Pullback exponential attractors for nonautonomous equations
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Abstract

The existence of a pullback exponential attractor being a family of compact and positively
invariant sets with a uniform bound on their fractal dimension which at a uniform exponential
rate pullback attract bounded subsets of the phase space under the evolution process is
proved for the nonautonomous logistic equation and a system of reaction-diffusion equations
with time-dependent external forces including the case of the FitzHugh-Nagumo system.
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1. Pullback exponential and global attractors for semilinear parabolic problems

In Part I of this work (see [5]) we have constructed a pullback exponential attractor for
an evolution process. By this we mean a family of compact and positively invariant sets
with uniformly bounded fractal dimension which under the evolution process at a uniform
exponential rate pullback attract bounded subsets of the phase space. We have also compared
this object with a better known notion of a pullback global attractor (see for example [2], [3])
being a minimal family of compact invariant sets under the process and pullback attracting
each bounded subset of the phase space. Moreover, we have formulated conditions under
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which the mentioned abstract results apply to nonautonomous semilinear parabolic problems.
For completeness we recall here the main result (see [5, Theorem 3.6]) and refer the reader
for the proof and details to Part I of this work.

We consider a positive sectorial operator A: X D D(A) — X in a Banach space X having
a compact resolvent (see [7]). Denoting by X7, v > 0, the associated fractional power spaces,
we fix @ € [0, 1) and consider a function F': R x X® — X satisfying the following assumption

VGch7 bounded30<9=9(G)§1vT1 ,T2€R7T1<T2 HL:L(T27T1,G)>OVT1,T2€[T1 ,Tg]vul,’u,QEG
1F(r1,u1) = F(72,u9) |l x < L1 = 72l + [Jur — wall xo)-

(F1)

Note that L depends only on the difference T, — T} and on . Under this assumption for
any o € R and uy € X* there exists a unique (forward) local X® solution to the problem

(1.1)

u(o) = uy,

{uT—i—Au:F(T,u), T > 0,

defined on the maximal interval of existence [0, Tynaz ), i-€. a function
u € C([0, Timaz), X*) N C((0, Tmaz ), X 1) N CH(0, Trmaz), X)
satisfying (1.1) in X and such that either 7,4, = 00 Or Tner < 00 and in the latter case

limsup || u(7)|| ya = 0.

T—Tmazx

Furthermore, we denote
T={reR:7<1}

with 79 < oo fixed and assume that for some M > 0

sup [|[F(7,0)[| x < M. (F2)
TET

In order to prove that the local solutions can be extended globally (forward) in time and
obtain the existence of a bounded absorbing set in X in specific examples we will verify an
appropriate a priori estimate. Here we assume that

each local solution can be extended globally (forward) in time, i.e. T =00,  (F3a)

there exists a constant w > 0 and a nondecreasing function @: [0,00) — [0,00) (both
independent of o) such that

lu(m)llxe < QUluollxa)e™ ™ + Ro, o <7 7 €T, (F3b)
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holds with a constant Ry = Ry(79) > 0 independent of o, 7 and ug and (in case 75 < o) for
any 1" > 0 there exists Rr, > 0 and a nondecreasing function QVTJ: [0,00) — [0, 00) such
that B

[u(7) |l xo < Qrollluollxa) + Rro, T € [0,0 +T7. (F3c)

Note that hypotheses (F3a)—(F3c) can be replaced by a single stronger requirement that
(1.1) admits the following dissipativity condition in X¢

lu(m)llxe < QUluollya)e™ 7 + R(7), 7 € [0, Tinar), (F3)

where w > 0, Q: [0,00) — [0,00) is a nondecreasing function and R: R — [0, 00) is a con-
tinuous function such that for some positive constant Ry (independent of ug, o, 7)

sup R(7) < Ry.
TET

Because of (F3a) we define the evolution process {U(7,0): 7 > o} on X* by
U(r,o0)ug :=u(r), 7> 0, up € X, (1.2)

where u(7) is the value at time 7 of the X solution of (1.1) starting at time o from wuy.
Thus we have

U(r,o)U(o,p) =U(r,p), T>0>p, T,o,peR, U(r,7)=1, 7 €R, (1.3)
where I denotes an identity operator on X“.

Theorem 1.1. Under the conditions stated above for any f € («a, 1) there exists a family
{M(7): 7 € R} of nonempty compact subsets of X? such that
(i) {M(7): T € R} is positively invariant under the process U(T,0), i.e.

U(r,o)M(c) C M(1), T > 0,

(ii) M(7) has a finite fractal dimension in X? uniformly with respect to T € R, i.e. there
exists d < oo such that

df* (M(r) <df’ (M(7)) <d, T €R,
(i11) {M(7): 7 € R} has the property of pullback exponential attraction, i.e.

Elso>ovBchﬁ, bounded VreR tlggo e diStXB(U(Ta T = t)Bh M(T)) =0



and if 19 = 00, the pullback attraction is uniform with respect to T

3,50V By cX5, bounded tli{ﬂ e?! sug distxs(U(7, 7 — 1) By, M(7)) = 0.
o TE

This property is equivalent to the uniform forwards exponential attraction

3,50V B, c X5, bounded tl m e sup dist s (U(t 4+ 7,7) By, M(t + 7)) = 0.

