WILD SETS IN GLOBAL FUNCTION FIELDS

ALFRED CZOGALA, PRZEMYSLAW KOPROWSKI, AND BEATA ROTHKEGEL

ABsTrACT. Given a self-equivalence of a global function field, its wild set is
the set of points where the self-equivalence fails to preserve parity of valuation.
In this paper we describe structure of finite wild sets.

1. INTRODUCTION

In order to fully understand the theory of quadratic forms over a given base
field K, one considers automorphisms of its Witt ring W K, i.e. the ring of similarity
classes of non-degenerate quadratic forms over K. When K is a global field (either
a number field or a function field) this boils down to investigating self-equivalences
(see definition below) of K. The correspondence between self-equivalences of K and
automorphisms of WK (more generally between Hilbert-symbol equivalence! and
Witt equivalence) originates from works of J. Carpenter, P.E. Conner, R. Lither-
land, R. Perlis, K. Szymiczek and the first author in early 1990s (see e.g. [7])
and has been developed in numerous papers since then. A wild set of a given
self-equivalence is the set of points, called wild points, where the self-equivalence
fails to preserve parity of valuation (for a rigorous definition see below). The wild
points constitute and obstruction for the associated Witt automorphism to map
the Witt ring of an underlying maximal order (say the ring of algebraic integers in
number theoretical case or the ring of polynomial functions in geometric case) to
itself. This relation was described by the first author in [1]. For these reasons it
is important to understand the structure of wild sets of global fields. The problem
was investigated first by T. Palfrey in [6]. Next, M. Somodi in [9, 10] completely
described the structure of wild sets of Q and Q[i]. Subsequently two of the present
authors obtained a partial characterization of wild sets of number fields. Namely it
is proved in [3] that if S = {p1,...,p,} is a set of finite primes of a number field K
such that —1 is a local square at each of these primes and the classes of p;, 1 < n are
2-divisible in the ideal class group of K, then S is a wild set. This result was gen-
eralized in our earlier paper to global function fields (see Theorem 4.3), providing a
complete characterization of wild sets of rank 0. However, it was already remarked
in [2] that these are not all possible wild set of a global function field. The purpose
of the present paper is to describe wild of arbitrary rank. In particular we show
(see Theorem 4.2) that the number of points in a wild set must exceed its rank at
least twice. Next, in Theorem 4.6, we characterize wild sets of rank 1. Finally, in
Proposition 4.7 we obtain sufficient conditions for sets of higher ranks to be wild
sets.

In this paper K is always a global function field of characteristic # 2 and F, is
its full field of constants. We may think of K as a field of rational functions on a
smooth complete curve X. The points of X are identified with classes of discrete
valuations on K. Since we shall never explicitly refer to the generic point of X, for

1Hilbert—syrnbol equivalence was originally called reciprocity equivalence. The term Hilbert-
symbol equivalence was introduced later.
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brevity we say “point” to mean “closed point”. We denote the set of closed points
again by X.

Given a point p € X, ord, : K* — Z is the associated normalized discrete
valuation, K, denotes the completion of K at p and K(p) is the residue field. The
degree [K(p) : Fy] of the residue field of p over the field of constants is called the
degree of p and denoted degp. The divisors of X are written additively. Given a
divisor ¥ = ZpeX np - P, its degree is deg 7 := ZpeX ny - degp. The class of Z in
the Picard group of X is denoted [Z].

For a nonempty open subset Y C X we denote

By :={A€ K* |Vpeyordy A=0 (mod 2)}
and we set Ey := By /k>*2. If Y is a proper subset we further define

Ay = Eyﬁ ﬂ K£<2 and Ay = AY/KXZ.
peEX\Y
The square-class group K, /k 2 of a local field K, consists of fours classes
KRy = {1 up, mp, mpup b,
where ord, u, = 0 (mod 2) and ord, 7, = 1 (mod 2). We call u, the p-primary
unit.
We may treat the quotient group PicX/2picx as a Fa-vector space. Given a

proper nonempty open subset Y C X denote by Gy a subgroup of spanned by the
classes of points not in Y:

Gy = SpanF2{[p] +2PicX |pe€ X\Y}.

A pair of maps (T,t), where T : X =5 X is a bijection and ¢t : K*/k*?> =
K* /K> is a group automorphism, is called a self-equivalence of K if it preserves
Hilbert symbols in a sense that

(A )p = (EX ti)p forall p € X and A\, pu € K*/K*2.

Given a self-equivalence (7', t), a point p is called tame if ord, A = ordy, tA (mod 2)
for all A € K. Otherwise p is called wild. The set of all wild points of (T,t) is
denoted W(T,t). A subset S C X is called a wild set if there is a self-equivalence
(T,t) such that S = W(T,t). For brevity, we shall say that a wild set S if of rank n,
if I‘kg Gx\s =n.

