PULLBACK EXPONENTIAL ATTRACTORS WITH ADMISSIBLE
EXPONENTIAL GROWTH IN THE PAST

RADOSLAW CZAJA*

ABSTRACT. For an evolution process we prove the existence of a pullback ex-
ponential attractor, a positively invariant family of compact subsets which have
a uniformly bounded fractal dimension and pullback attract all bounded subsets
at an exponential rate. The construction admits the exponential growth in the
past of the sets forming the family and generalizes the known approaches. It also
allows to substitute the smoothing property by a weaker requirement without
auxiliary spaces. The theory is illustrated with the examples of a nonautonomous
Chafee-Infante equation and a time-dependent perturbation of a reaction-diffusion
equation improving the results known in the literature.

1. INTRODUCTION

In this paper we present a construction of a pullback exponential attractor for an
evolution process. A pullback exponential attractor is a positively invariant family
of compact subsets which have a uniformly bounded fractal dimension and pullback
attract all bounded subsets at an exponential rate. Before the publication of [4]
the constructions of a pullback exponential attractor implied that the constructed
family is uniformly bounded in the past (see [9], [T1], [8]). In [4] it was shown that
the family may grow sub-exponentially in the past and still have a uniform bound
on the fractal dimension. Below we improve the results of that article by allowing
the sets to grow even exponentially in the past and still have a uniformly bounded
fractal dimension. There are other differences between the results of [4] and ours.
First of all, we do not assume the process to be continuous with respect to all the
variables, i.e., the function {(t,s) € R?: ¢t > s} x V > (t,s,u) — U(t,s)u € V
need not be continuous. However, we assume that the operators U(t, s) are Lips-
chitz continuous within the positively invariant family of bounded absorbing sets
{B(t): t € R}. For convenience, we also require that the sets B(t) are closed subsets
of the Banach space V. Contrary to assumptions of [4], the sets B(t) may grow
exponentially in the past and the absorption of bounded subsets takes place also
only in the past (see assumptions (A;)-(A;z) in Section [2)). Moreover, we assume
that the process decomposes in the past into a contracting part and a smoothing
part (see assumptions (H;)-(Hsz) in Section [2). Under these assumptions we prove
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the existence of a pullback exponential attractor, which also pullback attracts the
family {B(t): t € R} (see Theorem [2.2). The same assumptions guarantee also the
existence of the pullback global attractor with uniformly bounded fractal dimension
(see Corollary . From the point of view of applications it seems interesting to
substitute the smoothing property (H2) by a weaker premise, which does not refer to
any auxiliary space. This is done in Corollary [2.6] which together with Theorem
and Corollary constitutes the main results of Section [2]

In Section [3| we consider a nonautonomous Chafee-Infante equation with Neu-
mann boundary conditions

Ou = Au+ I — B(t)ud, t > s, v € Q,
-0, t>s, xe€dQ,
u(s) = us, x €S,

in a smooth bounded domain © C RY. Here we extend the results of [5] by allowing
that the real function S tends to 0 in —oo at an exponential rate. We show that
a pullback global attractor and a pullback exponential attractor both exist and
have a uniform finite bound on the fractal dimension. However, the diameter of
their sections is unbounded in the past and, in the case of a particular 3, grows
exponentially in the past.

In Section[4] we consider a nonautonomous reaction-diffusion equation with Dirich-
let boundary condition

Ou— Au+ f(t,u) =g(t), t >s, v €Q,
u=0,t>s,x €,
u(s) = us, x € Q,

in a smooth bounded domain Q C R? under the assumptions on f considered in [2].
However, here we assume that g € L2 (R, L*(Q)) satisfies

loc
2 o
(1.1) lg(t) 720y < Moe™™, t € R,

with 0 < a < Ay and My > 0, where \; > 0 denotes the first eigenvalue of
—Ap, where Ap is the Laplace operator in L?*(2) with zero Dirichlet boundary
condition, while in [2] the function g could have only a polynomial growth. We prove
the existence of a pullback exponential attractor and a pullback global attractor
in H}(Q), both with uniform bound on fractal dimension of their sections, using
Corollary without the smoothing property.

2. CONSTRUCTION OF PULLBACK EXPONENTIAL ATTRACTORS

Below we present a construction of a family of sets, called a pullback exponential
attractor, for an evolution process (see Theorem , which is a consequence of
similar constructions for a discrete semi-process and a discrete process also provided
in this section.

We consider an evolution process {U(t,s): t > s} on a Banach space (V,||-]|;/),
i.e., the family of operators U(t,s): V — V t > s, t, s € R, satisfying the properties

(a) U(t,s)U(s,r) =U(t,r), t >s>r,
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(b) U(t,t) =1d,t € R,
where /d denotes the identity operator on V. If X is a normed space we denote by
O(X) the class of all nonempty bounded subsets of X and by B (x) the open ball
in X centered at z of radius R > 0.

Definition 2.1. By a pullback exponential attractor for the process {U(t,s): t > s}
on V we call a family {M(t): t € R} of nonempty compact subsets of V' such that

(i) the family is positively invariant under the process U(t, s), i.e.,
U(t,s)M(s) C M(t), t > s,

(ii) the fractal dimension in V' of the sets forming the family has a uniform
bound, i.e., there exists d > 0 such that

sup dim}/(/\/l(t)) <d < o0,
teR

(iii) there exists w > 0 such that every set D € O(V) is pullback exponentially
attracted at time t € R by M(t) with the rate w, i.e., for any D € O(V)
and ¢t € R we have

(2.1) lim e** disty (U (t,t — s)D, M(t)) = 0,

§—00

where disty (A, B) = sup inlg |z — yl|,, denotes the Hausdorfl semi-distance.
r€AYE

We remark that one may extend (iii) and require attraction of sets D bounded
in a given normed space Y provided makes sense. This leads to the notion of
a (Y — V) pullback exponential attractor (cp. [6], [7]).

The construction of a pullback exponential attractor in Theorem will be based
on the smoothing property (cp. assumption (#Hs) below) and will follow closely the
presentation of [4]. Nevertheless, we observe that the smoothing property is not
necessary to obtain this result and show the existence of a pullback exponential
attractor without the smoothing property in Corollary [2.6] Both results general-
ize [4] by admitting exponential growth in the past of the diameter of sections of
a pullback exponential attractor (cp. assumption (Az) below).

We assume that

(Ap) there exists a family of nonempty closed bounded subsets B(t) of V', t € R,

which is positively invariant under the process, i.e.,

U(t,s)B(s) C B(t), t > s,
(As) there exist ty € R, 79 > 0 and M > 0 such that
diamy (B(t)) < Me " t < t,,

(A3) in the past the family {B(¢): t € R} pullback absorbs all bounded subsets
of V; that is, for every D € O(V) and t < t, there exists T, > 0 such that

U(t,t —r)D C B(t), r > Tpy,

and, additionally, the function (—oo, ] 3 t — Tp, € [0, 00) is nondecreasing
for every D € O(V); hence, in fact, we have for any D € O(V) and t < ¢,

U(s,s —r)D C B(s), s <t, r>Tpy.
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Note that (Ay) implies that for any v > o
diamy (B(t))e" — 0 as t — —o0,

which generalizes the assumption used in [4, Definition 3.1]. In particular, our as-
sumptions admit an exponential growth in the past of the sets forming the pullback
absorbing family.