1
00 TER

Furthermore, the pullback exponential attractor {M(1): 7 € R} contains a (finite dimen-
sional) pullback global attractor {A(T): 7 € R}, i.e. a family of nonempty compact subsets
of XP, invariant under the process {U(r,0): T > o}

U(r,0)A(0) = A(T), T > 0,
pullback attracting all bounded subsets of X?

vBchﬁ, bounded VTGR tlirg diStXﬂ(U<7_7 T — t)Bb “4(7—)) =0

and minimal in the sense that if {fT(T) T € R} is a family of closed sets in X® pullback
attracting all bounded subsets of XP, then A(T) C A(7), 7 € R.

In this paper we apply Theorem 1.1 to nonautonomous reaction-diffusion equations and
systems. In Section 2 we verify the above hypotheses in an introductory example of the
nonautonomous logistic equation with Dirichlet boundary condition and in Section 3 we
consider a system of reaction-diffusion equations perturbed by a time-dependent external
forces. This system satisfies an anisotropic dissipativity condition that holds, for example,
for the FitzHugh-Nagumo system or in some chemical reaction systems (see Remark 3.1).

2. Nonautonomous logistic equation

We consider Dirichlet boundary problem for the nonautonomous logistic equation (cf.
8]) in a sufficiently smooth bounded domain Q C RY, N < 3, of the form

_ _ 3
{&u—AmH—Au b(T)u?, 7> 0, x €, (2.1)

u(o,z) =up(z), € Q, wu(r,x) =0, 7>0, x €.

Here u = wu(7,z) is an unknown function, A € R and b is Holder continuous on R with
exponent 6 € (0, 1] and satisfies

0<b(r) <M, T7eR, (2.2)
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for some positive M. Moreover, we assume that there exist 7y < oo and m > 0 such that
m<b(r), T€T, (2.3)

where we denoted 7 = {7 € R: 7 < 79}. We rewrite the problem (2.1) as an abstract Cauchy

problem (1.1), where A = —Ap in X = L?(Q) with the domain D(A) = H*(Q) N Hy(Q) is

a positive sectorial operator with compact resolvent. We also consider its fractional power
spaces and have for a € (}L, 1)

X = Hg"(Q) = {¢ € H**(Q): ¢laq = 0}.

Observe that F: R x Xz — X given as F(7,u) = M — b(7)u? is well defined and by (2.2)
we have for uy, us from a bounded subset G of X2 = H}(Q) and 71,7 €R

| (71, u1) — F<7—27u2)HL2(Q) <aln - 71\0 + e fjur — U2||H5(Q) :
This shows, in particular, that assumption (F1) is satisfied with o = %
Moreover, we have ||F'(7,0)|| ;2 = 0 for 7 € R. Hence (F2) is satisfied trivially.
Finally, we verify that (F3) also holds. Multiplying the first equation in (2.1) by u and
integrating over {2 we get

3 1l = = IVl + [ N = be)ude
Note that by the Cauchy inequality we have
d 1
pr lull 720y + 2 1V ulll72 g <V W' (2.4)

Observe that by the Poincaré inequality we obtain

d 2 2 1 1

gt I1elza@ + 22 lullza) < 50191 5o,

where \; > 0 is the principal eigenvalue of —Ap. Integrating over the time interval from o
to 7 we get

) _ ) —oA(r—o) 1)\2 0 T 672)\1(7'775)(1
[u(T)[720) < w0720y € + 52714 O t. (2.5)

Now we proceed to obtain the a priori estimate in Hj(£2). We multiply the first equation in
(2.1) by —Apu, integrate over €2 and use integration by parts to get
1d

Vulll7 +Au22 :/)\—3btu2 Vul? d.
537 190y + 1800l = | (3= 3b(6)0) [
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Because b is a pOSitiVG function, we obtain
dt ||| y u|||L2(S2) — | | ||| v u|||L2(£2) : ( : )

We add to both sides A || |Vu|||ig(m, multiply by e*! and integrate from o to 7 to obtain

IIVu(r)z2) < IVu(@)llza@ e ™+ (2A] +A1)/ V() o M 7dt. (2.7)

We return now to (2.4) and use the Poincaré inequality to get

d 2 2 2 1
a7 [ull 729y + A lullz2i) + Vulllz2@) 5)\2 QU —

()

Multiplying by e*! and integrating from o to 7 we conclude that
(- A 2 Te
[ Ty Ot < o)y 4 i) [ 28y
Combining (2.5), (2.7) and (2.8) and using (2.3) we get

[l 3y < VI+ 2L+ A flu(o) gp ) € 300 4 R(r), (2.9)

where

T oMt \ 2
R(’T) = RO (Alm/ Wdt) , T E R, (210)

and

(T4 2\ 4+ M)A Q]
Rg = .
2)\1m

Note that the function R is well defined and R(7) < Ry for 7 € T. This shows that
assumption (F3) holds with a@ = % Therefore we may apply Theorem 1.1 and obtain the
following

Corollary 2.1. If (2.2) and (2.3) hold, then the problem (2.1) generates an evolution process
{U(r,0): 7 > o} in HJ(Q) and for any B € (3,1) there exists a family {M(7): 7 € R} of
nonempty compact subsets of Hg’B(Q) with the following properties:

(i) {M(1): T € R} is positively invariant under the process U(T,0), i.e.