It is well known that a self-equivalence preserves —1 and factors over local
squares-classes. Nevertheless, for easy of reference let us write down these two
facts explicitly.

Observation 1.1. Let p € X and (T,t) be a self-equivalence of K. Then t induces
a group isomorphism K\ [Kx?* =5 K3, [kx2. In particular, if X is an element of K,
then X € K;* if and only if tA € K;pQ.

Observation 1.2. If (T,t) is a self-equivalence, then t(—1) = —1.

2. 2-DIVISIBILITY IN A PICARD GROUP

The problem of divisibility in the Picard group of a curve has been investigated
by numerous authors in recent years (let us mention [8] to give just one example).
In [2] we proved that a singleton {p} is a wild set if and only if the class of p is
2-divisible in Pic X. Below we investigate the same question for arbitrary divisors.

Assigning to a divisor Z its degree deg 2, one defines a group epimorphism
deg : DivX — Z. It is well known that it factors over equivalence classes of
divisors, hence it induces a group homomorphism Pic X — Z. In particular we
have
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Observation 2.1. If [7] € 2Pic X, then deg 2 is even.
The next proposition is a straightforward generalization of |2, Proposition 3.6].

Proposition 2.2. Fiz a point p € X of an odd degree and denote Y := X \ {p}.
Given py,...,px €Y the following statements about the divisor P :=py1 + -+ + pi
are equivalent:

(1) The class of 9 in Pic X is 2-divisible.

(2) The class of 2 in PicY is 2-divisible and the degree of 2 is even.

Proof. Assume that [2] € 2Pic X. Then deg 2 € 2Z by Observation 2.1. More-
over, by functoriality of Pic, the inclusion ¥ C X induces a group homomorphism
Pic X — PicY. Hence, if we have [2] = 2[€] in Pic X for some divisor &, then this
equality is preserved after we pass to PicY'.

Conversely, assume that [Z] € 2PicY. This means that there is an element
A € K and a divisor & € DivY such that

divy A= 2+ 2& € DivY
Passing from an affine curve Y to a complete curve X, we have
divy A =2 +2& + ordy(A) - p.

In particular the degrees of the divisors on both sides of the equality must be
congruent modulo 2. Thus, we have

O0=ordy A-degp (mod 2).

Now, the degree of p is odd by the assumption, hence ord, A must be even. Say
ord, A = 2k for some k € Z. It follows that in Pic X we have [Z] = 2[& + k - p] and
so 2 is 2-divisible. O

Lemma 2.3. Let Y # () be a proper open subset of X. The following two conditions
are equivalent:
(1) The set {[p] +2PicX | p € X \ Y} C PicX/apicx is linearly independent
over Fy.
(2) Ex =Ey.

Proof. Let X\Y = {p1,...,pr}. Suppose that the classes of p1, ..., py are linearly
dependent in Pic X /2 pic x, then there are aq, ..., a € Fo not all equal zero, A € K*
and a divisor & such that

(0%} ~p1+~~+ak~pk72@:divx)\.

Thus ordy, A is odd for at least one index 7, hence A ¢ Ex. On the other hand, it
is clear that X lies in Ey . It follows that Ex # Ey.

Conversely, assume that Ex # Ey. Since Ex C Ey, this means that there is an
element \ € Ey which is not in Ex. The divisor of A has a form

divx A =ordy, A-py+ -+ +ordy, A pr+ > _ordg A-q.
qey
Now, ordg A =0 (mod 2) for every q € Y since A € Ey. Consequently
Oél[pﬂ + -+ Oék[pk] € 2Pic X,

where o; € [y is the reminder modulo 2 of ord,, A. Not all of them are equal to
zero, because A ¢ Ex. O

The next proposition relates the 2-rank of Gy (i.e. the rank of the set X \ Y)
with that of relevant Picard groups.



4 A. CZOGALA, P. KOPROWSKI, AND B. ROTHKEGEL

Proposition 2.4. Let Y # () be a proper open subset of X. Then
ko PicY = 1 + rky Pic® X — rky Gy

Proof. Denote k := rko Gy. First assume that £k = 0. This means that the class
of every point p not in Y is 2-divisible in PicX. Fix any ¢ € X \ Y and set
Z := X \ {q}. Then [2, Proposition 2.7] asserts that

(1) Pic’ X + 1 = rky Pic Z.

By functoriality of Pic, the natural inclusion of Z in X induces a group homomor-
phism Pic X — Pic Z. This means that every point p € Z \ Y, being 2-divisible in
Pic X, is 2-divisible in Pic Z. Now, [2, Lemma 2.5] states that

rke PicY = rky Pic Z

and so the assertion follows from Eq. (1).

