuming that T'(z) = oo for all x € X, we are able to start our search for a
suitable definition of a global attractor for the IDS (X, w, M, I') and from now on we will always
assume this global existence condition:

(G) T(z) = oo for all x € X, and thus {7(t): t > 0} satisfies the semigroup property:
Tt+s)x=nt)7(s)x, t,s 20, x € X, 70z =2z zeX. (1.2)

Remark 1.6.

(1) Observe that if there exists & > 0 such that ¢(z) = & for all z € I(M), then for every
x € X we have T(x) = 0o and {7(t): t > 0} satisfies (1.2)).

(2) The condition that there exists & > 0 such that ¢(z) = £ for all z € I1(M) says that there
s a minimum time for which the semigroup w takes to reach M, when leaving from
I(M). This condition is satisfied in several examples and, for instance, when I(M) is
compact and I(M)N M = @. Indeed, let € > 0 be such that O (I(M))NM = @.
For each point z € I(M) either m(s)z € O(I(M)) for all s > 0 and we set s, = o0
or there exists a finite time s, > 0 such that 7(s,)z € O(I(M))\ O(I(M)) and that
m(t)z € O(I(M)) for 0 < t < s, (here and from now on, for a set A C X, A denotes
its closure in X with its metric d). Hence, by the joint continuity of the semigroup,
the map I(M) > z — s, is lower semicontinuous, and since 1(M) is compact, it has
a positive infimum & > 0.

The definitions of 7m-invariance and m—attraction are analogous to the notions of 7—invariance
and m—attraction, respectively, simply replacing w by 7. In Bonotto-Demuner [7], the authors
present the following definition for a global attractor:

Definition 1.7. A subset A of X is a global attractor for an IDS (X, m, M, 1) if it is compact,
ANM =@, T—invariant and © — attracts all bounded subsets of X.

This definition is consistent with the notion of a global attractor for semigroups; that is,
when M = @, both definitions coincide; and in fact, this notion of a global attractor is useful
to describe the asymptotic dynamics of 7 in many cases. However, this notion excludes large
and very important classes of IDS, since with this definition, the asymptotic behavior of 7
is qualitatively not different from the asymptotic behavior of w. Thus we must find a more
suitable definition, that includes cases where the dynamics in long time of 7 is different from
the one of w. Let us present a simple example of a case in which the asymptotic dynamics of
7 and 7 are different.
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Example 1.8. Consider the following continuous differential equation

. {1, if 1 <0, 13)

1l—2z, ifx >0

with the initial condition x(0) = zo € R and consider the action of the impulsive function
I1(0) = —1. The solutions of (1.3|) without the action of I are given by

t+xg, 20 <0, € [07 —ZL'()>,
ﬂ(t)l’o = —6_t_x0 + 1, Ty < 07 t e [—.T(), OO>7
(wo—1)e "+ 1, 39 >0, t €[0,00).

This problem has only one bounded invariant set; namely the asymptotically stable equilibrium
solution {1}, and it is also the global attractor for (1.3)). Now, the solutions of (1.3|) with the

action of I, are given by

t+ 20, 0 <0, t € [O, —.2?0),
T(t)xo=qt+mzo—n, 19 <0, t € [—29+n—1,—20+n), n €N, (1.4)
(ko —1)e™ "+ 1, 29 =20, t €[0,00).

We can see that the dynamics is quite different, since there appeared the “impulsive periodic
orbit” [—1,0). Note that in this case there is no subset of R satisfying all the conditions of
Definition[1.7]. But we can distinguish some interesting sets:

o The set Ay = [—1,0)U{1} is T—invariant and 7—attracting bounded sets, AyNM = &,
but Ay is not compact.

o The set Ay = [—1,0] U {1} T—attracts bounded sets, As is compact, but Ay N M # &
and As is neither ©—positively nor T—negatively invariant.

o The set A3 = [—1,1] T—altracts bounded sets, As is compact, it is T—positively invari-
ant, but it is not T—negatively invariant and A3 N M # &.

If one is familiar with the theory of the semigroups, the global attractor in this context is
characterized as the union of all bounded global solutions of 7, and this property is closely
related with the invariance of the global attractor. Hence, looking at the three sets above, one
can conjecture that the set A; is a natural candidate for the global attractor of this impulsive
system, since it is the only m—invariant among the three.

We will show that in fact this is the case. Also, if we recall the definition of an impulsive
trajectory, we can see that through points of M there can be no global solutions of 7, hence it
is natural to assume that if the invariance is the property we seek for our global attractor, then
no point of M can be in it; therefore the hypothesis AN M = @ in Definition [1.7| needs to be
maintained and this implies a direct consequence: the hypothesis of compactness needs to be
weakened. The set A; above is not compact, but it is precompact and moreover A; = A; \ M.

All of these arguments lead us to our definition of a global attractor.
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Definition 1.9. A subset A C X will be called a global attractor for the IDS (X, 7, M, I) if
it satisfies the following conditions:
(i) A is precompact and A = A\ M;
(ii) A is T—invariant;
(iii) A 7—attracts bounded subsets of X.

With this definition, we can see that the set A; is the global attractor for the IDS in Example
[1.8 and although it is a quite simple example its dynamics is much richer than the dynamics
arising from continuous differential equations, this attractor is disconnected and it is the union
of two disjoint isolated invariant sets with no connection between them; also, solutions reach
the periodic orbit [—1,0) in finite time (hence there is no backward uniqueness in general).
This simple example shows us that a very large amount of systems is not present in the context
of [7]. We aim to describe the asymptotic dynamics of a larger class of impulsive dynamical
systems. To this end, our work is divided in three main sections.