U(r,o)M(c) C M(T), T > 0,
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(ii) M(7) has a finite fractal dimension in Hy" (Q) uniformly w.r.t. 7 € R, i.e.

H?2 (Q)(

AP (M(r) < df D (M(r)) <d < 00, T ER,

(i11) {M(7): 7 € R} has the property of pullback exponential attraction, i.e.
Jo>0V 5, CHZ2(Q), bounded Vrer hme dist Qﬁ(Q)(U( —t)B1, M(1)) =0
and if 1o = 0o, the pullback attraction is uniform w.r.t. 7 € R

EI¢>0VBch§5(Q)7 boundeq 1L €77 SUD diStHgB(Q)(U<T, T —1)By, M(1)) = 0.

t—o0 TER

Furthermore, the pullback exponential attractor {M(7): 7 € R} contains a (finite dimen-
sional) pullback global attractor {A(T): 7 € R}, i.e. a family of nonempty compact subsets
of H(Q), invariant under the process {U(r,0): 7 > o}

U(r,0)A(0) = A7), T 2 0,
and pullback attracting all bounded subsets of HZ" ()

VBchgﬂ(m, bounded Y TER tliglo diStH§5(9)<U(7a T —1)Bi, A(1)) = 0.

3. Anisotropic nonautonomous reaction-diffusion systems

Following [6] we consider the nonautonomous reaction-diffusion system

{@Tu+Au=f(U)+g(T), T>0, xel (3.1)

u(o,x) = up(x), x € Q, w(r,z)=0, 7>0, v,

where Q C R? is a bounded domain with 9Q € C**. Here u(r,z) = (ui(7, x), ..., ux(7, 7))
is an unknown function and f(u) = (fi(u),..., fr(u)) and g(7,2) = (g:1(7,2), ..., gr(7, 7))
are given functions. We suppose that A is a second order elliptic differential operator of the
form Au = (Ajuy, ..., Aguy), where

3

Apy(x) = Oy (aly(2)0pw(x)), 1 €Q 1=1,...k, (3.2)

irj=1
with the functions al; = af; from C'+7 (Q) and satisfying uniformly strong ellipticity condition

3
Fv>0Vi=1,.. kVecaVe= (g 6,65)er Z al;(2)&& > v gl (3.3)

2,7=1



We also assume that for the nonlinear term f € C'(R*, R¥) there exist constants py,...,px >0
and ¢, ...,q > 0 such that f satisfies the growth assumption

k
2 2
32 0Vum(ur, ) v=(or,wer |F(@) = F@)F <Y Ju =l U+ ful + o) (34)
=1
and the anisotropic dissipativity assumption
k
Fo50Y e unyere Y fi(whu | < C. (3.5)
=1

The restrictions on the range of constants will be imposed later. As refers to the time-
dependent perturbation we assume that

g: R — [L*(Q)]* is globally Holder continuous with exponent 6 € (0, 1] (3.6)

and there is 7y < oo such that
sup ||g(T)||[L2(Q)]k < 00, (3.7)
TET

where we denoted 7 = {r € R: 7 < 7 }.
Below in Remark 3.1 we present two particular cases of the system (3.1) concerning
time-perturbed systems of two coupled reaction-diffusion equations.

Remark 3.1. If £ = 2, we consider the perturbed FitzHugh-Nagumo system modelling
transmission of nerve impulses in axons, i.e. for a, 3,7,6 € R and € > 0

fl(ula U2) = auy + /BU% - U? — Yu2, f2(u1a Uz) = 0u; — EUy. (3-8)

Note that the following inequality holds

2

Vo20Te50Y (w ez Y filun, up)u [ul? < C. (3.9)

=1
Indeed, by the Young inequality it follows that for some positive ¢;

(auy + 5“? - U? — Yug)Us ’ul’q + ((5U1 - €U2)U2 ’U2|q < ‘U1’2+q + W ’U1‘3+q - |U1‘4+q-

Applying again the Young inequality, we obtain (3.9).
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Note that there are positive ¢y, c3 such that for u = (uy,uz),v = (v1,v2) € R? we have
() = F)* < o fur = o1 [ (T4 [un|* + o] ) + 5 |ug — o]

Thus both assumptions (3.4) and (3.5) are satisfied with p; = 4, po = 0 and ¢; = ¢» = ¢,
where ¢ > 0 is arbitrary.
We also consider the following chemical reaction nonlinearity

fl(ul, ’LLQ) = Uy — U?, fg(ul,UQ) = U:{’ — U9. (310)

Observe that by the Young inequality we have
2 5 8
(g — uYur Jun|* + (uf = wg)us [ua]® < Jus| [ua]” = [ur[* + Jus |* Jus| 3 — |ug|* <0

and
f(w) — F)1* <18 uy — v1f* (Jua|* + [vi|*) + 4 Jug — o).