Now assume that £ > 0. Fix a subset Z C X containing ¥ and such that
| X'\ Z| = k and the classes of points not in Z are linearly independent in Pic X /2 pic x
and generate the whole group Gy. Lemma 2.3 implies that Ex = Ez. Therefore,
using [2, Lemma 2.4 and Proposition 2.3.(1)] we obtain

ko Pic? X + 1 =1ko Ex = ko B = rky Pic Z + k.

Now the same argument as in the case kK = 0, shows that rks PicY = rk, Pic Z.
Consequently

tko PicY =1 +1ky Pic’ X — k
as desired. O

One consequence of the previous proposition is that every self-equivalence pre-
serves 2-ranks of the groups we are interested in.

Proposition 2.5. Let (T,t) be a self-equivalence of K. Assume that (T,t) is tame
on a nonempty open subset Y C X. Then:

(1) The self-equivalence (T,t) preserves the subgroups Ey and Ay of K> /K2
in the sense that:

t(Ey) = Ery and t(Ay) = Ary.

(2) The self-equivalence (T,t) preserves the 2-ranks of PicY and Gy in the
sense that:

rko PicY = rko Pic(TY) rky Gy = rky Gry.

Proof. The self-equivalence (T, t) is tame on Y, hence the equality ¢(Ey) = Epy
follows directly from the definition of the group Ey. Take any A € Ay = Ey N
ﬂpeY K ,,XQ. Then t\ € Epy by the previous part and t preserves the local squares
by Observation 1.1. It follows that t\ € Ary.

In order to prove the second assertion, observe that combining [2, Proposi-
tion 2.3.(2)] with the previous point we obtain

(2) rko PicY = rky Ay = rko Ary = rko Pic(TY).
Finally, Proposition 2.4 relates the 2-ranks of PicY and Gy. We have
rko Gy = 1+ rky Pic’ X — rky PicY,
rky Gry = 1+ 1k Pic® X — rky Pic(TY).
The right-hand-sides agree by Eq. (2) and so do the left-hand-sides. O
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3. PRE-EQUIVALENCE

In this section we introduce a new method of constructing a self-equivalence
with specified properties. First, however, we need to recall a notion of a small
equivalence.

Definition. Let § # S C X be a finite (hence closed) subset of X such that
rks Pic(X \ 8) = 0. A triple (Ts,ts, (ty | p € S)) is called a small S-equivalence
of K if
(SE1) Ts: S — X is injective,
(SE2) ts: Ex\s = Ex\rgs is a group isomorphism,
(SE3) for every p € S the associated map t,: K /k}? = K;_,
preserving local squares, i.e.

tp(1- K%)= 1.K;jp

/K72, is a bijection

(SE4) the following diagram commutes

i
Ex\s —— [l &/Kx?
pES

- [

EX\TSS % H K;SP/K%SQW
pes
where i = [],csip (vesp. j = [[ crss7q) is a diagonal map constructed
from canonical homomorphisms i,: Ex\s — K; /K2 (resp. jq: Ex\rss —
Ky [K;?).

Every small equivalence (Tg, ts,(ty [P €S )) extends to a self-equivalence of K
by [7, Theorem 2 and Lemma 4|, i.e. there is (T,¢) such that T'|s = Ts and
t |[Ex s= ts. Moreover (T',t) is tame outside S and a point p € S is a wild point of
(T,t) if and only if there is A € L /Lx2 such that ord, A # ordrgp tpA (mod 2).

We now define a new object, hereafter called a pre-equivalence that can be used
to construct a small-equivalence, hence in turn a self-equivalence of a desired form.

Definition. Let § # & C X be a finite (hence closed) subset of X. A triple
(T,%,(y | p € 8)) is a pre-equivalence of K, if
(PE1) T: S — X is injective,
(PE2) i: Bx\s/Ax\s = Ex\1s/Ay\zs iS a group isomorphism,
(PE3) for every p € S the map &,: K /k3*> = K;F/K;E is a bijection preserving
local squares, i.e.
i X2\ __ X2
(1 K2 =1 K
(PE4) the following diagram commutes