Section [2|is one of technical nature, and deals with “tube conditions” for an impulsive dynam-
ical system. The main purpose of this section is to develop a result that enables us to overcome
the difficulty found in the previous theory: the negative invariance of impulsive w—limits. This
result (Proposition states that the impulsive flow 7(¢) cannot reach the “right side” of the
impulsive set M for large values of ¢.

In Section 3, we discuss the impulsive w—limits of bounded subsets of X. In this section
we define bounded dissipative impulsive dynamical systems and we study the properties of the
impulsive w—limits for such impulsive systems. We prove the positive invariance (Proposition
and, using the result of Section , the negative invariance (Proposition . Also, we
prove the attraction of the impulsive w-limits (Proposition [3.14)).

In Section [4] we show the existence a global attractor for a strongly bounded dissipative
impulsive dynamical system, using impulsive w—limits (Theorem , and we present three
examples, in increasing order of complexity: a simple planar impulsive system, an impulsive
ODE and finally, an impulsive PDE. In each one of these three cases we are able to show the
existence of a global attractor for the generated impulsive dynamical system.

2. TUBE CONDITIONS ON IMPULSIVE DYNAMICAL SYSTEMS

In this section we deal with several technicalities that may arise when we are working with
impulses. In order to obtain invariance results, we must ensure that the original semiflow
{m(t): t > 0} behaves nicely near the impulsive set M; and for this we mean that the flow
has a well defined direction when crossing M. Therefore we define “tube conditions”, which
guarantee a nice behavior of the semigroup {7 (¢): t > 0} near the impulsive set M (see [16] for
more details).

Definition 2.1. Let {n(t): t > 0} be a semigroup on X. A closed set S containing v € X is
called a section through x if there exists A > 0 and a closed subset L of X such that:
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(a) F(L,\) =5;

(b) F(L,[0,2)\]) contains a neighborhood of x;

(c) F(L,v)NF(L,¢) =2, if 0 < v < (<2

We say that the set F(L,[0,2)]) is a A—tube (or simply tube) and the set L is a bar.

Lemma 2.2. If S is a section and X > 0 is given as in the previous definition, then any
0 < p < A satisfies conditions (a), (b) and (c) above with L replaced with L, = F(L, X — ) and
A replaced with p.

Proof: See Lemma 1.9 in [19].

Definition 2.3. Let (X, 7, M,I) be an IDS. We say that a point x € M satisfies the strong
tube condition (STC), if there exists a section S through x such that S = F(L,[0,2A]) N M.

Also, we say that a point x € M satisfies the special strong tube condition (SSTC) if it
satisfies STC and the A-tube F(L,[0,2]) is such that F(L,[0,\)NI(M) = @.

Theorem 2.4. Let (X, m, M,I) be an IDS such that each point of M satisfies STC. Then ¢
is upper semicontinuous in X and it is continuous in X \ M. Moreover, if there are no initial
points in M and ¢ is continuous at x then x ¢ M.

Proof: See Theorem 3.8 in [16].

Remark 2.5. Before continuing, we note that if we assume that I(M)NM = &, then no point
x € M is in any impulsive T—trajectory, except if the trajectory starts at x. This is a simple
consequence of the definition of impulsive trajectories and this fact will be used in what follows.

This following proposition is the main result of this section, and will later help us with
negatively m—invariant sets, giving us a better understanding about the behavior of impulsive
trajectories near the impulsive set M.

Proposition 2.6. Let (X, 7, M,I) be an IDS such that I(M)NM = @& and let y € M satisfy
SSTC with A-tube F(L,[0,2)]). Then 7(t)X N F(L,[0,\]) = @ fort > \.

Proof: Suppose contrary to the claim that there exist ¢ > X\ and z = 7(t)x € F(L,[0,\]) for
some x € X. Hence there exists u € [0, A] such that 7(u)z € L. If p = A, then z € S C M,
which is not possible by Remark , and hence p € [0, \).

If t < ¢(x), then z = 7(t)r = 7(t)r and we consider w = 7(t — (A — p))x. We have that
TNw =7t + p)e =n(p)r(t)r = m(p)z € L. Thus w € S C M, a contradiction with the fact
that t — (A — p) < ¢(x).

Consider now the case z = 7(t)x = 7w(t')z", where 27 € I(M) and ' € [0,¢(x™)). If
t' > X\ — p, then we consider w = 7w(t' — (A — p))xt. We have

T(Nw = a(p)r(t )zt =m(u)z € L

and consequently w € S C M, a contradiction with the fact that ¢ < ¢(z™).
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Finally, if ¢’ € [0, A\ — p), then

(' +p)rt =7(p)r(t)at =7(u)z € L

and 0 < pu <t/ +p <A soxt € F(L,[0,\) NI(M), which is a contradiction with SSTC. g

3. IMPULSIVE w—LIMITS

We now want to give necessary and sufficient conditions to ensure the existence of a global
attractor for an IDS (X, 7, M, I) as defined in Definition . To begin our study, we define the
notion of an impulsive w—limit.

Definition 3.1. We represent the impulsive positive orbit of v € X starting at s > 0 by
the set

FH (@) = {7(t)z: t > s}.
Also we set ¥ (x) = 4 ().
Given a subset B C X we define 7} (B) = U,c5 7 (z) and we define the impulsive w—limit
of B as the set
o(B) =% (B).
t>0
Analogously to the case of semigroups, we have the following characterization result for

impulsive w—limits.

Lemma 3.2. We have
W(B) ={z € X: there exist sequences {x,}nen € B and {t,}nen C Ry

with t, — oo such that 7(t,)x, — x as n — oo},

and w(B) is closed for every subset B C X.

Proof: If z € ©(B) then given n € N, z € 4 (B), which implies that there exist x, € B
and ¢, > n such that d(z,7(t,)x,) < + and therefore t, — co and 7(t,)z, — x as n — oo.