Next, we assume that the semi-process {U(t,s): to > t > s} can be represented
as the sum

(2.2) Ut,s) = C(t,s) + S, s),
where {C(t,s): to > t > s} and {S(t,s): to > ¢t > s} are families of operators
satisfying the following properties:

(H1) there exists £ > 0 such that C(t,t —t) are contractions within the absorbing
sets with the contraction constant independent of time, i.e.,

|C(t,t = t)u— C(t,t —t)ol|, < Mlu—v,, t < to, u,v € B(t—1),
where 0 < \ < %e*wg with 79 > 0 from (Ay),

(H2) there exists an auxiliary normed space (W, ||-||;;,) such that V' is compactly
embedded into W and p > 0 is such that

(2.3) lully < pllully, weV,

and there exists £ > 0 such that S(¢,t — t) satisfies the smoothing property
within the absorbing sets, i.e.,

|S(t,t —tyu—St,t — o, < wllu—vly , t <to, u,v € B(t—1).
Finally, we assume that
(H3) the process is Lipschitz continuous within the absorbing sets, i.e., for every
t € R and s € [t,t + t] there exists L; s > 0 such that
|U(s,t)u — U(s, t)v|ly, < Lis||lu =l , u,v € B(t).
Indeed, assumption (H3) implies that for any s > ¢ there exists L, > 0 such that
(2.4) |U(s,t)u —U(s, t)v||,, < Lis|lu—2|y, u,v e B(t).

Note that assumptions (A;) and (H3) hold for any ¢ € R, while the rest of assump-
tions holds only in the past, that is, for ¢t < t,.

Theorem 2.2. If the process {U(t,s): t > s} on a Banach space V' satisfies (A )-
(As) and (Hi)-(Hs), then for any v € (0, %e*%’g — A) there exists a pullback expo-
nential attractor {M(t) = M¥(t): t € R} in V satisfying the properties:

(a) M(t) is a nonempty compact subset of B(t) fort € R,

(b) U(t,s)M(s) C M(t), t > s,

(c) the fractal dimension of M(t) is uniformly bounded w.r.t. t € R, i.e.,

. — NV (BY (0))
en dimy (M(1)) < In (2(v + A)) + Yot
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where NY (B (0)) denotes the smallest number of balls in W with radius

and centers in BY (0) necessary to cover By (0),
(d) for any t € R there exists ¢; > 0 such that for any s > max{t — to,0} + 2¢

(2.5) disty (U(t,t — s)B(t — s), M(t)) < cre™ 0%,

where wy = —% (In (2(v + X)) + 70t) > 0,
(e) for any 0 < w < wy we have

(2.6) lim e disty (U(t,t —s)D,M(t)) =0, t € R, D € O(V).

S§—00

EIAN

Moreover, if Y is a normed space such that (As) holds for any D € O(Y), then
also (2.6)) holds for any D € O(Y) giving rise to a (Y — V) pullback exponential

attractor.

The proof of the above theorem is based on the constructions of similar sets for
a corresponding discrete semi-process and discrete process. Therefore, for a given
no € Z, we consider a discrete semi-process {Uy(n, m): ng > n > m} on a Banach
space V| i.e., we have operators Uy(n,m): V — V satisfying

(a) Ud(nam)Ud(m7l) - Ud(m7l)a ng=nz=mz2= l7 n,m,l S Z7
(b) Ug(n,n) =1d, ng > n, n € Z.

Furthermore, we require that

(A}) there exists a family of nonempty closed bounded subsets By(n) of V., n < ny,
which is positively invariant under the process, i.e.,

Uys(n, m)By(m) C By(n), ng >n >m,
(A,) there exist 74 > 0 and M > 0 such that
diamy (By(n)) < Mge " n < ny,

(A3) the family {By(n): n < ng} pullback absorbs all bounded subsets of V; that
is, for every D € O(V') and n < ny there exists rp, € N such that

Uis(n,n —r)D C By(n), r > rpa,

and, additionally, the function n — rp , is nondecreasing for any D € O(V);
hence, in fact, we have for any D € O(V) and n < ng

Us(m,m —r)D C By(m), m <n, r > rpy.

Next, we assume that the semi-process can be represented as the sum Uy(n, m) =
Ca(n,m) + Sq(n,m), where {Cy(n,m): ngp > n > m} and {Sq(n,m): ng > n > m}
are families of operators satisfying the following properties:

H) Cy n,n — 1) are contractions within the absorbing sets with the contraction
1 g
constant independent of n < ng, i.e.,

|1Ca(n,n — 1)u — Cyq(n,n — 1)v|y, < Agllu—vl],, n <ng, u,v € By(n — 1),

where 0 < \g < %e*'m with 74 > 0 from (As),
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(H,) there exists an auxiliary normed space (W, [|-||;;;) such that V is compactly
embedded into W and (2.3) holds with some p > 0 and there exists kg > 0
such that Sy(n,n — 1) satisfies the smoothing property within the absorbing
sets, 1.e.,

|Sa(n,n — 1)u — Sa(n,n — 1)v||, < Kellu—vlly, n < ng, u,v € By(n —1).
Note that the above assumptions imply that the semi-process is Lipschitz continuous
within the absorbing sets, i.e., for any ng > n >m

(H3) |Ua(n, m)u — Ua(n,m)vlly, < (Kape+Xa)" ™ [l =]l , w,v € Ba(m).
Theorem 2.3. If the semi-process {Uas(n,m): ng > n > m} on a Banach space
V satisfies (A))-(A;) and (H)-(H,), then for any v € (0,1e™% — \;) there exists
a family {Ma(n) = M¥(n): n < ng} in V satisfying the properties:

(a) My(n) is a nonempty compact subset of By(n) for n < nq,

(b) U(n,m)Mgy(m) C My(n), ng >n >m,

(c) the fractal dimension of My(n) is uniformly bounded, i.e.,

—In N,
sup dim (My(n)) < - ;
n§7IL)0 7 (Maln)) < In(2(v + A\a)) + 4
where N, = N% (By (0)) is the smallest number of balls in W with radius
Rd

- and centers in By (0) necessary to cover the unit ball BY (0),
(d) for any n < ng there exists ¢, > 0 such that for any k € Ny

(2.7) disty (Ug(n,n — k) Ba(n — k), Mg(n)) < ce” <,
where wg = — (In (2(v + \g)) +va) > 0,
(e) for any 0 < w < wy we have
(2.8) lim e“* disty (Ug(n,n — k)D, Mg(n)) =0, n < ng, D € O(V).

k—o0

Moreover, if Y is a normed space such that (As) holds for any D € O(Y'), then also
(2.8) holds for any D € O(Y).

Proof. The proof follows the lines of the proof of [4, Theorem 3.3], so some calcu-
lations will be omitted here. However, in order to justify and clarify Corollary
below, we will repeat the main argument here.
By (Aj) there exist v, € Bg(n), n < ng, such that By(n) C B}, (v,) with
R, = Mye™"". We fix 0 < v < 3¢774 — A\j and set N = N'¥ (B} (0)). Thus we have
Kd

wy, ..., wy € By (0) such that
N

(2.9) BY(0) C | BY (w)).
=1 "

We define W°(n) := {v,}, n < ng. By induction, using (H)), (H,) and (A;) we
construct W#(n), n < ng, with k& € N such that

(Wy) WkE(n) C Ug(n,n — k)By(n — k) C By(n),

(Wa) #WH(n) < N*,
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(Ws) Ug(n,n — k)Bg(n — U B, 2+ Aa)) R (u).

ueWk(n
Indeed, let n < ny and note that (| 1mphes

Bd<77, — 1) R, Un 1 U B _qw; + Unfl).