7
Exsfans — 1K /Kg
peS

lf lﬂpes tp
EX\TS/AX\TS ! H K;p/K;Z’
peS ’
here 7 (resp. j) is defined as
iz Ax\s) = (z- prz lpes), J(z- AX\TS) = (- quz |qeTS).
Theorem 3.1. Let ) # S C X be a finite subset of X and let (T, Lty |peS))

be a pre-equivalence. If the 2-ranks of G x\s and GX\TS coincide, then there is a
self-equivalence of K such that:
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o7 |3= T,'
o for every A € Ex\s one has
(tA) - Ax\rs = HA - Ax\s);

o (T,t) is tame outside S.
Proof. Let n :=|S|and py, ..., p, be all the points of S. For an indexi € {1,...,n}
denote p} := Tp; and set S’ := TS = {p},...,p,}. Using [2, Proposition 2.3.(2)]
together with Proposition 2.4, from the assumption on the 2-ranks of G x\s and
G x\s' we obtain:

rky A y\s = rka Pic(X \ S) = 1 + tko Pic’ X —1ka G x\ s
=1+ I‘k2 PiCO X — I‘k2 Gx\gl = I‘k2 PIC(X \ Sl) = I'k2 Ax\sr.
Denote m := rky Ax\s and let {A,...,An} C Ax\s and {N],..., A\, } C Ax\s
be bases of Ax\s and Ax\ s/, viewed as Fp-vector spaces. Further, use [5, 65:18]
to pick points ¢1,...,qm € X\ S and q},...,q,, € X \ 8’ such that for every 4, the

element J\; is a local square at each q; for j # ¢ but not a square at q; (respectively
A} if a local square at every q; for j # i but not a square at q;):

Ne (VK2 MNgKS?  and  Ne (K} i ¢ KX2

q;
JFi i
Then, [2, Lemma 4.1] asserts that the classes of q1, ..., ., are linearly independent
(over Fg) in Pie(X\8)/2pic(x \ ). Analogously the classes of qf,...,q., are linearly

independent in Pic(X\§")/2Pic(x \ §'). Enlarge the sets S and S’ by attaching points
qi,--.,qm (respectively q,...,q},) to them. Set
S :=8U{qi,--,qm} and S :=8U{q},...,q9,}
We then have
(3) ko Pic(X \ 81) = 0 = rko Pic(X \ S7)

by [2, Lemma 2.4].
We will now construct a small S1-equivalence of K. First, we take T’s, : S; — X
defined by a formula

Ts,(p;):=p), forl<i<n
Ts,(q;) =}, for1<j<m.
Next we define an isomorphism ts,: Ex\s, = Ex\s;. To this end, take a basis
{mdx\s; .- mAx\s} of Bx\s/ax\s. Without loss of generality we may assume
that p1, ..., g are local squares at each q1, ..., q,,. (If it isnot a case and u; ¢ qujz
for some 4, j, we may just replace p; by p;\;.) Pick representatives i, ..., u; €
Ex\s» of the images f(ulAX\S),...,f(ukAX\s). As above, we can assume that
Wi, ..., py, are local squares at qf,...,q;,. It is clear that the classes of uj,. .., uj
form a basis of Ex\s’/Ax\ s. Therefore
Ex\s, = Ex\s = Ax\s @ spang, { fi1, ..., pti }
and analogously
Ex\s; = Ex\s' = Ax\s @ spang, {s}, ..., p }-
We then set
(4) tgl()\i-KXQ)::/\g~KX2 for1<i<m
ts, (py - K*2) ::u;-~KX2 for 1 <j<k

and extend it by linearity onto the whole Ex\s, -
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Finally, we define a collection (tp,,...,tp,,tq,,---,q,, ) of isomorphisms of local
square-class groups as follows. For i < n, we set t,, := {,,, while for j < m we
let ¢4, to be the unique group isomorphism from quj/Kqu2 = {1,u;,m;,u;m;} to
K:Q/K:; = {1, u}, 7}, um’
(resp. uf;) is a g;-primary unit (resp. qj-primary unit), while m; (resp. 77) is a
corresponding uniformizer.

It remains to check condition (SE4). It suffices to notice that it holds for
square classes M K*2,... A\, K*2 and 1 K*2,..., 1 K*? by the means of con-
ditions (PE4) and (4). Now these classes form a basis of Ex\s,, hence the condi-
tion (SE4) holds universally.

It follows that (Ts,, ts,, (tp | p € S1)) is a small Sy-equivalence and so it extends
to a self-equivalence (T, t) of K by [7, Theorem 2 and Lemma 4] together with |2,
Remark 4.6]. O

} that sends u; to u} and m; to 7. Here, as always, u;

4. MAIN RESULTS

In this section we describe the structure of finite wild subsets of X. We begin
with a proposition that shows how to construct bigger wild sets by gluing together
smaller ones.

Proposition 4.1. Let & := W(T1,t1) and Sy := Tl_l(W(TQ,tQ)) be finite sets.
If 81 and S2 are disjoint, then their union is the wild sets of a composition (T o
T1, t2 o) tl) N

51 USQ = W(TQ OTl,tQ o t1).

Proof. It is clear that (T 0T, ta011) is a self-equivalence of K. Take a point p € S;
and let u, € K be a p-primary unit. Then T1p ¢ Sy so (Ts,1t2) is tame at Tip. On
the other ord, u, =0 (mod 2) and [2, Observation 2.1] asserts that ordp,p t1u, =1
(mod 2). Thus we have

ord (o) (p) (t2 0 t1)(up) = ordrp tiup =1 (mod 2).