Conversely, given ¢t > 0, we have 7(t,)r, € 3, (B) for t,, >t and hence = € ¥, (B).
Finally, @(B) is closed, since it is an intersection of closed sets, which concludes the proof.
To continue with a more detailed description of the properties of impulsive w—limits, we will
need a dissipativity condition on the IDS (X, 7, M, I).

Definition 3.3. An IDS (X, m, M, I) is called bounded dissipative if there exists a precom-
pact set K C X with KNM = @ that T1—attracts all bounded subsets of X. Any set K satisfying
these conditions will be called a pre-attractor.

Proposition 3.4. If (X, 7, M, 1) is a bounded dissipative IDS with a pre-attractor K, then for
any nonempty bounded subset B of X the impulsive w—1limit w(B) is nonempty, compact and
©(B) C K.
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Proof: If x € @(B), then 7(t,)x, — = for some {x,},en C B and {t,}neny C Ry, t, — 00,
and we have

dp(7(t,)zn, K) < dp(7(t,)B, K) — 0 as n — oo,

since K 7—attracts B. Hence x € K and thus &(B) C K. Since @(B) is closed and contained
in the compact set K, @(B) is compact.

If {t,}nen is any sequence in Ry, with ¢, — oo, and {z,}.en is any sequence in B, the
attraction property of K ensures that there exists a convergent subsequence of {7 (t,)x, tnen
and hence @(B) is nonempty. 0

Proposition 3.5. If (X, 7, M, 1) is a bounded dissipative IDS with a pre-attractor K then, for
any nonempty bounded subset B of X, the impulsive w—limit w(B) T—attracts B.

Proof: Suppose contrary to the claim that there exist sequences {t,}n,en € Ry, ¢, — o0,
{Zs}nen € B and ¢y > 0 such that dg (7(¢,)z,, 0(B)) > €. We know that dg (7(t,)z,, K) — 0
as n — 00, so for some subsequence there exists € K such that 7 (tn, )Tn, — x, which implies
that 0 = dy(x,0(B)) > €, which is a contradiction. O

3.1. Positive invariance of impulsive w—limits. In this subsection we establish the positive
invariance for impulsive w—limits. We will need one auxiliary result:

Lemma 3.6. Let (X, 7, M, I) be an IDS such that I(M)NM = & and each point of M satisfies
STC. Let also x € X\ M and {z, }nen be a sequence in X such that z, — x. Then, givent > 0,
there exists a sequence {n, fnen in R such that n, — 0 and 7(t + 1)z, — 7(t)z.

Proof: If ¢(z) = oo, it follows by continuity of ¢ on X \ M that for a given ¢ € [0, 00) there
is a natural number ny > 0 such that ¢(z,) > t, for all n > ng. Consequently, for n > ny,
7(t)z, = 7(t)z,, and the result follows from the continuity of 7(t) by setting 1, =0, n € N.

Now, let us assume that ¢(z) < co. Since ¢ is continuous on X \ M, we may assume that
&(2zn) < oo for all n € N.

Case 1: 0 < t < ¢(x).

In this case, consider 0 < ¢ < ¢(x) — t. By continuity of ¢ there is ny € N such that
o(z) — e < ¢(z,) for all n > ng. Then t < ¢(z,) and 7(t)z, = 7(t)z, for all n > ny. Taking
1N, = 0, n € N, it follows that

Tt +nn)zn = 7(t)z, — w(t)x = 7(t)x.

Case 2: t = ¢(x).
Note that 7(t)z = 7(¢(x))z = 2. Thus

(zn)1 = m(d(2n)) 20 = ()2 = 21,

Since [ is continuous on M we have

(Zn);— = 1((2n)1) = I(11) = Ty
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By the continuity of ¢ we have that ¢(z,) = ¢(x) + n, =t + n,, where {1, },en is a sequence
of real numbers such that n, — 0. Hence,

Tt + 1) 20 = T(P(20)) 20 = (22)] — 2] = 7(t)z.
Case 3: t > ¢(x).

m—1

In this case, there exists m € N such that t = Z d(xf) +t' with 0 < ¥/ < ¢(a}). Define

(Zn)z by -
(zn)1 = T((20)) 2 and (2)i11 = W((zn)j)>(zn)j> i=1,...,m—1

m—

Set t, = &((2,)]). Since ¢(z,) — ¢(x), we have

i=0
(zn)1 = m(@(2n))2n = ((x))x = 1.
By continuity of I we have
(za)f = I((zn)1) = I(z1) = =]
Now, since ¢((2,,)7) — ¢(x]), because x7 ¢ M, we get
(zn)2 = m(¢((z0)1)) (zn)i = w((a]))2] = 22,
By continuing with this process, we obtain

(z)'—>9(;i and (z,)f —xf, forall i=1,...,m.

Thus Z &((zn)]) — Z ¢(z;). Define the sequence {n, }nen C R by 1, =t, +t —t. Note
that n, —> O and t + 7, = t + 1t > 0. Then, since ¢ < ¢((2,);") for a large n, we get
Tt + )z = () (20)F — 7z} = 7(t)w.
Therefore, the result is proved. 0

Proposition 3.7 (Positive invariance). Let (X, 7w, M, I) be an IDS such that [(M)NM = &
and each point of M satisfies STC. Then for any nonempty bounded subset B of X the set
@(B)\ M is positively T—invariant.

Proof: Let z € @(B)\ M and t > 0. Then there exist {z, }neny € B and {t,, }neny C Ry, £, = 00
such that 7(t,)x, — x. Since x ¢ M and M is closed, we can assume that 7(t,)z, ¢ M.
Therefore by Lemma there exists a sequence {1, }neny C R such that 7, — 0 and

Tty +t +nn)xn = 7(t + )7 (tn) T, — T(t)x as n — oo.

