Series Mathematicae Catoviciensis et Debreceniensis, No. 31, 4 pp., 25. 01. 2010 http://www.math.us.edu.pl/smdk (Manuscript received: 21. 05. 2009) Correction of the preceding lines: 26. 02. 2010

SUPERSTABILITY OF SOME FUNCTIONAL EQUATION

BARBARA PRZEBIERACZ

Abstract. In this paper we establish superstability of the functional equation sup_{l∈L} f(x + l(y)) = f(x)f(y), x, y ∈ G. The unknown function f maps an abelian group G into R, and by L we denote an arbitrary subset of G^G which includes the mappings x^{id}→ x and x^{− id}−→ −x. We solve this equation in the particular case, when G is a complex vector space and L = {x → λx : λ ∈ C, |λ| = 1}. Another special case of this equation, namely max{f(x+y), f(x− y)} = f(x)f(y), x, y ∈ G, was examined by A. Simon and P. Volkmann.

1. Introduction Throughout this paper R means the space of real and C that of complex numbers.

Let G be an abelian group. Suppose L ⊂ G^G is such that id, − id ∈ L. We are going to prove superstability of the functional equation (1.1) sup_{l∈L} f(x + l(y)) = f(x)f(y), x, y ∈ G,

that is to show Theorem 1. If a function f : G → R satisfies (1.2) |sup_{l∈L} f(x + l(y)) − f(x)f(y)| ≤ ε, x, y ∈ G,

then it is either bounded or is a solution of (1.1).

(Here we used the definition of superstability according to Z. Moszner’s Survey [3], Definition 4*). In paper [5] there was considered a particular case of (1.1), namely (1.3) max{f(x + y), f(x − y)} = f(x) · f(y), x, y ∈ G. It has been proved that if G is divisible by 2 and 3, then the solutions f : G → R of (1.3) are f(x) = 0 and f(x) = exp(|a(x)|) for some additive a: G → R. In the present paper we will establish the solutions of (1.1) in another special case: (1.4) sup_{λ∈T} f(x + λy) = f(x) · f(y), x, y ∈ V,

where V is a complex vector space and T = {z ∈ C : |z| = 1}. To do this, we need a result from [2]:

f : V → R is a solution of (1.5) sup_{λ∈T} f(x + λy) = f(x) + f(y), x, y ∈ V

Key words and phrases. Absolute value of linear functional, stability, superstability. 1

if and only if there is a linear functional ϕ: V → C, such that f(x) = |ϕ(x)|.

Let us mention that the equations max{f(x + y), f(x − y)} = f(x) + f(y), x, y ∈ G and (1.5) are stable (both in the sense of Definition 1* and 2* from [3]), which follows from P. Volkmann [6] and from [4], respectively. 2. Stability of equation (1.1) Before we turn to the proof of Theorem 1, we fix some notation. As in [4], we will write A^ε∼ B instead of |A − B| ≤ ε, whenever we find it convenient. Notice that inequality (1.2) can now be rewritten in the form sup_{l∈L} f(x + l(y))^ε∼ f(x)f(y), x, y ∈ G.

Proof of Theorem 1. It is enough to show that if f is unbounded then it satisfies sup_{l∈L} f(x + l(y)) = f(x)f(y), x, y ∈ G.

Since f is unbounded there is a sequence (w_n)_{n∈N} such that |f(w_n)|^{n→∞}→ ∞, but taking into consideration that sup_{l∈L} f(w_n + l(w_n))^ε∼ (f(w_n))^{2 n→∞}−→ ∞, we infer that there is a sequence (z_n)_{n∈N} with f(z_n)^{n→∞}−→ ∞.

Of course, we can assume that f(z_n) > 0 for every n ∈ N. Suppose that f(x) < 0 for some x ∈ G. We have sup_{l∈L} f(x + l(z_n))^ε∼ f(x)f(z_n)^{n→∞}−→ −∞, whence, in particular, f(x + z_n)^{n→∞}−→ −∞.

Therefore, f(x) ≤ sup_{l∈L} f(x + z_n + l(z_n))^ε∼ f(x + z_n)f(z_n)^{n→∞}−→ −∞, which is impossible. Assuming that f(x) = 0 for some x ∈ G also leads to a contradiction. Namely, we would have 0 = f(z_n − x)f(x)^ε∼ sup_{l∈L} f(z_n − x + l(x)) ≥ f(z_n)^{n→∞}−→ ∞.

Hence we proved that f > 0.

In the rest of the proof we use ideas from [1]. Notice that (2.1) sup_{l1 ∈L} f(x + l_1(y))f(z)^ε∼ sup_{l1∈L} sup_{l2∈L} f(x + l_1(y) + l_2(z)) =

= sup_{l2∈L} sup_{l1 ∈L} f(x + l_1(y) + l_2(z))^ε∼ sup_{l2 ∈L}(f(x + l_2(z))f(y)) =

= (sup_{l2 ∈L} f(x + l_2(z)))f(y)^{ε·f (y)}∼ f(x)f(z)f(y).