Due to the smoothing property (H,) we get
|Sa(n,n — 1)u — Sa(n,n — v, < kallu—vly < 20R,—4
for all u,v € Bq(n —1)NBY (Rp_1w; + v,—1). This yields
Kg T

(2.10) Sa(n,n—1)By(n —1) C | J Bk, (Sa(n,n — 1)y

i=1
for some y1,...,yn € Ba(n —1). For u € By(n — 1) the property (#;) now implies
|Ca(n,n — u — Ca(n,n — Dyilly, < Aallu—willy <2XgRn-q, i=1,..., N,
and we conclude that
Ca(n,n —1)By(n —1) C B}, . (Ca(n,n—1)y;), i=1,...,N.

Hence we obtain

N
Ug(n,n —1)By(n — 1) C U (By,g,_, — Dyi) + Biy,n,_, (Ca(n,n— 1)y;))
=1
N
- UB 2vag) B (Ua(n,m = 1)y;)

i=1
with centers Ug(n,n —1)y; € Ug(n,n—1)By(n—1),i=1,..., N. Denoting this set
of centers by W'(n) it follows that (W;)-(Ws) hold for k = 1.
Let us assume that the sets W!(n) are already constructed and

Ua(n,n —1)Ba(n — 1) U B(2 VA Ry l( u)
uGWl( )
for all [ < k and n < ng. In order to construct a covering of
Us(n,n — (k+1))Ba(n — (k+ 1)) = Ug(n,n — 1)Ug(n — 1,n — 1 — k)By(n — 1 — k)
c U Unn-1 (Ud(n —1,n—1—k)Byn—1—k)N Bg(yw))%m(u))
ueWk(n—1)
we let u € W¥(n — 1) and proceed as before to conclude from (2.9) that
%4 w u

Byt € U BE aniir, i (1),

where 2% = (2(v + Ag))*Rn_1_pw; + u. By the smoothing property (H,) we have
|Sa(n,n —1)v — Sa(n,n — Dw|,, < kallv —wlly <202V + X)) Ro-1-k
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for any v, w € Ud(n—1,n—1—k)Bd(n—1—k)ﬂBW

2 (2(v+2a)* R ( “). This yields

Sa(n,n — 1)(Ud(n —1,n—1—k)Bs(n—1—-k)N B(2(V+Ad))kRn _,(u)

(2.11) .
- U BQV(Q VX)) F Ry 1 k(‘sd(”’ n—1)y})

for some yi,...,y% € Ug(n — 1,n — 1 —k)Ba(n — 1 — k)N B(‘g(qu/\d))kRn ().

Furthermore, the property (#;) implies

Calm,n = 1) (Ualn = 1,n =1 = )Ba(n = 1= k) 1 Bl s pyen,_,, ()

1% u
C Bory@wirn) ks (Caln,n = Dyy)

for every © = 1,..., N. Consequently, we obtain the covering
Ui(n,n—1)(Ug(n —1,n—1—k)Bgin—1—-k)N B(‘g(l"i‘)\d))kRn—l—k(u))

N
< (Bzyu(z(um))mn_l_k(Sd(m” = 1yi) + Bo, syt oy (Calnon = Dy )>

i=1

C U B, (2(v+Xa)) k+1Rn—1—k(Ud(n’ n-—= 1)y?>

with Ug(n,n— 1)y} € Ud(n, n—1—k)By(n—1—k). Constructing in the same way
for every u € W¥(n — 1) such a covering by balls with radius (2(v + A\g))* " R, 14
in V' we obtain a covering of the set Uy(n,n — 1 — k)By(n — 1 — k) and denote the
new set of centers by W**!(n). This yields #W* 1 (n) < N#Wk(n — 1) < N+
by construction the set of the centers W*1(n) C Uy(n,n — (k+ 1)) Ba(n — (k + 1))
and

Ud(na n— (k + 1))Bd(n7 n— (k + 1)) - U B(‘g(u+/\d))k+1Rn_(k+l)(u)a

u€Wk+1l(n)

which concludes the proof of the properties (W )-(Wj).
Next, we define E°(n) = W°(n), n < ng, and set

E*(n) == WkEn) U Uy(n,n — 1)E*¥Y(n —1), n < ng, k €N.
Then using (W;)-(Ws) it follows that the family of sets E*(n), k € Ny, satisfies for
all n < ng (see [4])
(&) Ug(n,n —1)E*(n — 1) C E*Y(n), E*(n) C Us(n,n — k)Bq(n — k) C Bq(n),
k k
(£2) B ) = Ualmn — )W (n 1), #E(n) < 3N

=0 =
(&) Ua(n,n—k)Ba(n—k) € | Blawernyin, (W)

u€Ek(n)
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We now deﬁne
U Ek , )—Clde( ), n < ng.
keNy
First, observe that by (£;) and the closedness of By(n) in V, the set My(n) is
a nonempty subset of By(n). Moreover, by (H3), (£1) we have for n < ng and r € N
Us(n,n—r)Mg(n—r) = cly U Uy(n,n—r)E¥(n—r) C cly U EMT(n) € My(n),
keNg keNy

which proves the positive invariance of {My(n): n < ng}.
Note that by (£;) and (A]) for any [ >k, I,k € Ny and n < ng

E'(n) C Ug(n,n — k)Ug(n — k,n —1)Bg(n — 1) C Ug(n,n — k)Bg(n — k).
We fix n < ng. Consequently, for all £ € N we obtain

k e
:UEl(n)U U CUEl YU Uqg(n,n — k)Bg(n — k).
1=0 I=k+1

Observe that the sequence
NSk 2+ M) Rk = (2(v + Ag)e™)* Mge™ 74" € (0, 00)

is strictly decreasing to 0. Thus for any € > 0 sufficiently small there exists k € N
such that

(2(V + )\d))kRn,k <e< (2(V + )\d))kian,k+1.
It follows from (Wj;) that
Ug(n,n — k)Bg(n — U BV

ueWk(n

Hence we can estimate the number of e-balls in V' needed to cover Mvd(n) by
k
NY (Ma(n)) < # (U El(n)) + #WE(n) < (k+ 1)°N* + N* < 2(k + 1)2N*,

where we used (Ws) and (&;). This shows that Mvd(n) is precompact in V' and,
since V' is a Banach space, its closure M (n) is compact in V. Moreover, we have

In (VY (Ma(n))) _

dim¥ (Mg(n)) = dim¥ (My(n)) = limsup

e—0 —1Ine
‘ In2+4+2In(k+1)+klnN —InN
< lim sup .
koo —InMyg— (k—1)In(2(v + Ag)erd) + ygn ln( (v 4+ X)) + Y4
Consequently, the fractal dimension of Mgy(n) in V' is uniformly bounded and

—InN
< .
o dimy (Ma(n)) < In2(v + M) + 74

y (&) we have for n < ny and k € Ny
disty (Ug(n,n — k)B(n — k), My(n)) < disty (Uyg(n,n — k)B(n — k), E*(n))
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<2+ M) Rk = 2w + Mg)e?) Mye " = ¢,e v

with ¢, = Mgze 7" which proves .