Hence 7(t)z € &(B). Observe that 7(t)z ¢ M, since any impulsive trajectory starting at
a point of X \ M never reaches M in finite time (note that I(M) N M = @). This shows
positive 7-invariance of @(B) \ M. 0
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3.2. Negative invariance of impulsive w—limits. The negative invariance of w—limits is
harder to obtain. To this end, we must perform a deep analysis of the behavior of the impulsive
semiflow 7 near the impulsive set M. In [7], the authors consider the global attractor away from
the impulsive set and avoided this study, but now, with a finer study, we are able to complete
the theory in order to allow the attractor to be near M.

We begin with a sequence of results which, when put together, will give us the desired negative
invariance.

Lemma 3.8. Let (X, 7, M,I) be an IDS such that each point in M satisfies STC, z ¢ M and
{Zn}nen be a sequence in X \ M such that z, — z. Then if a, — 0 and a,, > 0, for alln € N,
we have T(a,)z, — 2.

Proof: Since z ¢ M, by the continuity of the function ¢ in X \ M, we can assume that
@ < P(zn) < %(Z) and since a,, — 0 we can assume that 0 < a,, < ¢(z,) for all n € N. Hence

() zn = m(an) 2z, — m(0)2 = 2,
by the joint continuity of the semigroup . 0

Corollary 3.9. Under the assumptions of Lemmal[3.6] there exists a sequence {€, }nen C [0, 00)
such that €, — 0 and T(t + €,)z, — 7(t)z.

Proof: By Lemma we know that there exists a sequence {1, }nen C R such that n, — 0
and 7(t + 1)z, — 7(t)z ¢ M. Thus from Lemma [3.8| we have

T(t+ 1+ [al) 20 = T(0a)T(E+10) 20 — 7(t)2
and the claim follows by setting €, = 1, + |1,]. 0

Lemma 3.10. Let (X, 7, M,I) be an IDS and let x € M satisfy STC with \—tube F(L,[0,2)]).
Assume that there exists a sequence {z,}nen such that z, € F(L,(X\,2)\]) and z, — z. Then
there ezist a subsequence {zn, tren Of {Zn}nen and a sequence {e}ren such that ¢, > 0 and
er = 0 as k — 00, x = m(€x)2n, € M, ¢(2p,) = € and xp — .

Proof:  There exist A < A, < 2\ such that 7(A\,)z, € L. We can choose a convergent
subsequence \,, — A € [\,2)]. By the continuity of 7, we have 7(\,, )z, — ©(\)x € L,
since L is closed. Thus x € F(L,\) N F(L,)), which implies A = A\. Set e, = \,, — A > 0
and consider x; = 7(€ex)zn,. We have m(N)xy = m(A\n, )20, € L, so zp € S C M. Moreover,
€, — 0 and zy — x, by the continuity of 7. If w,, = 7(ty)z,, € M for some t; € (0,¢), then
T(An, — to)wn, € L and w,, € F(L,[0,2\]) N M = S. Hence w,, € F(L,\)NF(L,\,, — to)
and thus ¢y = \,, — A = €. This contradiction shows that ¢(z,,) = €. 0

Lemma 3.11. Let (X, 7, M, I) be an IDS with [(M)NM = &. Assume that every point from
M satisfies SSTC and let B C X. Ify € w(B) N M then I(y) € @(B) \ M.
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Proof: Let {x,}neny € B and {t, }nen C Ry, t, — 00, be such that 7(¢,)x, — y € ©(B)NM.
We can assume that vy, = 7(t,)z, € F(L,[0,2\]) and ¢, > A for some A-tube F(L,|0,2)])
through y. Since 7(¢)X N F(L,[0,A]) = @ for ¢ > X (see Proposition [2.6]), it follows that
yn € F(L, (X, 2)]).

Lemma [3.10] then implies that there exist a positive sequence e, — 0 such that 7(e;)yn, € M
for some subsequence {y,, } and 7(€x)y,, — y. By continuity of I, we have

T (tn, + €&)Tn, = T(€k)Yn,, = L(T(ek)Yn,) — 1(y).

Therefore I(y) € w(B) \ M, since I(M)NM = &. 0
Now with all these results at hand, we are able to prove the negative invariance for the
impulsive w—limit.

Proposition 3.12 (Negative invariance). Let (X, 7, M, I) be an IDS such that I(M)NM =
@ and each point from M satisfies SSTC and let B C X. If ©(B) is compact and T— attracts
B, then ©(B) \ M is negatively T—invariant.

Proof: Let 2 € @(B)\ M and ¢t > 0. Then there exist sequences {z, }neny C B and t,, — 00
such that

7(ty)T, — T as n — oo.

Now, since @w(B) is compact and 7—attracts B, we can assume that {7 (¢, — t)z,}nen has
a convergent subsequence (which we denote the same, and we already assumed that t, > ¢,
since t,, — oo and t is fixed). Thus (¢, — t)z, — y € ©(B).

e Case 1: y e M.

In this case, using Proposition we can assume that all points y, := 7(t, — t)z, are in
F(L, (A, 2X]), where F'(L,[0,2)]) is a A—tube through y. Hence there exists a sequence ¢, — 0,
€, > 0, such that z, := 7(e,)y, € M and z, — y, by Lemma renaming the sequence if
necessary. By the continuity of I, we have z 1= 7(e,)yn = [(2,) = I(y) = z € @(B) \ M,
using Lemma |3.11]

Now, by Corollary [3.9] there exists a non-negative sequence «,, — 0 such that

Tt + ay)zl — 7(t)z.

But 7(t + )z = 7(t, + €, + )z, and again, using Lemma we have 7(t + o)z — x,
therefore v = 7(t)z € 7(t)(w(B) \ M).
o Case 2: y ¢ M.