This means that assumptions (3.4) and (3.5) are satisfied with p; = 4, p, = 0 and ¢; = 4,
Q2 = % Note also that the usual dissipativity assumption (¢; = ¢z = 0) is not satisfied in
this case, since the expression (ug — u$)u; + (u? — ug)ug = (ug — u1)(u? — uz) can be made

arbitrarily large.

We consider (3.1) as an abstract semilinear parabolic Cauchy problem (1.1) in the space
X = [L*(Q))* with F(r,u) = f(u) + g(7). Note that A is a sectorial operator in X with the
domain D(A) = [H*(Q)NH(Q)]* (see [7, Example 1.3(3)], [1, Theorem 1.6.1], [4, Proposition
1.2.3]) and has a compact resolvent and the fractional power spaces are described as follows

X = [X, D(A)]a = [H(Q))F = [{6 € H*(): 6ln = 0}]" a € (ﬁ 1)

(cf. [1, Proposition 2.3.3], [4, Section 1.3]). We fix @ = 1 and have X2 = [H}(2)]*. Below

we show that F: R x X2 — X is well defined and assumption (F1) is satisfied in X2 when
we suitably restrict the range of constants p;.

Proposition 3.2. If0 < p, <4, 1 =1,...,k, then there exists 6 € (0,1] such that for any
bounded subset G of Xz there exists L > 0 such that for any u,v € G and 1, 75 € R we have

0
(s w) = F (79, 0) | g2y < L1 = 7ol + Jlu = vl 4)-



Proof. We have

1 (r, w) = F (72, 0) | g2y < 1 (w) = FO) g2y + 19(m2) = 9(m)ll 2 - (3:11)
Since by assumption we know that
lg(m1) — g(TQ)H[L?(Q)}k < Lyjm — 7—2|07 7,72 €R,

it is enough to estimate the first term in (3.11). Indeed, using (3.4) and the Hélder inequality
in case p; > 0, we obtain

k

[f(u) — f(v )H [L2(Q)]* <c | Ul||LPz+2 Q) (1 ||Ul||Lm+2 + ”Ul||Lpl+2 Q )- (3.12)
Q)
=1

Hence we have
k
2 ~ 2
1F () = F) e < Tllu = vllfmsegpe > (1+ [l o2y + 10t ez ()
=1

If0<p <4 1=1,... k then H(Q) — LP*2(Q) and in consequence for any bounded
subset G of Xz = [H}(Q)]F we have

1) = F0) oo < Ll — vy w0 € G.
This proves the claim. O

Thusif 0 < p, <4,1=1,...,k, then for any 0 € R and ugy € X2 there exists a unique
1 . . . . .
(forward) Xz solution to (3.1) defined on the maximal interval of existence [0, Tynaz), 1-€.

u € C([0, Tmax), [Ho ()]") 0 C((0, Tynaa), [H () N Hy (Q))F) 0 CH((0, Tynaa), [L*(2)]7)
and either 7,,,, = 00 Or Ty < 00 and in the latter case

lim sup ||u(7) | g1 oy = o0 (3.13)

T—>Tmaz

Note that assumption (F2) is also clearly satisfied, since by (3.7) we have

Now we will show that under certain constraints on p; and ¢ assumptions (F3a)-(F3c)
also hold. To this end, we develop some a priori estimates following [6].
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Lemma 3.3. For any v > 0 there exists C,, > 0 such that for any h > 0, any real T > o+ h
and any nonnegative integrable function z on [0, ] we have

T t
/ 2(t)dt < C, sup (egTht / z(s)ds) : (3.14)
o telo+h,7] t—h

Proof. Observe that
T t
/ Z(t)dt < e? (1 +e T e 4+ 4+ 6_%[%]) sup <63Th_t / z(s)ds) ,
o te[o+h,T] t—h

T—0O

since e72 (577D < e731%%le3. This leads to (3.14) with C, = e (1 —e™2)7". O

We also adapt the following lemma from [10, Proposition 3.
Lemma 3.4. Assume that a continuous function z: [a,b) — [0,00), a < b < 00, satisfies

2(1) < Doe P £ Dy 4 osup {e 77 V2(s8)}, a <7 < b (3.15)

s€la,T]
with B>~y >0, Do, D1 >0 and 0 < p < 1. Then we have
2(1) < Do(1 —p) e Y 1 D1 — )™, a <7 <b. (3.16)
Proof. Fix any a < T < b. From (3.15) it follows that

2(1) < Doe P + Dy + posup {e 7 0z(s)}, 7 € [a, 7). (3.17)
s€la,T]

Let us fix p € [a,T]. Then we multiply the above equation by e~ P71 and take the supremum
with respect to 7 € [a, T

sup e—vlp—TIZ(T) < Dy sup e PO~ L DIy osup sup {6—7(\T—S\+|p—7\)2(8)}_
7€[a,T) T€a,T] 7€[a,T] s€[a,T]

Note that we have sup e P2 =e=7l = o=7(p=a) 4
T7€[a,T|

sup sup {e VTN ()Y = sup el (s).
7€la,T] s€la,T| s€la,T]