This shows that p € W(Ty 0 T1,t2 0 t1).

Next, take a point p € S3. Then (71,t1) is tame at p, but T1p is a wild point
of (Ty, t2). Let ur,, € K be a (T1p)-primary unit and denote v, := t; ' (ur,,). We
now have

ord, v, = ordpp ur,py =0 (mod 2),

but (T»,t2) is wild at Ty p, hence

ord (o) (p) (t2 © t1)(vp) = ordp, (pypy tour,p =1 (mod 2).

Consequently p is a wild point of the composition (75 o T7,tq o t1).

The previous two paragraphs show that S;USs C W(Tz0T, toots). It remains to
prove that there are no other wild points. To this end take a point p € X\ (S1USs)
and any element A\ € K. The self equivalence (71,t1) is tame at p and (T3, t2) is
tame at ¢1p. It follows that

ord(Tonl)(p)(tQ ot1)(A) =ordpp t1A =ordy A (mod 2)
and so (T o T, t2 o t1) is tame at p. O

The next theorem provides a necessary condition for a finite set to be wild,
basically it says that the number of elements of a wild set must be at least twice
bigger that its rank. Recall that for an open set Y C X we defined the subgroup Gy
to be the subspace of PicX/apic x spanned by classes of points not in Y.
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Theorem 4.2. Let (T,t) be a self-equivalence of a global function field X and
S =W(T,t) be its finite wild set. Then

|S‘ > Q‘TkQGX\S.

Proof. Denote Z := X \ S and k := rky Gz. Select a maximal linearly independent
(in PicX/apicx) subset {p1,...,px} of S and let Y := X \ {p1,...,pr}, Z C Y.
Proposition 2.4 asserts that

ko PicY = 1 + rky Pic® X — k.
It follows from [2, Proposition 2.3.(1)] that
(5) ko Bz = |S| + 1ky Pic® X + 1 — k.

Now, [2, Lemma 4.1] asserts that there are elements A1, ..., Ay € Az, whose square
classes are linearly independent in Az and such that for every i < k one has

AN ¢ K and N e[ KR
J#i
From the fact that Az is a subset of Ex we infer that the classes of A1,..., \; are
linearly independent in Ex.

The self-equivalence (7, t) is tame on Z, hence t(Ez) = Erz and for every q € Z
we have ordrq tA; = ordg A; = 0 (mod 2). Therefore the elements tAq,...,tA; lie
in E7z and they clearly remain linearly independent. On the other hand, since
(T,t) is wild on X \ Z, we must have ordry, tA\; = 1 (mod 2) for every i < k. In
particular tAq,...,tAr ¢ Ex. This implies that

rko Erz [Ex > k.
Consequently
rky Ery = rky Brz /5y + ko Ex > k + 1 + rky Pic® X

by [2, Lemma 2.4]. Now, rko Erz = rke Ez and the assertion follows by combining
the previous inequality with Eq. (5). O

The previous theorem provides a necessary condition for a finite set S to be wild
in terms of its rank. In the rest of this section we inductively construct wild sets
of all possible finite ranks. The case of rank 0 was completely resolved in [2]. For
the sake of completeness let us recall:

Theorem 4.3 (|2, Theorem 4.10]). Let K be a global function field and X the
associated smooth curve. Assume that Y C X is a nonempty open subset and
denote S := X \Y. Iftko Gy =0, then S is a wild set.

Now we turn our attention to sets of rank 1. Theorem 4.2 asserts that very
such set must consist of at least two points. We need to consider separately the
cases when the wild set in question consists of just two or three points. We do
it in Lemmas 4.4 and 4.5, respectively. Then we deal with the general case in
Theorem 4.6

Lemma 4.4. Let p,q € X be two distinct points. If the following two conditions
hold

tky Gx\(pg} =1 and  —1€ K*NKS?
then there is a self-equivalence (T,t) of K satisfying

T({p,a}) = {p,a} = W(T1).
In particular {p,q} is a wild set.
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Proof. Denote S := {p,q} and ¥ := X \' S. The 2-rank of Gy is 1, hence the
classes of p and q in Pic X cannot be simultaneously 2-divisible. Neither they
can be linearly independent over Fy in PicX/apic x. Thus we are left with only
two possibilities: either one of the two classes [p], [q] € Pic X is 2-divisible while the
other is not, or none of them is 2-divisible but [p+q] € 2Pic X. We shall investigate
these two cases independently.