We are left to show that the set My(n) pullback exponentially attracts all bounded
subsets of V' at time n < ny. By (Aj) for any bounded subset D of V and n < ng
there exists rp, € N such that

Us(m,m —r)D C By(m), m <n, r > rpy.

We fixn < ngand D € O(V). If k > rp,, that is, k = rp, + ko with some ky € N,
then by (2.7) we have

disty (Ug(n,n—k)D, My(n)) < disty (Ug(n,n—ko)Ug(n—ko,n—ko—7rp ) D, Ma(n))

< disty (Ug(n, n — ko) Ba(n — ko), Mg(n)) < c,e?dpme=wdk,

Thus (2.8) holds for any 0 < w < wy. If Y is a normed space such that (Aj3) holds
for any D € O(Y), then also ([2.8) holds for any D € O(Y). O

It follows from the above proof (see (2.10)) and ([2.11])) that the smoothing property
(Hs,) can be substituted by a more precise requirement.

Corollary 2.4. Assume that the semi-process {Uq(n,m): ng > n > m} on a Ba-
nach space V satisfies (A} )-(As), (Hy) cmd is continuous within the absorbing sets.
Let R, = Mge 74" n < ng, and 0 < v < e Y — X\, and assume also that

(H}) there exists N = N, € N such that for any n < ng, any k € Ny and
any u € Ug(n—1,n—1—Fk)By(n —1—k) there exist zy, ..., zn belonging to
Sa(n,n—1) (Ud(n —1,n—1—k)Bsn—1—-k)N B(‘;(w/\d))kRn . k(u)) such

that

Sd(n, n — 1) <Ud(n —Ln—-1- k)Bd(n —1- k) n B(V(V-H\d))kRn 1— k(u)>

- U BQZ/ 2(l/+)\d) kRn 1— k(zl)

Then the statements (a)-(e) of Theorem [2.5 hold with N, = N in (c).

We emphasize that the points z; in (H}) may depend on n, k, u, but their number
N is independent of these variables. Moreover, in the applications, stronger condi-
tions may be verified which imply the precise property (Hj) (see e.g., the smoothing
property (Hs,) or Corollary [2.6 m and its application in Section || .

In order to prove the existence of a discrete pullback exponential attractor for
a discrete process {Ug(n,m): n > m} on a Banach space V, i.e., the family of
operators Uy(n,m): V — V satisfying

(a) Ug(n,m)Ug(m,l) = Ug(m,l), n>m >1, n,m,l € Z,

(b) Ug(n,n) =1d, n € Z,
it is enough to change assumptions (A}) and (H;), whereas the others remain un-
changed and hold for n < ng with some ny € Z. We introduce the assumptions:
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(A]) there exists a family of nonempty closed bounded subsets By(n) of V, n € Z,
which is positively invariant under the process, i.e.,

Ud<n7 m)Bd(m) - Bd(”)? m < n,
(Hs) the operators Uy(n, m) are Lipschitz continuous within the absorbing sets,
i.e., for any n > m there exists L,,,, > 0 such that
[Ustrn,m)u = Ustrn,m)olly < Lo llu = ol . .0 € Ba(m)

Theorem 2.5. If the process {Uy(n,m): n > m} on a Banach space V salis-
fies (A7), (Ay), (A3), and (Hy), (Hy) or (H}), (Hs) with some ng € Z, then for
any v € (0,577 — \y) there ezists a family {Ma(n) = MY4(n):n € Z} in V
satisfying the properties:

(a) My(n) is a nonempty compact subset of Bq(n) for n € Z,
(b) Ug(n,m)Mgy(m) C May(n), n > m,
(c) the fractal dimension of Mgy(n) is uniformly bounded, i.e.,

—In N,
di v < v
i}elg my (Ma(n) < In(2(v + A\a)) +va’

where N, = NW (B} (0)) if (Hy) holds or N, comes from (Hj),
rd
(d) for anyn € Z there exists ¢,, > 0 such that for any integer k > max{n—ng, 0}
(2.12) disty (Ug(n,n — k)Ba(n — k), Mg(n)) < ce™k,

where wg = — (In (2(v + A\g)) +74) > 0,
(e) for any 0 < w < wyq we have

(2.13) klim ek disty (Uy(n,n — k)D, Mg(n)) =0, n € Z, D € O(V).
— 00

Moreover, if Y is a normed space such that (As) holds for any D € O(Y), then also
(2.13) holds for any D € O(Y).

Proof. The assumptions of Theorem [2.3]or Corollary [2.4] are satisfied, hence we have
defined sets Mg(n), n < ng, with the properties stated in Theorem [2.3] For n > ng
we define
My(n) = Uq(n, ng) Ma(no).

By (A]) we know that M,(n) is a nonempty subset of By(n) and by (Hz) Ua(n, no)
is continuous on Bg(ng), so Mg(n) is also compact for n > ng. Since by (H;) the
operator Uy(n, ng) is Lipschitz continuous on B, (ng), it follows that dim}/(./\/ld(n)) <
dim}/(Md(no)) and thus (c) holds.

To show the positive invariance of the family {M,(n): n € Z} note that if n >
m > ng then Uy(n, m)My(m) = Mgy(n) and if m < ny < n then

Ug(n,m)Mg(m) = Ug(n,ng)Ug(ng, m)Ma(m) C Ug(n,ng) Ma(ng) = Ma(n).
If n > ng and k > n — ng we have by ([2.7), (A]) and (Hy)
disty (Ug(n,n — k)Bg(n — k), My(n))
= disty (Ug(n, n0)Ug(no, n—k) Ba(n—k), Ug(n, 1) Ma(1)) < Ly nCnoe“d™ ek,
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which proves (2.12)).

We are left to show the pullback exponential attraction for n > ngy. In the proof
of Theorem we have shown that for m < ng, D € O(V) and r > rp,,

disty (Ug(m,m — r)D, M4(m)) < ¢,,e®d"Pme 9",
Consider now n > ng, D € O(V) and k > n — ng + 7p.,- We have by (H;)
disty (Ug(n,n — k)D, My(n)) = disty (Ug(n, no)Ug(ng, n — k) D, Ug(n, ng) Mgy(ng))
< Ly disty (Ug(ng, no — (ng — n + k) D, Mg(ng)) < Ly nCnge”d 0 Dm0) g=wak,
which proves also for n > ny. U
Proof of Theorem[2.4. We define a discrete process
Ug(n,m) = U(nt,mt), n > m,

where ¢ > 0 comes from (H;). We also set Bq(n) = B(nt), n € Z. If n > m then
by (Al) R R R B

Ug(n,m)By(m) = U(nt,mt)B(mt) C B(nt) = By(n),
which shows (A]). To show (A,) we set ng = [to] € Z, My = M > 0 and
Y4 = Yot > 0. If n < ng then nt <ty and by (A) we have

dlamV(Bd(n)) = dlamv(BO’Lg)) < M6*70n£ — Mdef'ydn _ Rn

and (Aj) holds. For D € O(V) and n < ng we define rp,, = [+Tp,,;] + 1 € N using
(As). Then for r > rp, > +Tp ,; we have
Ug(n,n —r)D = U(nt,nt — rt)D C B(nt) = By(n).
Moreover, the function n +— rp, is nondecreasing, which proves (A;)) We set
Sy(n,m) = S(nt,mt), Cy(n,m) = C(nt,mt), m <n < ng.
Then (H)) follows from (H;) with Ay = A € [0,3e7%) and (H,) follows from
(Ho) with kg = k > 0. Finally, by (Ht follows from that (Hs) also holds.