We know that there exists a non-negative sequence ¢, — 0 such that

T(t + €n)yn — T(1)y.

But 7(t + €,)yn = 7(t, + €,)x,, and using again Lemma we know that 7(t + €,)y, — .
Therefore © = 7(t)y € 7(t)(w(B) \ M). 0
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3.3. Attraction. We already know (see Proposition[3.F)) that if the IDS (X, 7, M, I) is bounded
dissipative and B is a nonempty subset of X, then w(B) T—attracts B. But w(B) can possess
points in M, but with our definition of a global attractor, we do not want this to happen and
hence we need to be able to prove that w(B)\ M also T—attracts B. This subsection is devoted
to this goal.

Lemma 3.13. Let (X, 7, M,I) be a bounded dissipative IDS with a pre-attractor K such that
I(M)N M = @ and every point from M satisfies SSTC. Assume that there exists £ > 0 such
that ¢(z) = & for all z € I(M). If B is a nonempty bounded subset of X, then w(B) N M C

&(B)\ M.

Proof: Let x € @(B)N M. Then there exist sequences {z, }neny € B and {t, }neny C Ry, ¢, —
oo such that 7(¢,)z, — =. By Proposition[2.6) we can assume that z, = 7(t,)z, € F(L, (X, 2)]),
where F'(L,[0,2)]) is a A-tube through x. We can choose a subsequence if necessary, which we
will call the same, {\,}nen C (A, 2)] such that A, — A and 7(\, — \)z, € M, as in Lemma
. We may also assume that 0 < ¢, : =\, — A < % for n € N.

Recall that there exists €, > 0 such that F(z, (0,¢,)) N M = &. Let my € N be such that
m%) < min{e,, g} For each m > my we consider the sequence w* = 7(t, — %)a:n, n € N. By
the bounded dissipativity we can assume that w* — y,, € @(B) as n — oo, for each m > my.

We claim that ¢(w!") > L for all n € N and m > my. Indeed, suppose that ¢(w!") < = for
some n € N and m > mg. This means that 7(¢(w]*))w € M and v)* = 7(p(wi))wi € I(M).
We have

m(en +1/m = (wy))oy’ = m(en)m(1/m = dlwy'))vy" = 7(en)2n € M

since 1/m — ¢(w)') < 1/m < &, and this is a contradiction, since 0 < €, + 1/m — ¢p(w]') <

en+1/m < & and v € I(M).
This shows that for n € N and m > my

m(1/m)w! =7(1/m)w = 7(1/m)7(t, — 1/m)x, = 7(t,)Tn.

By the continuity of © we get w(1/m)y,, = x € M. Since 1/m < €., we obtain y,, € &(B)\ M.

If {y,, } does not converge to x, then we can choose a convergent subsequence {y,,, } to a point
xy # x, but = 7(1/my)ym, — 7(0)zo = xo, which gives us a contradiction and proves that
Ym — T. 0

Proposition 3.14 (Attraction). With the hypotheses of Lemmal[3.13, if &(B) T—attracts B,
then @(B) \ M 7—attracts B.

Proof: By Lemma [3.13, ©(B) = @(B) \ M and the result follows directly by the definition of
attraction. 0
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4. GLOBAL ATTRACTORS FOR IMPULSIVE DYNAMICAL SYSTEMS

We would like to formulate a theorem on the existence of global attractors for impulsive
dynamical systems. In [7, Theorem 3.7] the authors considered global attractors as in Defini-
tion [1.9, which are compact instead of only precompact in X. They showed that the existence
of the compact global attractor is equivalent to the existence of a compact subset K of X such
that K "M = @ and K m—attracts all bounded subsets of X. This excludes important classes
of dynamical systems with impulse, e.g., those containing a periodic orbit with points from M
in its w-limit set (cp. Example . Moreover, the long-time dynamics in their case does not
differ from the dynamics of the original semiflow 7. Since our definition of a global attractor
implies that the impulsive dynamical system is bounded dissipative (with the global attractor
being the pre-attractor), we make it a starting assumption for the existence of a global attractor
as in Definition .9

Before proving the existence result, we first give some characterizations of the global attractor
which are very useful and are analogous to the characterizations we already have for the case
with no impulse.

Proposition 4.1. With Definition[1.9, if A exists, it is uniquely determined.

Proof: Suppose A; and A; satisfy Definition [[.9] Then by (ii) and (iii) dg(A;, A2) = 0 =
dg(As, A;) and hence A; = A,. Therefore, by (i)

A1=I1\M:K2\M:A2.

Definition 4.2. We say that a function ¢»: R — X is a global solution of 7 if
T()(s) =v(t+s), forallt >0 and s € R.
Moreover, if 1¥(0) = x we say that v is a global solution through z.

Proposition 4.3. With Definition if the IDS (X, m, M, I) has a global attractor A and
I(M)NM = @ then

A = {x € X: there exists a bounded global solution of T through z}.

Proof: If ¢(-) is a bounded global solution of 7 then ¥(R) N M = @, since if 1(ty) € M for
some tg € R then 7(s)y(tg—s) = ¥(ty) € M for each s > 0 which cannot happen (the impulsive
semiflow from = cannot reach M in positive time for any =z € X, because I(M) N M = @).
Hence ¥(R) N M = @; by its invariance we can see that 1)(R) C A and therefore )(R) C
A\M— A
For the reverse inclusion, if + € A then z € 7(1).A and there exists x_; € A such that
7(1)x_; = x. Again, since z_; € A there exists x_5 € A such that 7(1)x_s = z_;. Inductively,
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we can construct a sequence {x_, }nen such that 7(1)x_, 1 = x_, for all n > 0, with zy = .
Then we can define

T(t+n)r_,, ifte[-n,—n+1], neN,
o(t) = 9 . .
7(t)xo, if t > 0.