Concluding, we get

sup e 1P7¢l2(s) < Doe™ " + Dy 4 sup e P l(s).
s€[a,T] s€la,T)|
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Since 0 < p < 1 and sup e 7P~*12(s) < oo, we obtain
s€la,T]

sup e 177l2(s) < Do(1 — p) e + Dy(1— )™, p € [a,T).

s€la,T]
We apply this estimate to (3.17). From the arbitrary choice of T' < b we get (3.16). O]
Proposition 3.5. Let u = (uy,...,uz) be an X2 solution of (3.1) on [0, Tmag)-

If Thnae < 00, then with h > 0 such that 0 < 0 + h < Tjnee we have for 0 < 7 < Tpas

k

Av
Dl g < 267 hZHUz A e F T+
=1

N . (3.18)
o> (suplo o ) +1),
and for o + h < 7T < Tz
ql+2 2 “h 24 (r—0o
/ Z H‘V ’ul i L2(Q) ds < 26 : Z Hul ”L2ﬂ¥z )+
(3.19)

. Q+2
+Cy Z(SEEP||9(S)||[L2<Q”'“> o)

=1

with E = [0, Tyaz), where Cs = Cs(h) is a positive constant.

If Tinaw = 00, then we choose h =1 and (3.18) holds with E = (—o0, 179 + 2) for o < T,
T € T, whereas (3.19) holds with E = (—oo, 70+ 2) foro+1 <7, 7€ T.

If Tyaz = 00, then for any T > 0 we choose 0 < h < T and (3.18) holds with E = [o,0+T]
foro <71 <o+T, while (3.19) holds with E = [o,0 +T] forc+ h<7<o+T.

Proof. For each [ = 1,..., k we multiply the [-th equation in (3.1) by w; |u|" and integrate

over {)
/(@ul)ul lwg|* dx + /(Alul)ul |ug|" doe = / fi(w)uy Juy|* dx + / g(t)uy |w|* de.
Q Q Q Q

Note that

2
O ||| Lﬁiu )

1
Ovup)uy |uy|" do =
[ @yt dr = ——

12



and by integration by parts and (3.3) we have

/(Aluz)uz |w|" de = —(q + 1) Z / ama,p]ul || O, wyde.

i,7=1

Thus if ¢ > 0 then

+1) a+2
/Q(Alul)ul g |" do = — qlql—l— Z/ 00, |ul| >8mj (|ul| E >dx >

ql+2 2

C_IH- H‘V Tk

C]z+2

2 4 1
dr — (@ +

(™
Uup )
(@ +2)?

(%)

and if ¢; = 0 then we have

/Q (A f|" dz > v ||Vl

4(q+1)

P > 2, we obtain

Since

ql+2
0 el 752, gy + ||| 7 el

)

‘ i2(Q) <(a+2) (/Q flwyw [w|™ dz + /le(t)ul g dif)
omitting the modulus under the gradient when ¢; = 0. We set
k k S 2 k
D=3l 6 =3 [Vl [, )= 3 [ ol ar
I=1 =1 =1

We add the obtained inequalities and use (3.5) to get
A1)+ v,(t) < (g +2) (C10 + Gu(t)) (3.20)

where ¢ = max{qy,...,q}. We use the Poincaré inequality A\ ”(b“iz(ﬂ) < |HV¢|Hiz(Q) with
q+2
o= |ul|ZT if g > 0 or ¢ =y if ¢g = 0 and thus obtain
O Fu(t) + MrE,(t) < (¢+2) (C9Q] + Gu(t)).

Mrtand integrate from o to T to get with C; > 0

We multiply by e
F.(1) < Fu(a)e_’\l”(T_") +C+(g+ 2)/ Gu(t)e_h”(“t)dt, 0 <7< Trmas- (3.21)
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Let h > 0 be such that 0 < 0 +h < Ty,4,. Assume now that o +h < 7 < 7,,4.. We integrate
(3.20) from 7 — h to s < 7 and in consequence we get

sup  F,(s) + 1// P, (t)dt < F,(t—h)+ (¢+2)C|Qh+ (¢ + 2)/ |G (t)] dt.
s€[T—h,T] T—h T7—h

Combining this estimate with (3.21) we obtain

sup  F,(s)+v / O, (t)dt < F,(o)e o= 1.0y 4 Cy / |G (t)| e =Dat, (3.22)
s€[T—h,T] T—h o

where Cy = Cy(h) and C3 = C3(h) are positive constants.
We estimate the last term using Lemma 3.3 with v = A;vh and get with Cy = C4(h) > 0

T t
Cg/ G (t)] e gt < 0y sup (eg(Tt)/ |G ()] e’\“’(fs)ds) : (3.23)
o ] t—h

telo+h,T

Moreover, it follows that

t
¢ 1) / |Gu(s)| e 19 ds < e~ F D) Z / s)uy || da| ds. (3.24)
t—h
Observe that by Schwarz and Young inequalities we have
' +1
/th /le(s)ul |ul|ql dr|ds < SEER} ||g(3)||[L2(Q)}’C Hul||quql+1([t—h,t],L2(qz+1)(Q)) <

q+2
2
< a5y e +cu( sup Hg(s)HmW) ,

s€o,7]
where ;1 > 0 and C), is independent of [. Note that

z+2 2

q+2 ~ q+2
Hul||qu+1([t*h»t],LQ(qu)(Q)) =c ||UZHLT((HH) (t—h.t], L@+ (Q)) a C H UI|