SUPERSTABILITY OF SOME FUNCTIONAL EQUATION 3

Thereby sup_{l1∈L} f(x + l_1(y))f(z)^{2ε+ε·f (y)}∼ f(x)f(z)f(y), x, y, z ∈ G.

Putting z = z_n and dividing by f(z_n) we get

sup_{l1 ∈L} f(x + l_1(y))

2ε+ε·f (y) f (zn)

∼ f(x)f(y), x, y ∈ G, n ∈ N.

This implies that sup_{l∈L} f(x + l(y)) = f(x)f(y), x, y ∈ G. □ Remark. If f : G → R satisfying (1.2) is bounded, then |f(x)| ≤ 1 + √ 1 + 4ε 2 , x ∈ G.

Proof. Put M_0 =^{1+√1+4ε}_2 and B = sup_{x∈G}|f(x)|. Choose a sequence x_n ∈ G, n ∈ N with |f(x_n)| =: A_n^{n→∞}−→ B.

By (1.2) we have A^2_n = f(x_n)^{2 ε}∼ sup_{l∈L} f(x_n + l(x_n)) ≤ B, n ∈ N,

which results in A^2_n ≤ B + ε, n ∈ N. Therefore B^2 ≤ B + ε, whence B ≤ M_0. □

3. Solution of equation (1.4) Lemma. Let f : C → R satisfy (1.4) (with V = C) and suppose that f(0) = 1. Then f(z) > 0 for every z ∈ C. Proof. Notice that f(0)f(z) = sup_{λ∈T} f(λz) = f(0)f(|z|), z ∈ C, whence (3.1) f(z) = f(|z|), z ∈ C. Using this we get f(a)f(b) = sup_{λ∈T} f(b + λ · a) = sup_{λ∈T} f(|b + λ · a|) = = sup f([b − a, b + a]) ≥ f(b), 0 ≤ a ≤ b.

(3.2)

Furthermore, 0 /∈ f(C), since (f(z))^2 = sup_{λ∈T} f(z + λz) ≥ f(0) = 1. Suppose that f(y) < 0 for some y ∈ C. Owing to (3.1), we can assume that y ∈ (0, ∞). As follows from (3.2), f(x) < 0 for x > y. In particular, f(2y) < 0 and moreover 0 < f(2y)f(y) = sup f([y, 3y]) ≤ 0, which is impossible. □

Theorem 2. Let f : V → R satisfy (1.4). Then either f ≡ 0 or f(x) = exp |ϕ(x)|, where ϕ: V → C is a linear functional.

Proof. Putting x = y = 0 in (1.4) we get (f(0))^2 = f(0) whence either f(0) = 0 or f(0) = 1. In the first case we obtain 0 = f(x)f(0) = sup_{λ∈T} f(x + λ · 0) = f(x), x ∈ V,

which means f ≡ 0. Now consider the other case, i.e., f(0) = 1. We will show that f > 0.

Fix an arbitrary x_0 ∈ V . Define f_{x0} : C → R by f_{x0} (α) = f(αx_0). It is easy to verify that f_{x0} is the solution of (1.4) with V = C and f_{x0} (0) = 1. According to our Lemma we infer that f_{x0} > 0, and, particularly, f(x_0) = f_{x0} (1) > 0.

Put g(x) := log f(x) and notice that g : V → R satisfies the equation (1.5). Hence, by the result in [2], already mentioned in the Introduction, we get g(x) = |ϕ(x)|, for some linear functional ϕ: V → C and, therefore, f(x) = exp |ϕ(x)|. □

Acknowledgements. This paper was supported by the Silesian University Mathematics Department (Iterative Functional Equations and Real Analysis program).

The author wishes to thank Professor Roman Badora and Professor Peter Volkmann for some valuable discussions.

References

[1] John A. Baker, The stability of the cosine equation, Proc. Amer. Math. Soc. 80(1980), 411-416. [2] Karol Baron and Peter Volkmann, Characterization of the absolute value of complex linear functionals by functional equations, http://www.mathematik.uni-karlsruhe.de/~semlv, Seminar LV, No. 28(2006), 10pp.

[3] Zenon Moszner, On the stability of functional equations, Aequationes Math. 77 (2009), 33-88. [4] Barbara Przebieracz, Stability of the Baron–Volkmann functional equations, Math. Inequal.

Appl. (to appear).

[5] Alice Simon (Chaljub-Simon) and Peter Volkmann, Caractérisation du module d’une fonction additive à l’aide d’une équation fonctionnelle, Aequationes Math. 47(1994), 60-68.

[6] Peter Volkmann, Stability of a functional equation for the absolute value of additive functions, Abstract, Report of Meeting, Aequationes Math. 75(2008), 180.

Instytut Matematyki, Uniwersytet Śla̧ski, Bankowa 14, 40-007 Katowice, Poland E-mail address: przebieraczb@ux2.math.us.edu.pl