It is clear that ¢(R) C A hence it is bounded and ends the proof of our claim. O

Proposition 4.4. With Definition if the IDS (X, m, M,I) has a global attractor A and
I(M)N M = @, then, denoting by B(X) the collection of all bounded subsets of X, we have

A= |J @mB)\M).

BeB(X)

Proof: Let B be a bounded subset of X. By Proposition , @©(B) € A and hence @(B)\ M C
A\ M = A, which proves one inclusion.

For the other one, choose xy € A. Then zy ¢ M and using Proposition we consider
a bounded global solution ¥ of 7 through zy and an arbitrary sequence ¢, — oo. We have

7(tn)(—t,) = xo and thus zg € @(¥(R)). Concluding, we obtain xy € @(¥(R)) \ M. 0

Proposition 4.5. With Deﬁm’tion if the IDS (X, m, M,I) has a global attractor A then it
is the minimal subset among all subsets K C X with K = K \ M which 7—attracts all bounded
subsets of X.

Proof: By the invariance of A, if K is such a subset, we have
dy(A, K) =du(7(t)A, K) = 0 as t — oo.

Hence A C K and therefore A C K. 0

An important class of results for continuous semigroups consists of theorems on existence of
global attractors. Below we show a counterpart of [30, Theorem 10.5] for impulsive dynamical
systems.

Definition 4.6. An impulsive dynamical system (X, 7, M, I) is called strongly bounded dis-
sipative if there exists a nonempty precompact set K in X such that KNM = @ and w-absorbs
all bounded subsets of X, i.e., for any bounded subset B of X there exists tg > 0 such that
7(t)B C K forallt > tp.

Note that if (X, 7, M, I) is strongly bounded dissipative, then it is bounded dissipative.

Theorem 4.7. Let (X, 7, M,I) be a strongly bounded dissipative IDS with T—absorbing set
K, such that I(M) N M = &, every point in M satisfies SSTC and there exists § > 0 such
that ¢(z) = € for all z € I(M). Then (X,m, M,I) has a global attractor A and we have
A=a(K)\ M.
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| we know that w(K) \ M is 7-invariant. Since K is

nonempty, it follows from Proposition

gl that @(K) is a nonempty compact subset of K. If

W(K)NM = &, then @(K)\ M is nonempty. If ©(K)NM # &, then by Lemma O(K)\ M
is nonempty.
Moreover, we have

W(K)\ M C w(K)

(K)7

so w(K)\ M is a precompact subset of X and by Lemma m, W(K) =&(K)\ M which implies
that

O(K)\ M =o(K)\ M\ M.

We are left to show that w(K)\ M 7—attracts all bounded subsets of X. First, observe that
for any bounded subset B of X we have w(B) C &(K). Indeed, if z € @(B), then there exist
sequences {x, tneny € B and {t,}nen € Ry, ¢, — o0 such that 7(t,)z, — x. From the strong
bounded dissipativity we know that 7(tg)x, € K and 7(t, — tg)7(tg)r, — x, so v € W(K).

Since @(K) \ M contains @(B) \ M for every bounded B C X and by Proposition [3.14]
@(B)\ M m—attracts B, it follows that W(K)\ M 7—attracts all bounded subsets of X, which

concludes the proof. 0

4.1. Example 1. In this subsection we present a simple example to illustrate the theory de-
scribed above.
Consider the impulsive dynamical system in X = R? given by

(4.1)

where M = {(x,y) € R?: 22 +y? = 1}, I(M) C {(z,y) € R?: 22 + y> = 9} and the function
I: M — I(M) is given as follows: given (z,y) € M we consider the line segment I, ) that
connects the points (x,y) and (3,y). The point I(z,y) is the point in the intersection I'(, ) N
I(M), as we can see in Figure 1 below.
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Figure 1: Impulsive trajectory of (zg,y0) € R%.

Let {m(t): t > 0} be the semigroup in R? generated by with no impulse; that is,
7(t)(zo,90) = (xoe ", yoe ") and consider the IDS (X, m, M, I). It is easy to see that each
point of M satisfies SSTC, I(M) N M = &, there exists & > 0 such that ¢(z,y) > £ for all
(z,y) € I(M).

If we let K = {(x,y) € R?: 22 +y*> < 9} \ M, it is clear that K is a precompact subset of
R? KN M = @ and K 7—absorbs all bounded subsets of X, hence (X, 7, M, ) is strongly
bounded dissipative with m—absorbing set K and Theorem ensures that (X, 7, M, ) has
a global attractor A = @(K) \ M.

We can see that @(K) = {(0,0)} U {(z,0): x € [1, 3]} and hence A = {(0,0)} U {(x,0): z €
(1, 3]}, which is the part in red in Figure 1 above.

4.2. Example 2. Consider the dynamical system generated by

&= f(z),
4.2
{3:(0) = 1o, (4.2

where f € C1(R",R") and x5 € R". We suppose that all the solutions of are defined in
the whole real line and give rise to a semigroup 7 on R".

Let M C R™ be an impulsive set and I: M — R™ be an impulse function. We consider M
and I such that I[(M) N M = @, each point of M satisfies SSTC, there exists £ > 0 such that
¢(x) = € for all x € M and the conditions and (G) are satisfied.

Then, we consider the associated impulsive system

&= f(x),
z(0) = o, (4.3)
I: M — R"™
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Now, let V' € C'(R",R) be a function satisfying the following conditions:
(1) VV(2)- f(z) < a1 — aaV (z), for all z € R™,
(17) V(I(z)) < p, for all z € M,
(#1i) V=H((—o00, p + 51]) is bounded,
where a1, a5 > 0 and p > 0.

In the sequel, we shall provide conditions for the system (4.3]) to be strongly bounded dissi-
pative.