Lr([t—hit],L27 () |

since q; + 1 < £(q+2) = 5(q + 2) with r = £ and C' does not depend on [ and ¢.
Observe that by mterpolation inequalities we have

at? at? 1—-6o q+2 (|00

2

) < CAY”|UZ|

L2([t—h,t] HE ()

[t I
Loe ([t—h,t],LQ(Q))

L7 ([t—h,t],L2"(£2))

14



where 0y = £, since by [9, §4.3.1, Theorem 2]

[L2(Q), H ()]s, = H®(Q) — L7 (Q) = L*(Q)
and by [9, §1.18.4(10)]
(L[t = h, 1], L2(Q)), L([t — h, 6], HY(Q)g, = L7 ([t = h, 1], [L2(Q), H(Q)]s,).
Hence we get with C5 = C5(h) > 0

s€[t—h,t]

t
2
HulHqu;H([t_hﬂyL?(ql-&-l)(Q)) < Cs ( Sup Fu(S) + V/ hq)u(3>d5> )
t—

where we used the Young inequality again.
Summarizing, we get
t
l

t
SM%( sup Fu(S)"‘V/ h‘Pu(S)dS) + Cu( sup ||g(3)||[L2(Q)}k)ql+2'
tf

s€E[t—h,t] s€[o,T]

Applying this estimate to (3.24) we obtain with Cs = Cg(h) > 0

ds <

/ gi(s)uy |ug|" dx
Q

Aqv t AV k
eé(T_t)/ |Gu(s)| e ds < pChe= 2 T Z SFP lg(s) 22y ) ™2,
t—h =1 EIS O’T
where

Z,(t) = sup F,(s) +1//tih D, (s)ds.

sE[t—h,t]

Therefore, it follows from (3.23) that

q+2

M;r

03/ |G ()| e 0dt < uC;  sup (6_%(7— D

(sup [lg(s ||[L2(Q)]k)
telo+h,T]

— 86[0'7'

with C; = C7(h) > 0. Applying this estimate to (3.22) we finally obtain for any p > 0

Zu(7) < Fy(o)e ™™= 4+ yCy sup <€_%(7_t)Zu(t)> +
t€[o+h,T]

=

(3.25)
<Z SUP lg(s ”[L2(Q)]k)ql+2 + 1)5 o+ h <7< T

=1 sG O’T

15



If Tnaz < 00, then we choose p = 54 and use Lemma 3.4 to see that for o +h < 7 < T

C

k
A v
2,(r) < 2F(0)e” H 07 4 Cy( Do (sup 9() g )® 1), (3:26)
=1 se€

where E = [0, Tar). It follows immediately that (3.19) holds with E = [0, Tjne.) and
0+ h <7 < T Moreover, we know in particular that

k
sup F(s) < 2F, (0 +cs(zsup||g Mizs a2 + 1) (3.27)
=

s€lo,0+h]

with E = [0, Tynae). This implies (3.18) with E = [0, Tjnee) and for 0 < 7 < Ty

If Typaz = 00, then we set h = 1 and apply Lemma 3.4 to (3.25) and in case o + 1 < 7y we
obtain (3.26) with £ = (—oco, 70+2) foro+1 < 7,7 € T and (3.27) with E = (—o0, 79+ 2).
This implies that (3.19) holds with h =1, E = (—00,79+2) foro+1 < 7, 7 € T and (3.18)
with £ = (—o0, 79+ 2) for 0 < 7, 7 € T. Moreover, incase 0 +1 > and o <7, 7€ T,
we know that (3.26) holds with h =1, F = (—o0, 79+ 2) for 0 + 1 < 7 < 79 + 2 and hence
(3.18) holds with F = (—o0, 79 + 2) for 0 < 7, 7 € T also in this case.

Finally, suppose that 7,,,, = oo and let T" > 0. We choose 0 < h < T and apply
Lemma 3.4 to (3.25) in order to obtain (3.26) and thus (3.19) with £ = [o,0 + T for
o+h <7 < o0+T. Moreover, (3.27) holds with £ = [0,0 + T] and hence (3.18) with
E=lo,o+T|foroc<17<0+4T. O

As follows from the above proposition we will obtain below a priori estimates in the
following three cases:

1) Tomae < 00, 0 <0+ h < Tomae, E=J =1[0,Tmaz), Jn = [0+ h, Traz),

2) Tmae =00, T>0,0<h<T, E=J=[o,0+T)|, J,=[0c+h,0+T]

3) Tmaz =00, h=1, E=(—00,70+2), J={reR: 0 < 1,7 €T},
Jy={r€eR:o+1<1,7€T}

(3.28)

Proposition 3.6. Let ¢y > p;, I =1,...,k and u = (uy,...,ux) be an X3 solution of (3.1)
on [0, Trnaz). We have for 7 € J

k
2 2 _Mv T—0O
1E(ry u(r) e < ea Y o) [ 738, g e % ¢ >+P(s1€1£||g<s>||@2w), (3.29)
=1 s

where ¢y = c4(h) > 0 is a constant and P = P(h) is a nondecreasing positive function in
any of the three cases stated in (3.28).