Therefore, all assumptions of Theorem [2.5are satisfied and for any v € (0, %e"yot—/\)
there exists a family {M,(n) = MY(n): n € Z} of nonempty compact subsets of V
satisfying the properties (a)-(e) in Theorem [2.5]
To obtain a pullback exponential attractor for the process {U(t,s): t > s} we
define . . .
M(t) = U(t,nt)Mqy(n), t € [nt,(n+ 1)t), n € Z.
M(t) is a nonempty subset of B(t) by (A;) and by the continuity of U (t,nt) on
B(nt) from (H3) we know that M(t) is compact. The assumption (H3) also implies
’ . — V¥ (B (0)
dim; (M(t)) < dim; (My(n)) < £ -
for t € [nt, (n + 1~)t~). To show the positive invariance, we consider ¢ > s and write
s=kt+ sy, t=1t+t; for some k,l € Z, k <l and s1,t; € [0,t). We observe that
Ul(t,s)M(s) = U(It + t1, kt + s1)U(kt + s1, kt)M(kt) = U(lt + t,, kt) M (kt)

= U(If + t1, DU (I, k)M (kE) C U(IE + t1, [ M) = M(2).
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Let t € R and s > max{t —t,, 0} +2t. We have t = nt +t; withn € Z and t; € [0,7)
and s = kt +t + s; with k > max{n —ng, 1} and s; € [0,t), since s > 2t and

s>t—to+2t=nt+t; —tg+2t>(n—ng+ 1)t -+t > (n—mng+ 1)t
Hence we obtain from (#3), (A;) and (2.12)
disty (U(t,t—s)B(t—s), M(t)) = disty (U(t, nt)U (nt,t —s)B(t —s), U(t,nt) Mg(n))
< Ly disty (U(nt, t — s)B(t — s), Ma(n))
< Lz, disty (Ug(n,n — k) Ba(n — k), My(n)) < Lnﬂtcn K< Lypyeaeie 1,

where wy = — (In (2(v + A)) + 70t) > 0, which proves .

We are left to show that M(t) pullback exponentially attracts all bounded subsets
of V at time t € R. To this end, we fix D € O(V) and t € R. Let t = nt +t;
with ¢; € [0,7) and n € Z. Let s > max{n — ng,0}¢ + T, + t1. Thus we have
s =kt +Tp i+t + s with s; € [0,) and k > max{n — ng,0}. By (H3), (As)
and it follows that

disty (U(t, t — s)D, M(t)) < disty (U(t,nt)U(nt,nt — (s — t;)) D, U(t, nt) Mgy(n))
< Ly, disty (U(nt, (n = K))U((n = k), (n = k)t = Tp o7 — 51) D, Md( )

< Lyjpdisty (Ug(n, n — k) Ba(n — k), Mg(n)) < Lnttcne # (Tp nyitt1+) ;= ,
which ends the proof. Il

The smoothing property (Hs) in Theorem may be substituted by less restric-
tive assumption in order to satisfy (Hj) from Corollary for the discrete process
Uy in the above proof.

Corollary 2.6. Assume that the process {U(t,s): t > s} on a Banach space V
satisfies (A1)-(As), (H3) and admits the decomposition (2.2) with (H,) and let
v e (0,5e7° — \). Assume further that

(Hs) there exists N = N, € N such that for any t < to, any R > 0 and any
u € B(t —t) there ezist vy,...,vxy € V such that

(2.14) S(t,t —1)(B(t —1) N B} (u)) C U BV (v;).

Then there exists a pullback exponential attractor {M(t) = M"(t): t € R} in V
satisfying the properties:

(a) M(t) is a nonempty compact subset of B(t) fort € R,

(b) ( s)M(s) € M(1), tZSI N

—In

c d1m M(t)) < z .
(d) or any t € R there exzsts c; > 0 such that for any s > max{t — to,0} + 2t
[2.5) holds with wg = —% (In (2(v + X)) +t) > 0,
(e) (2.6 holds for any 0 < w < wy.
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Moreover, if Y is a normed space such that (As) holds for any D € O(Y), then
also (2.6) holds for any D € O(Y) giving rise to a (Y — V) pullback exponential

attractor.

Proof. The proof starts as the proof of Theorem [2.2] but we note that for n < ny,
keNgandu e Uy(n—1,n—1—k)By(n—1—k) C Bg(n—1) by (Hs) there exist
v1,...,0x € V such that

Sa(n,n —1)(Ug(n —1,n—1—k)By(n—1—k)N B(‘g(yﬂd))kRnfl%(u))

N
C Sa(n,n = 1)(Ba(n = 1) N Biy, i yer, s (0) € U Blowingyin, o (00):
=1

By doubling the radius of the balls on the right-hand side, we obtain (H}). The
result follows from Theorem [2.5] and the rest of the proof of Theorem [2.2] 0

Pullback exponential attractors are inseparably connected with the notion of
a pullback global attractor (see e.g. [3]).

Definition 2.7. Let {U(t,s): t > s} be an evolution process on a Banach space
V. By a pullback global attractor for the process {U(t,s): t > s} we call a family
{A(t): t € R} of nonempty compact subsets of V such that

(i) the family is invariant under the process U(t, s), i.e.,
Ult,s)A(s) = A(t), t > s,

(ii) the family is pullback attracting all bounded subsets of V', i.e., for any
D e O(V) and t € R we have

(2.15) llm disty (U(t,t — s)D, A(t)) =0,

(iii) the family is minimal in the sense that if another family {C(t): t € R} of

nonempty closed subsets of V' pullback attracts all bounded subsets of V/,
then A(t) C C(t) for t € R.

In fact, under the assumptions of Theorem or Corollary it follows that
the process is pullback (O(V) U {B})-dissipative with B = {B(t): t € R}, pull-
back {B}-asymptotically closed and pullback {B}-asymptotically compact by (d)
of Theorem (see e.g. [T7] for the definitions) and hence the process possesses
a pullback global attractor {A(t): t € R} with sections given by

(2.16) At)y=cy |J (v JUtr)D, teR,
DeO(V) s<t r<s

see [7, Theorem 2.16]. We remark that to show the invariance of the pullback global

attractor under the process we use here the positive invariance of the family B and
(H3). We also remark that

A(t) c (el Ut r)B(r) =wy(B,t), te R

s<t r<s
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and in general this inclusion is proper (cp. [16]). On the other hand, the set on
the right-hand side is the section of the pullback (O(V) U {B})-attractor (see [T,
Corollary 2.17]) and is contained in M(t) due to (d) and (e) of Theorem [2.2]

Corollary 2.8. Under the assumptions of Theorem[2.4 or Corollary[2.6 the process
{U(t,s): t > s} possesses a pullback global attractor {A(t): t € R} given by (2.16)),
which is contained in a pullback exponential attractor {M(t) = M"(t): t € R} and
thus has a uniformly bounded fractal dimension

. —In N,
supdim¥ (A(t)) < supdimV¥ (wy (B, t)) < supdim (M(t)) < Y =
te]]z[g f( ( )) — te]}g f( V( )) — teﬂg f( ( )) ~ In (2(V + )\)) + ’70t

where N, = N (BY (0)) if (Hz) holds or N, comes from (H,).