First assume that [p] ¢ 2PicX and [q] € 2PicX. Then [2, Proposition 3.4]
asserts that there is an element A € Ex which is not a local square at p, i.e.
AeEx )\ K;Q. On the other hand, from the condition q € 2Pic X we infer that
there are: an element p € K* and a divisor Z € Div X such that

diVX,u: q+29

Thus p has an even valuation everywhere except at q. In particular, we have
ordy =0 (mod 2) and so either p is a square at p or = A (mod K;*). Without
loss of generality we may assume that p € K pXQ. If it is not the case, we may always
replace p by p- A and Z by Z + 1/2 - divx A (notice that divx A € 2Pic X since
A E Ex)

Now A € Ex hence it has an even valuation everywhere on X and, as noticed
above, 1 has an even valuation everywhere but in q. Thus, for every point t €
X \ {q} the Hilbert symbol (A, u). is trivial. Hilbert reciprocity law implies that
also (A, n)q = 1. Therefore X is a local square at q.

It follows from the previous two paragraphs that the quotient space Ev/a, is
spanned (over Fy) by square classes of A and p. Indeed, [2, Proposition 2.3] states
that tko Ev/a, = 2. Moreover A ¢ Ay since A ¢ K;* and u ¢ Ay because
ordg u = 1 (mod 2). Finally they are linearly independent as A # p (mod Kq><2).
Thus, the local square-class groups at p and q are

Kl ={1=pAmp,Aompp and  KSJp? = {1= X g, pug

for some p-uniformizer m, and g-primary unit uq. Construct a triple (7,7, (£,,%,)):

7.5 s, (p) =, T(q) =,
t:Ev/ay — By /Ay, t(\) == p, t(u) ==\,
ot K JK)? — K)JK)2, te(N) = p, to(mp) = ugq,
tq: KK — K [KX2, tq(uq) == mp, tq(p) == A,

It is clear that (T',%, (£,,4)) is a pre-equivalence and S is the wild set of the induced
self-equivalence.

Now assume that [p], [q] are not 2-divisible in Pic X but [p + q] is 2-divisible.
The proof runs along similar lines as in the previous case. Let again \,u € K
be such that A € Ex \ KpX2 and divx p = p + q + 22 for some divisor 9.
Then ord, p = ordqu = 1 (mod 2), hence the Hilbert symbol (A, ), is non-
trivial. Hilbert reciprocity law implies that (A, p), is non-trivial, either. Con-
sequently A is simultaneously a p-primary and g-primary unit. It follows that
By /ay = spang, {\, 1} and the local square-class groups at p and q are

K;,X/K'f“’:{l,)\,u?)\-u} and K:/K§2:{17A,M,A-u}.

Define a pre-equivalence (7%, (£,,%,)) as follows. Let 7' : S — S be an identity
and

FiEv/ay > Ev/a,, i) = () = A,
fP:K;(/K;Q%K;(/KpXZ) EP()‘) = fp(/’c) = )‘a
bq s Ko /K3 = KK, ta(A) = p, tq(p) =X

Then S is the wild set of the induced self-equivalence. O
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Now we must scrutinously investigate the case when a wild set consists of pre-
cisely three points.

Lemma 4.5. Let py,po, p3 be three distinct points. Assume that the following two
conditions hold:

ko Gx\(prpaps} =1 and  —1€ KJPNEKXPNK)?
Then {p1,p2,ps} is a wild set.

Proof. Denote the set consisting of the three distinguished points p1,p2, p3 by S.
First suppose that one of the three points is 2-divisible in Pic X, say [p3] € 2 Pic X.
Theorem 4.3 asserts that there is a self-equivalence (T1,t1) of K such that p3 is its
unique wild point. Since (T7,t1) is tame on X \ S, we infer from Proposition 2.5
that

ko Gx\(Typy Tipa} < TK2 GX\(Typy Tupa,Tups} = TK2 G\ {py pa,ps} = 1-

Moreover, —1 = t1(—1) € K;IQOKpr by Observations 1.1 and 1.2. Thus, the previ-
ous lemma says that there is a self-equivalence (7%, t2) with a wild set W(T5,t2) =
{T1p1,Tip2}. Tt follows that S is a wild set of the composition (T3 o T}, t2 0 t1) by
Proposition 4.1.

For the rest of the proof we assume that [p;] ¢ 2PicX for 1 < ¢ < 3. The
assumption rke Gx\s = 1 implies that [p; +p;] € 2Pic X for all 7, j such that i # j.
Thus, for 1 < ¢ < j < 3 there is an element \;; € K and a divisor %;; € Div.X
such that

P +p;+ 2-@ij =divx /\l]
In particular, Ajj € Ex\(p,p,3- Without loss of generality we may assume that
A2z = A12 + A13.