16



Proof. We have

| F(r, U)||[2L2(Q)]k <2 ||f(u>||[2L2(Q)}k +2 ||9(T)||[2L2(Q)]k : (3.30)

We estimate using (3.12)

k
2 ~ 2 2
17 ) e < 283 el esmay (14 Il g ) + 217 O) oz <
=1

(1 ; Z Jull242, ) < Cz<1 ; Z a2, )

Combining it with (3.30) and applying (3.18) on an appropriate interval J with the corre-
sponding set F, we obtain (3.29). O

Proposition 3.7. Let g > p;, I =1,...,k and u = (uq,...,u) be an Xz solution of (3.1)
on [0, Timaz). Then we have for T € J

2 MY
() ey < 092 (o) |2 gy e 1 ¢ )+Q(Slelgl\g(8)||[m(m]k), (3.31)

and for T € Jy

2 MY (g
| Z 19006 gy s < c92 o228, gy F7) + Qs (5. (33
where cg = co(h) > 0 is a constant, Q = Q(h) is a nondecreasing positive function and J,
Jy and E come from each of the three cases in (3.28).

Proof. For each | = 1,...,k we multiply the I-th equation in (3.1) by wu;, integrate over €2
and add the equations. Integrating by parts and using the Schwarz inequality we obtain

k
1
0 llult iz2 o) Z Z / a0 w0 uide <Y | Fi(t 1) 2o el 2o
=1 ¢,5=1 =1
By (3.3) and the Cauchy inequality we get for any € > 0
—@ () 2 +VZ V@)l < Hu( M2yt + oz HF(t iz - (3:33)
I=1

17



By the Poincaré inequality we obtain
1
2 2 2
O lu() 12y + 2M0v w2y < € N lfpeay + =~ IECE w)llize
Taking € = 2\, v, multiplying by ¢t and integrating over [o, 7| gives

4" e
7)\1y/ ||F<t7u)||[2L2(Q)]k6 4 ( t)dt

Let 7 € J and E be the corresponding set from (3.28). We apply (3.29) and obtain

2 2 — MY (g
||U(T)||[L2(Q)]k S “u(U)H[LQ(Q)]k e 4 ( )+

2 2 _L
w2 < (lulo) @ m%ZHUz [F3Te a (= )+06P(sup|lg()||[L2(Q)]k)

with ¢5 = ¢5(h) > 0, ¢g = cg(h) > 0. This yields (3.31), since ||ul||L2 < P2 )+ 1Q2].

L2+ql
Assume now that 7 € Jj,. Integrating (3.33) with ¢ = 1 over [1 — h ,T| we get

() 12 e + 20 Z|||Vul 72y dt <

Thll

2 2
< ulr = 1) oo + / \ (el e + 1) ) it

Using (3.31) and (3.29) we obtain for 7 € J,

A v T v
/ vaul NI Q)dt<c7ZHul jﬁzgl(m (ez<m>+/ €;<t0>dt>+
T T—h

k=1

~ v o~
+Q (Sug 19(3)ll 220 ) < cgz lur(@)I72 %5 gy e T 7+ Q <Sug Hg(s)’hmmnk) :
se s€

where ¢z = c7(h) > 0, cs = cs(h) > 0 and Q = Q( ) is a nondecreasing positive function.
This gives (3.32). O

Proposition 3.8. Let p; < ¢ < 4,1 =1,...,k and u = (uy,...,u) be an Xz solution of
(3.1) on [0, Tmaz). Then we have for 7 € J

—JT—U
ZIIIVW )[Iz20) < B ZIIIVM OMIza@ e )+Rz(81elgllg(8)llm(g)}k), (3.34)

where Ry = Ryi(h), Rs = Ry(h) are both nondecreasing positive functions and h, J and E
come from each of the three cases in (3.28).
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Proof. For each [ =1,..., k we multiply the [-th equation in (3.1) by Alul, integrate over )
and add the obtained equatlons Since a - do not depend on time and a az»i, integration
by parts and the Schwarz inequality 1mply

k

1 2 1 2
——Z Z/at 13O, 11 Do Uy d$+2||AlUZHL2 5||F(75=U)H[L2(m]k+§lzl||Alul\|L2(Q)-

=1 i,5=1
We add to both sides a term with
E 3
_ Z Z / aﬁ.j@xiul&cjuldx
=1 i,j=17%

and obtain

k

Oyza(t) + Mvza(t) + Y | Al oy < Avzu(t) + 1F(t ) fpa e (3.35)
=1

Since the functions al; are continuous on Q, we know that

L) < = C,.
NS it =

Therefore, it follows from (3.3) that

k
uZHWqule < z(t) <3Ca ) V72, - (3.36)

=1

Applying (3.36) to (3.35), multiplying by e*** and integrating over [0, 7], we obtain

; k
ZU(T) < Zu(O')e—)\w(T—U) + 3)\1110@/ Z |||vul(t)|||%2(9) 6—)\11/(T—t)dt_|_

7 =1

4 / VB ) e 0.