Lemma 4.8. If z € I(M) then V(7(t)z) < p+ < for allt > 0.

a2

Proof: Let z € I(M) and 0 < t < ¢(z) (if ¢(2) = 0o we take 0 < t < ¢(z)). Then, by (i), we
have

%V(W(t)z) =VV(r(t)z) - f(m(t)z) < a3 — aV(m(t)z).

Therefore

V(r(t)z) < e 'V (2) + il <Vi(z) + M < o+ ﬂ, for all 0 <t < ¢(2),
(6] (0D

which implies that

V(r(t)z) <p+ 2L forall 0 <t < ¢(2).
(%)
If ¢(2) = oo, we are done. Otherwise, since 2, := 7(¢(z))z € I(M), we can repeat the process
above starting from z;” and inductively we obtain the desired result. 0

Theorem 4.9. The system (4.3) is strongly bounded dissipative.

Proof: Let K = V~!((—o0, u + 2])\ M. Then K is a precompact set (since K is bounded in
R™ by (iii)) and K N M = @. We will show that K 7—absorbs bounded subsets of R™ and it
is sufficient to prove that for each x € R™ there exists §, > 0 and 7' = T'(z,J,) > 0 such that

7(t)y € K, for all y € Bs (z) and t > T.

We have some cases to consider:
Case 1: x ¢ M and ¢(x) = cc.

First choose a ball B centered in x and set 3 = max 5V (y). Let k > max{0, —a;" ln(WHLl)}
be given, and by the continuity of ¢, there exists 6 = d(z, k) > 0 such that ¢(y) > k for all
y € Bs(z) C B. Now we can split the ball Bs(x) in By UB, where By = {y € Bs(z) : ¢(y) = oo}
and By = {y € Bs(z) : k < ¢(y) < oo}. In By, using the arguments from the proof of Lemma
[4.8 we have

Vir(t)y) < p+ ﬂ, for all t > T and y € By.
&%)
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In By, we see that

a

V(r(t)y) < p+ —, forall k <t < ¢(y) and y € By,

Q2

and Lemma (4.8 shows that V(7 (t)y) < p+ & for all ¢ > ¢(y) and y € Bs(x).
Case 2: x ¢ M and ¢(x) < 0.

By the continuity of ¢, there exists d, > 0 such that |¢(y) — ¢(z)| < 1if y € By, (x). Thus if
T > sup{¢(y): y € Bs,(x)} then the conclusion follows from Lemma [1.8|
Case 3: € M and ¢(z) = 0.

The point z satisfies SSTC with A—tube F'(L,[0,2A]) and a section S through z. Since the
tube contains a neighborhood of x, there is € > 0 such that

B.(z) C F(L,[0,2)).

Set
Hy = F(L, (X, 2)]) N Be(x) and Hy = F(L,[0,\]) N Be(x).

Observe that ¢(y) < A for all y € H;. Indeed, if y € H; then w(u)y € L for some p € (A, 2]
and thus 7(u — Ny € F(L,\) € M. Hence we get ¢(y) < gt — A < A,
By the proof of Case 2, we obtain

for all y € Hy and for all t > \.

On the other hand, since ¢(x) = oo, for any k& > 0 there exists 0 < § = d(x, k,€) < € such
that ¢(y) > k for y € Bs(x) N Hy. Indeed, assume contrary to the claim that there exists
ko > 0 and a sequence z,, € Hy such that z, — = and ¢(z,) < ko. Then w(\,)z, € L for some
An € [0, A]. Choosing a subsequence if necessary, we can assume that A\, — A\ and ¢(z,,) — 0,
since ¢(z) = oco. Hence we have for large n

O(zn) <A and  7w(o(zn))x, € F(L, (0,2 )N M =S = F(L,\).

We obtain A, = A + ¢(x,,), which contradicts the fact that A, € [0, A].
Therefore, in the same way as in the proof of Case 1, we can choose 0 > 0 and T" > 0 such
that

V(E(ty) <p+ 2
(D)
for all y € Bs(xz) N Hy and for all ¢t > T.
Thus we have
V(F(y) < p+ —
(%)

for all y € Bs(z) and for all ¢ > max{\, T'}.
Case 4: x € M and ¢(x) < 0.
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The proof follows the idea of the proof of Case 3. The only difference is that we use the
upper semicontinuity of ¢ at x € M and the proof of Case 2 to show that there exist 6 > 0 and
T =T(x,d) > 0 such that

V(#(t)y) < p+ —

for all y € Bs(x) N Hy and for all ¢ > T'. When we work in H;, the proof is the same as the
proof presented in Case 3.

This concludes all the possible cases and proves that system (|4.3)) is strongly bounded dissi-
pative. 0

Corollary 4.10. The system (4.3)) has a global attractor A.

4.3. Example 3. Consider the following nonlinear reaction-diffusion initial boundary value
problem

ur — Au = f(u), t >0,
u|aQ =0,%t>0, (44)
u(0) = ug € L*(Q),

where f : R — R is a locally Lipschitz function, €2 is a bounded smooth domain of R" with
smooth boundary and A is the Laplace operator in (2.
We assume the following conditions:

a) |f(u) — f(v)] < clu—v|(1+ |ul~t + |v|~1), for all u,v € R, where ¢ > 0 is a constant
and 1 <p<1+3;
b) lim supyy o0 { is) < A1, where A\; > 0 is the first eigenvalue of the Laplace operator in

L*(Q2) with Dirichlet boundary condition.