The class of the point p; is not 2-divisible in Pic X, hence [2, Proposition 3.4]
asserts that there is an element u € Ex which is not a local square at p;. It must,
therefore, be congruent modulo K,,Xl2 to a pi-primary unit. By Hilbert reciprocity
law we then have

1= H (14 A23)p = (115 A23)ps (115 A23)ps

peX
and so (i, A2s)p, = (1, A23)ps = —1. It follows that

p=up, (mod KJ?)  forie{1,2,3}.

Here, as usual, up, is a p;-primary unit. Replacing A2 by pAi2 (and conse-
quently Aoz by pAs3) if needed, we may assume that Aj2 is not a local square
at Ps3.

Now, [4, Lemma 2.1] asserts that there is a point py € X \ S and an element
v € Ex\(p,y such that ordy, v is odd and

v=1 (mod KJ?), v=yp (mod KJ?).

Let us denote &' := {p1, p2,pa}.

Our next step is to describe local square-class groups Ky /K2 for k < 4 in terms
of p,v and A; ;. It is well known that a square-class group of a non-dyadic local
field K, consists of four square-classes, namely: 1,up, 7, and u,m,, where u, is a
p-primary unit and 7, is a p-uniformizer. From what we have proved so far we
infer:

k ‘ 1 U, Tpp Upy Ty,
1 l1=v 12 /\12 = V/\lg /.t/\12
2 1 n=v )\12 ,U/\lg = l//\12
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Next we describe K., /K2, We know that p is a pz-primary unit and ordy, A\13 =
ordy, Ags is odd, while ordy, A1z is even. Moreover, we have A2 = p (and so also
A13 = pAg3) modulo prsz' Thus the third line of the table reads as

k ‘ 1 Upy, Ty, Upy Ty,

311 p=XA2 Az =phis pdes = Ais
It remains to describe Ky, /kx?. Now v € Ex\(p,y and u € Ex C Ex\p,}, hence
for every point p € X, p # ps we have ord, p = ord, v = 0 (mod 2) and so the
Hilbert symbol (p,v), vanishes everywhere on X \ {p4}. It follows from Hilbert
reciprocity law that (u,v),, = 1, too. Thus p must be a local square at p4, since
ordp, v is odd. In order to identify a ps-primary unit, observe that both v and Aq2
lie in E'x\s/. Using Hilbert reciprocity law one more time we obtain that

1= [ M2)p = (2 M2)p, (v M2)ps (v, A2y,
peX

= (L, A12)p, (1 M12)p, ( A12)py, = —(¥, A12)p,.-
It follows that Aqs is a ps-primary unit and we may now complete the table:
k ‘ 1 Upy,  Tpj  UppTpy,
4 ‘ 1= 12 )\12 v I/)\12

The quotient groups Ex\s/ay\s and Ex\s'/ay s may be treated as Fa-vector
spaces. From the above explicit description of the local square-class groups we
infer that the sets

B = {p, A2, A2} and B = {p, M2, v}
are bases of Ex\s/Ax\s and Ex\s'/A &, respectively. Thus we may construct a
pre-equivalence (T',%, (£p,,fp,, fp,)). Let T+ S — X send

T(p1):=p1,  Tp2):==p2,  T(p3) = pa.

Next let the remaining maps

I ;L X X2 X x2
t: ]EX\S/AX\S — ]EX\S//AX\S'7 tPl . KP1 Km - KP1/KP1 ’
L peX x2 X x2 L X X2 X X2
tP2 . KPQ KPQ - KP2 sz ’ tP3 . KPS Kps — KP4 KP4

be the unique group homomorphisms that satisfy the following conditions

t(p) = vAiz t(Ai2) = 1 t(A23) = phia
o, (1) = vA12 = A12 o (M2) = 1
Lo, (1) = VA12 = phi2 oy (M12) =
tps (1) = VA12 fps(A23) = pAi2 = A1

Theorem 3.1 asserts that this pre-equivalence extends to a self-equivalence (T',t)
with a wild set W(T,¢) = S. This concludes the proof. O

Theorem 4.6. Let K be a global function field and X the associated smooth curve.
Further let n > 2, p1,...,pn € X be distinct points such that —1 is a local square
at each of them. Denote S := {p1,...,pn}. IftkaGx\s <1, then S is a wild set.