Let 7 € J and E be the corresponding set from (3.28). We apply (3.29), (3.36) and get

Z V() z2) <

Ea

—\v(T—0o 1
Mz ™7+ 5P (R 19z )+

19



.y
A v
tey—3 Z |l wi (o ?gj{{” e~ 2 (79 4L 30O, Z H|Vul(t)|Hiz(Q) o~ Mv(T=t) gy

7 =1
We consider now two cases. In the first case we assume that 7 belongs to J;, corresponding
to the appropriate case in (3.28). We use Lemma 3.3 and (3.32) to estimate

r k
AV
/ S IV (0)][22gy e 00t < g sup ( ) / }:mw o >_
7 =1

telo+h,T]

A v
<cn g |wi (o i;rgqu e” T () 4 C10Q(SUE l9() |2y )s ™ € I,
s€

where c¢;y = clo(h) > 0 and ¢11 = ¢q1(h) > 0.
In the second case when ¢ <7 < o+ h, 7 € J, we have by (3.32)

r k k
2 —Aiv(r— 2 LS LA
[ IV uOllae et < Y o) 35 gy ¢+ Qsup (5o )
7 =1 =1 s

Combining the two cases we obtain

k

2 2 —MT—U
me sy < @12 (V00 3y + (@) 252, g ) €5+

I=1
—I—R(Sgg lg() 2y ) ™ €,

where ¢12 = ¢19(h) is a positive constant and R = R(h) is a nondecreasing positive function.
Since ¢ < 4,1 =1,...,k and u; € H}(), it follows from the Sobolev embedding and the
Poincaré inequality that

||Ul||L2+qz(Q) <D |||Vul|||L2(Q) :

This ends the proof of (3.34). O

Propositions 3.7 and 3.8 imply global (forward) in time solvability of (3.1), thus (F3a)
holds. Moreover, assumptions (F3b) and (F3c) are also satisfied.

Corollary 3.9. If p, < q <4,l=1,....k and u = (uy,...,u) is an Xz solution of (3.1)
on [0, Tiaz), then Tpee = 00 and for o < 1, 7 € T we have
Ay

||“(T)||[H01(Q)]k < Ql( ||U(U)||[H3(Q)}k )@_T(T_U) + Q2( sup ||g(8)||[L2(Q)]k )7 (3.37)

s$€(—00,70+2)
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where Q1, Q2 are both nondecreasing positive functions and for any T > 0 there exist non-
decreasing positive functions Q1 = Q1(T), Q2 = Q2(T) such that foroc <17 <o+ T

~ _)\17,/ o ~
||U(T)||[H3(Q)}k < Ql( ||U(U>||[H01(Q)]k )6 7 4 Qz( [SUP - ||9(3)||[L2(Q)}k ) (3.38)
s€|o,0+

Proof. The fact that X2 solutions of (3.1) exist globally (forward) in time follows from (3.13)
and Propositions 3.7 and 3.8 in the context of the first case in (3.28), while (3.37) and (3.38)
correspond to the second and the third case in (3.28), respectively. O]

Therefore, we can apply Theorem 1.1 and obtain

Theorem 3.10. Under assumptions (3.4), (3.5) with 0 < p, < ¢ < 4,1 =1,...,k and
assumptions (3.6), (3.7) the problem (3.1) generates an evolution process {U(1,0): T > o}
in [HY(Q))* and for any B € (3,1) there exists a family {M(7): 7 € R} of nonempty compact
subsets of [H2?(Q)]* with the following properties

(i) {M(7): T € R} is positively invariant under the process U(T,0), i.e.

U(r,o)M(c) C M(T), T > 0,
(ii) M(7) has a finite fractal dimension in [H2"(Q)]* uniformly w.rt. 7 € R, i.e.
A (M(7)) < d O (M(r)) < d < o0, T ER,
(iii) {M(7): 7 € R} has the property of pullback exponential attraction, i.e.
Elw>0VBlc[H§B(Q)}k, bounded VTER tlfgo e diSt[Hgﬁ(Q)]k(U<Tv T—t)B;,M(7)) =0
and if 19 = 00, the pullback attraction is uniform with respect to T

Fo>0Y 5, (128 (¥, bounded }gglo e i‘ég diSt[Hgﬁ(Q)]k(U(T» T —t)B;, M(7)) = 0.

Furthermore, the pullback exponential attractor {M(7): 7 € R} contains a (finite dimen-
sional) pullback global attractor {A(T): 7 € R}, i.e. a family of nonempty compact subsets
of [HZ()]F, inwariant under the process {U(r,0): 7> o}

U(r,0)A(0) = A(T), T > 0,
and pullback attracting all bounded subsets of [HZ" (2)]*
V8,2 (Q)]F, bounded 7 TER tliglo diSt[Hg’B(Q)]k(U(T7 T —1)By, A(7)) = 0.

Remark 3.11. Observe that the assumptions of the above theorem are satisfied in case of
the FitzHugh-Nagumo system and the chemical reaction system considered in Remark 3.1.
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