In order to illustrate and better perceive the above corollary, consider the trivial
equation @ = —u for t > s with u(s) = us. The process is given as U(t, s)us =
uge”3) t > 5. In the role of B(t) we can take e.g. B(t) = [—ce™ de”] with
some ¢,d > 0. Then A(t) = {0}, t € R, and wR(B,t) = B(t) = M(t), t € R,
and the family B = {B(t): t € R} is an exponential pullback attractor. In fact,
in this example, {A(t): ¢ € R} is also an exponential pullback attractor, showing
again the nonuniqueness of this notion contrary to the pullback global attractor. Of
course, virtues of a pullback exponential attractor can be appreciated in the infinite-
dimensional evolution processes generated by nonautonomous partial differential
equations as will be seen in the next sections.

3. CHAFEE-INFANTE EQUATION

We consider the Chafee-Infante equation with the Neumann boundary condition
of the form
O = Au+ I — B(t)ud, t > s, 2 € Q,
ou __
(3.1) =0, 1>s, xedQ,
u(s) = us, © € Q,
where Q C R? is a bounded domain with smooth boundary 92 and s € R, A > 0
and % denotes the outward unit normal derivative on the boundary 0f).

In this section we extend the results of [5], where the above problem was con-
sidered. Taking into account our abstract theory, we admit the situation when the
positive function 3 tends to 0 in —oo at an exponential rate, including equations to
which the results from [4] could not be applied. In the case of similar calculations

we omit them here and refer the reader to [5].
In our presentation we assume that 8: R — (0,00) is a C! function such that

@) lim A(t) =0,
——00

(i) there exists 1 € R such that

(1)

p(t)

(iii) there exist 79 > 0, K > 0 and ¢y € R such that 5(t) > Ke! for ¢ < t.

SBthRa
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Note that our condition is less restrictive than the condition used in [5], i.e.,

et
lim —— = 0 for every v > 0.

t==00 (1)

In particular, our assumptions allow to consider 5(t) = Ke" with some K, 7 > 0
for large negative ¢t and extend it to the right so that (ii) holds.

We set W = C(Q) with ||ul|,;, = sup,.q [u(z)|, w € W, and consider —A y, minus
Laplacian with Neumann boundary condition, in W with

D(—=An) ={ue ﬂ W2P(Q): gu—OonﬁQ u, Au € C(Q)}.

loc v
1<p<oo

It follows from [I4], Corollary 3.1.24] that this operator is sectorial in W in the sense
of [10} Definition 1.3.1]. Let § > 0 be such that A = —AN+31d is a positive sectorial
operator. We consider the fractional power spaces X® = D(A%) and observe that
(see [14], Theorem 3.1.30])

C*(Q), 0<a< 3,

3.2 X* C
(32) {CQO‘( Q) = {uECQO‘(Q)'aZ:OonaQ}, s<a<l

Moreover, for a € (0, 1) the space X* is compactly embedded into W and
(3.3) [ully < pllulle, uwe X7,

with some g > 0. The operator —A generates an analytic semigroup {e=4*: ¢ > 0}
in W and for any a € [0, 1) there exists C, > 0 such that

Ca

(3.4) He_AtHE(W,W) < Co, 20, He AtHﬁ(WJ(“) = o

, t>0.
The problem (3.1)) can be considered as an abstract Cauchy problem in W
{@u—i— Au = F(t,u), t > s,

(3.5) ols) =

with F(t,u) = (A + 0)u — B(t)u3. Note that for t1,t, € [s,00) and u,v € W
[ (8, u) = F(ts, 0) |y < (A+0) flu = vlfyy
+26(t1) llu = vllyy (lullyy + lolly) + 18(t) = Bt vl -

Thus for every a € [0,1), F' is Holder continuous w.r.t. the first variable and
Lipschitz continuous w.r.t. the second variable on every bounded subset of [s, 00) x
X Consequently, for every a € [0,1) and every us € X* there exists a unique
local X* solution of defined on the maximal interval of existence.

If we multiply the first equation in by u*™~! with m € N and integrate over
(2 we obtain

1 d 2m . 2m — 1 my |2 - / 2m+2 / om
det/Q“ dv=——15 /QW(U P dw = (1) | w*mPdw+ A | witde.

d
— )| Z5n0) < 2mA [[u(O)] gy, t > s,
dt

(3.6)
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and in consequence

(@) | pom () < 1w(s)]] p2mq) A > s
Taking m — oo, we obtain
(3.7) lu@llw < llu(s)lly X, t > .

This implies that X solutions exist globally in time for every a € [0,1). Conse-
quently, for every a € [0,1) and us € X there exists a unique global solution of

, ie.,
u € C[s,00); X*) N C((s,00); D(A)) N C((s,00); W)

satisfying the variation of constants formula
t
(3.8) u(t) = e A=)y, +/ e AR (1 u())dr, t > .

We fix % <a <1, set V= X*and define the process U(t,s): V — V by
Ul(t, s)us = u(t),

where u is the X solution of (3.5)) satisfying u(s) = us.
Set @ > 0 such that a®> > A+ £ and observe (cp. [B, Lemma 1]) that then by (ii)
the function ¢*: [s,00) x Q — (0, 00) given by

c(t,x) = %, t>s, xeq,

is an upper solution for the problem (3.1)), whereas —c* is a lower solution for the

problem (3.1)).
Proposition 3.1. The family of nonempty closed subsets of V'

é(t)={u€‘/ [[u IIW_\/—}

is positively invariant under the process {U(t,s): t > s} and in the past pullback
absorbs all bounded subsets of V', i.e., for every D € O(V) and t < ty there exists
Tps > 0 such that

U(t,t—r)D C B(t), r > Tpy,
and the function t — Tp is nondecreasing for every D € O(V).

Proof. The positive invariance follows from [I7, Theorem 2.4.1] and the fact that

—c*, ¢* are lower and upper solutions, respectively. Let D be a bounded subset of V'

and t < tg. We choose R = R(D) > 0 such that D C BJ (0). Since lim £(s) =0
S——00

by (i), then there exists sg € R such that f(s) < ;—22 for s < sg. Consequently, we
have R < \/% and D C B(s) for s < sg. Setting Tp; = max{t — sg,0} > 0 and
taking r > Tp, we get

U(t,t —r)D C U(t,t —r)B(t —r) C B(t),

which proves the claim. O
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Below we show that the process satisfies the smoothing property.

Proposition 3.2. These ezists a function k: (0,00) x R — (0, 00), nondecreasing
in each variable, such that for any T € R

|U(t, s)u—Ul(t,s)v|,, < k(t—35,T)|u—"2|, u,ve B(s), s<t<T.
Proof. Let T e R, s <t <T and u,v € E(s) By the variation of constants formula
(3.8) and (3.4) we have for u(t) = U(t, s)u and v(t) = U(t, s)v
C. "G
[u®) —v(@)lly < t—o)" lu = vy +/s ) [ F(7, u(T)) — F(7,0(7)) ||y d.
Using (3.6, (3.3) and Proposition we get

Co 2 ! Copt
) = o)y < = = vl + (64 40) [ 22 fulr) oo

From the Volterra type inequality (see [20, Theorem 1.27]) it follows that
lu(®) — v®lly < x(t = 5, lu—ovlly, s <t <T.

where k: (0,00) x R — (0, 00) is nondecreasing in each variable. O

We define

B(t)=cly U(t,t — D)B(t — 1), t € R.