It follows that for any initial data ug € L?(£2) there exists a unique solution u of (4.4) such
that

u € C([0,00); L*(2)),

and the mapping uy — wu(t) is continuous in L?*(2). Moreover, it takes bounded subsets of
L?(2) into precompact sets in L*(Q2). Thus 7(t)ug := u(t), t = 0, where u is the solution of
defines a compact semigroup 7 on X = L?(2). The reader may see [2, [3] for more details.
Let M C L?(2) be an impulsive set and I: M — L?(2) be an impulse function. We consider
M and I such that I(M)N M = @, each point from M satisfies SSTC, there exists £ > 0 such
that ¢(z) > £ for all z € I(M).
We also assume the following additional condition:

¢) |[I(u)]|3 < p for all uw € M, where p > 0.
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Let a(t) = 7(t)ug be the associated impulsive solution of
(

u — Au = f(u), t >0,
u‘ag =0,t>0,

u(0) = wo,
12 M = 12(Q).

(4.5)

e

Lemma 4.11. There exist constants C,n > 0 such that if z € I(M) then ||7(t)z||3 < u+ -

forallt > 0.

Proof: Consider the equation u; — Au = f(u) and take the scalar product with u € L?*(2).

[hen | ||2
1d||u|l5
— = = + A )
5 df (f(u) u, u)

Note that there exist constants C,n > 0 such that f(s)s < (A —n)s*+ C, for all s € R and we
have

Ld|ul3 _ iy N A
and hence, using the Poincaré inequality,
dllull3 _ 2
7 < —2nllull5 +2C19|, t > 0. (4.6)

Define y(t) = ||u(t)||3 and note that u(t) and y(¢) depend on the initial data, that is, u(t) =
u(t7 07 U’O) and y(t> = y<t7 07 HUOH%) By " we have

y'(t) + 2ny(t) < 2019, t > 0. (4.7)
By inequality (4.7)), if z € I(M) and 0 < ¢t < ¢(z), we have by c)
~ _ c|Q _ C|2
\W@d@=Hﬂﬂﬂ§=y@QHﬂ9<Hﬂ?2m+—%h1—€M@<ﬂ+_%l
If t = ¢(2), we get with 2y = w(¢(2))z € M
~ C9|
HﬂﬂdM@ZW@M@<u<M+—;ﬂ
In this way, we can repeat the process above starting in z;” = I(z;) and inductively we obtain
the desired result. 0

e

We define from now on v := p+ ==

Lemma 4.12. Let B C L*(Q) be a bounded set. Then there is T = T(B) > 0 such that
|7(t)z]|3 < 7y for allt > T and for all z € B.

Proof: Let B be a bounded set in L*(Q2). Then there is L > 0 such that ||ul|3 < L for all
u € B. We may decompose the set B in the following way

B =B, UB,,
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where By ={u € B: M (u) # @} and By = {u € B: M*(u) = &}.
If z € By then 7(t)z = mw(t)z for all t > 0. Set T, = max {0, —% In (%)} If t > T, we have

Q2
(1 _6—27715) < Le—2nt+ 7|7 | g v

170213 = 7 ()z]12 = y(£: 0, [12112) < [[2ll5e™™"

Y

cle
+—
Y

for all z € B,.
Now, we can write By = B U By, where

Bf ={ue€ B;y: ¢(u) > 1} and B = {u € B;: ¢(u) < 1}.

It is clear from Lemma [4.11] that ||7(t)u||3 < v if u € By and t > 1. Since 7(7) is a compact
map for each 7 > 0, hence if o € (0,1) it follows that #(a)B; = 7(a)Bj is precompact in
L*(Q).

As in the proof of Theorem of the previous example, we can prove that for any point
r € 7(a)Bj, there exists a ball B, containing x and a time T, > 0 such that [|7(¢)y||3 < v for
allt > T, and y € B, N 7(a)By". This, together with the precompactness of 7(«)B;" shows
that there exists a time T;" > 0 such that ||7(t)u||3 < v for all ¢ > T}" and u € By".

The result now follows by taking 7' > max{1, 7}, T5}. 0

Lemma 4.13. Let (X, 7w, M, I) be an IDS such that there exists & > 0 such that ¢(z) = & for
all z € I(M). If G is a precompact subset of X and o € |0, g), then 7(a)G is precompact in X .

Proof: For a = 0 the result is trivial. Now assume that @ > 0 and since each subset of a
precompact set is also precompact, we can only consider the case when ¢(x) < « for all z € G
with a € (0, %) (we could write G = G; U Gq, where ¢|g, < o and ¢|g, > «, and in the latter
the precompactness follows from the continuity of 7). In this case, if B := UsE[O,a] 7(s)G, we
have
#a)G S | ms)I(BNM)),
s€[0,q]

and by the joint continuity of the semigroup 7 and the continuity of I, the precompactness of
7(a)G follows. 0

Theorem 4.14. The system (4.5)) is strongly bounded dissipative.

Proof: Let By = {u € L*(Q): ||ul|3 < ~}. From Lemma [4.12| we see that B, 7—absorbs all
bounded subsets of L?(£2). We claim that K; := 7(t)By is precompact for some ¢ > 0 and to
this end, we write By = G1 U Go U G3 where

Gy ={u € By: M*(u) = &},

Gy = {u € By: M " (u) # @ and ¢(u) >

DO v DN o

Gs = {u € By: M"(u) # @ and ¢(u) <
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Let 0 < a < §. Then,

T (a + g) By=m (a + g) GhLUT(a)m (g) Gy Um(a)m (g) G,

because ¢(x) > ¢ for all x € I(M).
Since GG; and 7 (g) (3 are bounded by Lemma the sets 7 (a + %) Gy and w(a)7 §) G
13

are precompact in X. Now, since 7 (%) (G5 is precompact in X, it follows by Lemma |4.13| that
()7 (§) Go is also precompact in X.

Therefore, K := K_ ¢ is precompact in X, K N M = & and we can easily see that K
2
7—absorbs bounded sets of L?(12). 0

Corollary 4.15. The system (4.5)) has a global attractor A.
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