Proof. If tko Gy = 0, then pq,...,p, € 2Pic X and the assertion follows from
Theorem 4.3. Thus we assume that rko Gy = 1. Proceed by an induction on n.
If n =2 or n = 3, we use Lemma 4.4 and 4.5, respectively. Assume that n > 3.
Denote Z := X \ {p1,p2}. We have Gz C Gy and so tkyGz < 1. Lemma 4.4
asserts that there is a self-equivalence (71, ¢;) such that

{p1,p2} = T1 ({p1, p2}) = W(T1, ta).
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The self-equivalence (T1,t1) is tame on Z, therefore
I‘k2 GT1Z = I‘kQGZ S 1

by Proposition 2.5. Moreover, t;(—1) = —1 € priz for every ¢ by assumption,
and t; maps local squares to local squares by Observation 1.1. Hence —1 is a local
square at each T1ps,...,T1p,. It follows from the inductive hypothesis that there
is a self-equivalence (T3, t2) whose wild set is precisely

W(T27t2) = {T1p3a e 7T1pn}'

The sets Sy = {p1,p2} and So = {p3,...,pn} = Ty " W(Ts, t) are trivially disjoint,
hence their union is again a wild set by Proposition 4.1. O

Finally we focus our attention on wild sets of arbitrary rank. Recall that in [2]
we introduced a relation — on the set of points, whose classes are 2-divisible in
Pic X. Let p,q € X by such that [p], [q] € 2Pic X. The points p, q related, denoted
p — g, when Ex\ gy \Ex C KUTQ. This relation is symmetric by [2, Lemma 4.3].

Proposition 4.7. Let p1,...,pm and q1,...,q, be distinct points of X, where
m < n. Assume that the following conditions hold:

(1) the classes of p1,...,pm are linearly independent in PicX /2pic x;
(2) the classes of q1, ..., qn are 2-divisible in Pic X ;
(3) for every i < m we have —1 € KpXiQ;
(4) for alli,j <mn,i# j we have q; — q;.
Then {p1, .., Pm,q1s---,qn} is a wild set.

Proof. By assumption, —1 is a local square at every p; for i < m. We claim that it
is a local square at every q;, i < n, as well. Indeed, we have [q;] € 2Pic X, hence q;
has an even degree by Observation 2.1. Therefore, —1 is a square in the residue
field K (q;) and consequently —1 € K2, as claimed.

In order to prove the proposition we proceed by induction on m. For m =1
the conclusion follows from Theorem 4.6. Assume that m > 1 and the assertion
holds for m — 1. We must consider two cases. First assume that n = m. Denote
S1:={p1,--,Pm-1,915---,qm—1} and Y7 := X \ S;. By the inductive hypothesis
there is a self-equivalence (71,t1) of K such that & is its wild set.

By assumption, [q,,] is 2-divisible in Pic X. We claim that [T} q,,] is 2-divisible,
as well. Indeed, [2, Lemma 4.1] asserts that there are Ai,..., A € Ax\{q1,....qm}
such that

N¢ K2 and N e[ K2
J#i
for every i < m. By [2, Proposition 3.2] there is an element 7, € Ex\(q,.} \ Ex
such that ordg,, 7, =1 (mod 2). It follows from condition (4) that

T € ﬂ qujz.

j<m—1
Define an element A by a formula
A:=m,, - ﬂ Aj.
j<m
ﬂm,éK;;z

It is clear that A is a local square at every p;, ¢ < m and every q;, j < m — L.
It follows from Observation 1.1 that ¢;A is a local square at T1pq,...,T1p, and
T191,...,11qm—1. In particular it has even valuations at all those points. Moreover,
for any point t € Y7, v # q,,, the valuation of A at v is even and so the valuation of
t1A is even at Tit, since (T1,t;) is tame everywhere on Y7. On the other hand, A
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has an odd valuation at q,, and so ¢; A has an odd valuation at T1¢,,. Summarizing,
we have shown

tiA € Ex\{11q,.} and ordr,q,, tiA =1 (mod 2).

Thus [2, Proposition 3.2] asserts that [T1qy,] is 2-divisible in Pic X, as claimed.
From the above discussion we infer that rks Gx\(1p, 11q,,; < 1. (In fact it
can be shown that this 2-rank is precisely 1.) Hence, by Lemma 4.4, there is
a self-equivalence (Ts,ts) with a wild set W(T5,t2) = {T1pm,T1qm} and such
that T maps the set {T1pm, T1qm} to itself. Proposition 4.1 asserts that the set
{p1,---,Pm,q1,---,qm} is the wild set of the composition (T3 o T1,t2 0 t1).
Finally, we consider the case when n > m. By the previous part, there is a
self-equivalence (T4,t1) such that S; := {p1,...,Pm,q1,-.-,qm} is the wild set
of (T1,t1). The classes of qm11,...,0qn are 2-divisible in Pic X and so are the
classes of their images T1qm+1,---,71qn by the same argument as above. Thus,
Theorem 4.3 asserts that there is a self-equivalence (T, t5) with a wild set Sy :=
{T19m+1,---,T19,}. Using Proposition 4.1 again, we show that S; U T1_182 is the
wild set of (Tg o Tl, to 0 tl) U
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