Then B(t) is a nonempty closed subset of V and B(t) C B(t), t € R. From
Proposition [3.2] it follows that for ¢t € R we have

~ ~ 2ak(1
diamy (B(t)) = diamy (U(t,t —1)B(t — 1)) < k(1,t) diamy (B(t — 1)) < %,

which shows the boundedness of B(t) in V for every t € R.
Moreover, from Proposition we infer for every ¢t > s and u,v € B(s)

1t $)u— U(t, $)olly < 5t — s,8) [ — vlly < pus(t = 5,2) 1 — ol
which implies (H3). Using this we also have for ¢t > s

U(t,s)B(s) =clyU(t,s —1)B(s—1) Ccly U(t,t —1)B(t — 1) = B(t),
which proves (A;). By Proposition we get for t < tg
Ut —1Du—U(t,t — 1|, < k(1) ||lu—2y, u,ve B(t—1)
and in the consequence of (iii) we obtain for ¢ < ¢,

~ 2a 70 04

(3.9) diamy (B(t)) < k(1,t) diamy (B(t — 1)) < fi(l,to)\/FeTe_7 :

If De O(V) and t < ty, then for r > Tp; + 1 with Tp; from Proposition

Ut,t =)D =U(t,t — VUt —1,t—1—(r—1)D C U(t,t — 1)B(t —1) C B(?).

The function ¢t — Tp; + 1 is nondecreasing and hence the above calculations show
that (As), (A3), (H1) and (Hz) with C(t,t —1) =0 and S(¢t,t —1) = U(t,t — 1) are
also satisfied.
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Therefore, the assumptions of Theorem [2.2] and Corollary [2.§] are verified and we
obtain the following result.

Theorem 3.3. The process {U(t,s): t > s} on V = C3*(Q), with < a < 1,
generated by problem (3.1)) possesses a pullback exponential attractor {M(t): t € R}
in V. In particular, there exists a pullback global attractor {A(t): t € R} in' V', such

that for any v € (0, %6_770) we have
A(t) € M(t) = M"(t) C B(t) C B(t)

and
§ y —mNWVKBﬂm)
dim¥ (A(#)) < sup dimy (M (t)) < T ,
rap iy (AW < sup iy (MI0) < 3,5

where W = C(€Q).

Observe that if us is a positive constant function, then (see [I2, Proposition 3.1])

ot -

(U(t78)us)($) = ,t>s8, x € Q.
\/62’\5u;2 + Qfst e B(7)dr

Since A(t) pullback attracts {us} for every t € R and U(t, s)us — &(t) in V as
s — —00, where

Y -

(x) = , € Q,
\/2 fjoo e B(T)dr
it follows that £(¢) € A(t). The zero solution of (3.1)) also belongs to A(t) and hence

e)xt

\/2 ffoo e2 M B(1)dr

If A > 0 it follows from (i) that

§(t)

diamy (A(t)) — oo and diamy (M(t)) — oo as t — —oo.
In a particular case, when S(t) = Ke! t < to, with 7o, K > 0, we have by (3.9))

[2X+70 _2w, _ . - 20 -3
2K%€ 2 < diamy (A(t)) < diamy (M(t)) < /f(l,to)\/feéoe Tt <1y,

which shows that A(t) and M (t) grow exponentially in the past.

4. REACTION-DIFFUSION EQUATIONS

Let us consider the initial boundary value problem for the reaction-diffusion equa-
tion
Ou — Au+ f(t,u) =g(t), t > s, x € Q,
(4.1) u(t,z) =0, t > s,x € 09,
u(s, x) = ug(x), = € Q,
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where € is a bounded domain in R? with smooth boundary 9f2. We assume that
f e CYRYR), g € L2 (R, L*(Q)) and there exist p > 2, C; >0, i =1,...,5 such
that

(4.2) Crluff = Cy < f(t,u)u < Cs|ul’ + Cy, u e R, t €R,

(4.3) fult,u) > —=Cs, ue R, t€R, f(t,0)=0,teR.

The problem of this form was investigated in many research articles. We mention
some of them which are related to the question of existence of pullback attractors
and their fractal dimension. If f does not depend on time and satisfies the estimate

2 o
(4.4) lg(t) 720y < Moe™™, t € R,

with 0 < a < Ay and My > 0, where A\; > 0 denotes the first eigenvalue of A = —Ap,
where Ap is the Laplace operator in L?(§2) with zero Dirichlet boundary condition,
then the existence of a pullback global attractor in HJ(f2) was shown in [13]. The
same result was later obtained in [I9] under more general assumption than (4.4)

t
[ g6y s < o0, 1B

As refers to the uniform bound of the fractal dimension of its sections, it was proved

in L(Q2) in [2], but only under an additional assumption that there exists a positive

and nondecreasing function £: R — (0, 00) such that

(4.5) [f(r,u) = f(r0)| <€) [u—v], 7 <1, uveR,

and under the requirement that there exist a,b > 0 and r» > 0 such that
19|20y S alt] +0, t €R.

Here we improve this result by considering the problem (4.1]) with f satisfying (4.2]),
(4.3)), (4.5) and g satisfying (4.4]), which admits exponential growth of g in the past

and in the future. Below we prove the existence of a pullback exponential attractor
in Hj(£2), which contains a pullback global attractor in H}(Q2) with fractal dimen-
sion uniformly bounded. Note that the existence of a pullback exponential attractor
for the problem ({4.1)) was also considered in [9] and [8] under more restrictive condi-
tions on g than (4.4). Let us denote by ||-|]| the L?(£2) norm and by -l ) = V-]

the norm in H{(2). Moreover, without loss of generality we assume that 0 < o < A\

in (4.4). We recall

Theorem 4.1. Under the assumptions (4.2) and (4.3)) for every s, T € R, s < T,
us € L*(Q), there exists a unique solution

u € C([s, T); L*(Q)) N L2(s, T; H3(Q)) N LP(s, T; LF(Q))
of the problem . Moreover, for u,,vs € L*(Q2) we have
(4.6) lu(t) = v(®)]] < e Jug — ||, t € [, T).
If ug € Hy(Q) and holds, then
(4.7) u € C([s,T]; Hy(2)) N L*(s,T; D(A)).
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Furthermore, for ug,vs € H} () we have

(4.8) () = 0|y 0y < €2 O Jlug = vyl oy t € [5,T].

Proof. The first part can be found e.g. in [I8, Theorem 8.4]. If u, € H}(S) and
holds, then the Galerkin approximation is uniformly bounded in L?(s, T; D(A))
with its derivative bounded in L?(s,T; L*(2)) and ([4.7)) follows. To show (4.8)), we
consider the difference w = u— v of two solutions of ({.1)) with ug, v, € H, 1(Q) This
difference satisfies

Ow—LAw=—(f(r,u) — f(1,v)), T > s.
Taking the inner product in L?(2) with —Aw, we obtain

8, (IVwl?) + | Auw|? < /Q|f(7, W) = f(ro)fdr, > s,

Using and the Poincaré inequality we get
O (IVw(n)]?) S AED IVw(n)|®, s <7 <t,
and thus
IVw®)|* < [Vuw(s)]* €O, > 5,
which proves (4.§). O

By the above theorem we can define an evolution process {U(t,s): ¢ > s} in
L2(Q) by U(t, s)us = u(t). Its restriction to H}(2) also defines an evolution process,
which is denoted here also by U(t,s): H}(2) — Hi(€2). To show the existence of
a pullback absorbing family some standard estimates are used

Taking the inner product in L?(Q) with u we get from (4.1)) and (4.2)

(4.9) 0; ([[ull®) + [IVull® + 2C1 [[ullf, ) < 262 (2 + AT ||g( 0Pt >,
while taking the inner product in L?(£2) Wlth —Au we get from (4.1)) and (4.3))
(410) o (IVul) + M [Vul® < 2 [Vul? + lg@) 2, ¢ > .

From (4.9) and (4.4)) we get from the Gronwall inequality
lu()I* < flu(s)* e + Ko(t), ¢ > s,

where

Ko(t) = 205 |Q AT+ 20 "My (A — o) et

From (4.9) and (4.4)) we have
t+1
/ IVa(n)|* dr < fJu(s)|* e ™) + Kyt +1), t > s,
t

where
Ki(t) =205 |Q (ATY + 1) + 207 Moe® (A, — a) ™t + a~h)eltl
From (4.10) and the Gronwall type inequality (see [I5, Lemma 3.3]) we obtain

A t+1 t+1
IVute + DI < (2% +26) [ IVar)Par+ [ ool o
t t
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Hence we get by the Poincaré inequality
(4.11) Vu(t)||> < Do ||lu(s)||? e ) 4+ Dy + Dyel t —1 > s,
where the positive constants Dg, D1, Dy are given as

Do = M (2e7F +205), Dy =205 |0 (A7) + 1)(2¢~ % + 2C),

Dy = (26’%1 +205) (207 ' Moe® (A — o)+ a™h)) + 2Mpe®a .
Let us define B
B(t) = {z € Hy(Q): | V2| < Kx(1)}, t € R,
where Kg(t) = 2D1 + 2D2€o¢|t|.
From (4.11)) it follows that for every bounded subset D of L?*(f2) there exists
rp > 1 such that

(4.12) U(t,t —r)D C B(t), r > rp, t € R.
Moreover, there exists ry > 1 such that

(4.13) U(t,t —r)B(t —r) C B(t), r > 1o, t € R,
since

2DoAT ' Die ™" + 2D\ Doe®le ™M < Dy 4 Doel t € R, 7 > 1.
Our candidate for the pullback absorbing family is
(4.14) t)=clye |J Utt—r)Bt—r), teR.

r>ro

By (#.13) we know that B(t) C B(t) and thus B(t) is a nonempty closed bounded
subset of H} (). By (4.8) we have for u,v € Hl(Q)

(4.15) 10t s)u = Ut )0l yiay < € €O Ju—oll oy 25,
thus (H3) follows. We also have
U(t,5)B(s) = clyy | J Uttt — (t—s+71)B(t — (t—s+7))

T>70

which shows (Ay).
We fix ty < 0 and note that

diam g1 () (B(t)) < diampy (B(t)) < 2¢/Ks(t) < 5max{\/D1,v/Da}e 5", t <ty
s0 (Az) holds with M = 5max{/Dy, v/ D}, v = §. Furthermore, if D € O(L*())
and t < ty, then setting Tp; = rp + ro and taking s > Tp; we get from (4.12))
U(t,t—s)D =U(t,t —ro)U(t—ro,t —19—(5—10))D C U(t,t—ro)é(t—ro) C B(t),

which shows that (Aj3) holds for D € O(L?*()).
We are left to prove (H;) and (Hsz) for t <t for some suitable decomposition of
the process.
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Let V,, = span{e, ..., e, } be the linear space spanned by the first n eigenfunctions
of A= —Apin L*(Q) and let P,: L*(2) — V,, denote the orthogonal projection and
Q,, its complementary projection. For u € L? we write u = P,u + Qnu = u; + us.
We consider the difference w = u — v of two solutions of with ug, v, € Hg ().
Taking the inner product in L*(Q) with —AQ,w = —Aws,, we obtain

0y (| Vwa ") + || Aoz |* S/Qlf(tw) — f(t,0)| dx, t > 5.

Note that (4.5) implies for ¢ < ¢,
’f(t,'LL) - f(t,’U)| < 60 ’U - U|
with & = £(tp) and we get
3, (IVeal®) + 18wl < &l s <t < to.
Using the properties of the eigenfunctions and - we obtain
0, (IVw2]?) + At [ Vacn]® < 262050~ () 2, s < ¢ < to.

Integrating and using the Poincaré inequality yields
t
Vua(0)]? < [Fa(s)|e 0 - )P 250 [ emen=rgr

< [Vuw(s)|” (e + A LA Y) s <t <t
We fix t > 0. Setting s =t — ¢ we obtain for u,v € H}(Q) and t < g

HQnU(tat - E)U - QnU(tat HHI(Q) < ||u UHH&(Q ( i + >‘n+1 62 205t>%‘

We choose n € N so large that
1
\ = < —Ani1t + /\n+1/\ 52 2C’5t> %6_35,

Then (H,) is satisfied with C(¢,t —t) = Q,U(t,t — ).
To show (H,) we use a straightforward modification of [I, Lemma 1].

Lemma 4.2. Let B/ (a) be a ball centered at a of radius r > 0 in an n-dimensional
space V,,. For any 0 < p < r the minimum number of balls N, of radius p and
centers in BY"(a) which is necessary to cover BY"(a) is less or equal to (1 + %)”

Observe that from (4.15)) we have

U, t —tyu—U(t,t -t < Llu—vlgyq, uv e Hy(Q), t <to,

3o

with L = e2™ &% This implies that for any 0 < v < L, R > 0 and u € B(t — {)

PU(t,t — DBt — 1) N BBD(w)) ¢ B (PU(tt — D) C UBVV;E (vy)
i=1

with v; € V,, C H}(Q) and by Lemma [4.2]

2L\" 3L\"
v v
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which shows (Hy). Therefore, all assumptions of Corollary and Corollary
are satisfied.

Theorem 4.3. Under the assumptions (4.2)), (4.3), (4.5) and (4.4) the process
{U(t,s): t > s} on HY(Q) generated by the problem (4.1)) possesses a pullback ex-

ponential attractor {M(t): t € R} in H}(Q) such that
(a) M(t) is a nonempty compact subset of B(t) C B(t) fort € R and

diam ) (M(t)) < diampy () (B(t)) < 4max{y/Dy,/Do}e?', t € R,
(b) U(t,s)M(s) C M(t), t > s,

(¢) ift >0 andty <0 and
1 -
(4.16) A= (e_’\"“t + A;ilxlg%o)e?%t) C<ge®
for somen € N and v € (0,1e72" — X), then M(t) = M"(t) and

i) —nln (1 - 21/716%)‘17152(t0)t~>
4.17 supdim " (M"(t)) < -
(4.17) e S M) < In(2(v + \)) + 27
(d) {M(t): t € R} pullback exponentially attracts {B(t): t € R} and every
bounded subset of L*(Q) in the Hausdor(f semidistance in H ().

Moreover, the process possesses a pullback global attractor {A(t): t € R} contained
in the pullback exponential attractor {M(t) = M"(t): t € R} and thus has a uni-
formly bounded fractal dimension in Hj(S2).

Remark 4.4. We remark that estimating the bound in (4.17)) and taking the limit
v — 0 we get

I

sup dim?é(g)(/l(t)) <mn,
teR

where n € N satisfies (4.16)) and can be further estimated from above using (4.16])
and the arguments as in [2, p. 220].
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