Project 4 - Peano axioms. Mathematical induction.

The following axioms, known as Peano axioms, define the second order theory of natural numbers. We denote by N the set of all
natural numbers and by S(n) the successor function (that is S(n) = n+ 1, although we don’t use the “+” sign in formulation of the
theory):

(1) Vn € N(n =n)

(2) Vn,m € N(n=m = m =n)

3) Vnom,ke Nn=mAm=k=n=k)
(4) Vn e NVm(n=m = n € N)

(5) 0eN

(6) Vn € N(S(n) € N)

(7) vn € N(5(n) # 0)

(8) ¥n,m € N(S(n) = S(m) = n=m)

(9) VK CN0e KAVneNne K= Sn)e K)= K =N)

This last axiom shows why we are dealing with a second order theory here (we quantify over sets instead of just individuals). It’s,
in many ways, most fascinating axiom, that we shall call the axiom of mathematical induction.

Prove the following theorems:

Sums of powers of consecutive integers.

(1) Sp_ k=" —

(2) i k= w = 55 (see above)

(3) Yoy B® = st

(4) Sp_ k' = Ls2(3n* 4+ 3n—1)

(5) Z:l kb = %s%(2n2 +2n-1)

(6) Sop_y k® = 1s2(3n* +6n% — 3n +1)

(7) Yopo1 k7 = $s3(3n* + 603 —4n+2)
1

(8) Yop_i k® = {552(5n° + 15n° +5n — 1503 —n? +9n — 3)
Sums of powers of consecutive odd integers.

(1) Sk -1 =n? =0,

) Sone1(2k —1)? = in(4n® — 1) = oy

3) Zk (26 —1)3 = 01(2n -1

) — 1)4 50’2(127?, — 7)
5) Zk 2k —1)° = —01(16n —20n2 +7)

—1)6 =

6) Yor_q(2k—1)5 = % 2(48n* — 72n% 4 31)
Divisibility.

(1) 2|n? —n

(2) 6|n® —n

(3) 30|n® —n

(4) 42|n" —n

(5) 546|n'3 —n

(6) 9/]10™ — 1

(7) 12)10™ —

(8) 11]10" — (~1)"

(9) 10110%" — (=1)»
(10) 1001[103™ — (—1)"
(11) 7|103n+1 ( 1)n
(12) 13103+ + 3(—1)"
(13) 14]103"+2 —2(=-1)"
(14) 52|103"+2 4 4(—1)"
(15) 11|26n+1+32n+2
(16) 10/2*" —6
(17) 41]5 - 72(n+1) 4 23n
(18) 25[27+23" + 5n — 4
(19) 169]33™ —26n — 1
(20) 11|55n+1+45n+2+35n

os]

ernoulli inequality and some of its generalizations.
(1) (14+a)*>14na, a> —1 (Bernoulli, 1689)

2) 1+a)”>1+na+ "2 a>0

3) 1+a)">1+na+ n(n;l)aQ + n(nflg(n72)a3, a>—1




4) 1+a)¥/" <142 a>-1
(@(1+®V">1+numwa>—1
6) (1+a) /" >14 1+ L)a,a> -1
() A+a)*™m >1+ (14 2)a, a> -1
®) (I+a)P/1>1+2a,a>-1,p>qg>1
(9) 1+a)/?<1+L2a,a>-1,1<p<q
Fibonacci sequence. Set

U,():O7 U1:1,

Up+2 = Up + Unt1

3

—_

D ko Uk = Upg2 — 1

k=0 U2k4+1 = U2n4-2

o U2k = Uzny1 — 1
0(71)kuk = U2n—1 — 1
O (DR g = g, + 1
=0 u% = UnUn+1
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k=0 UkUk+1 = Uz,

Up—-1Up41 — Ui = (_1)n

Un+1 = UmUn—m T Um+1Un—m+1, N >m > 0
Uppy1 = Up + Ul

Usn = Up g — Upy 4

U3n = U’?L + U’:rr;H-l - u?z—l
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13 U =1+ Up—2Up—1Un4+1Un+2
n _ Uk42  __ _u3 Un+4
14 Zk 0 Uptiupts  uiu2 Up42Un+3
15) u, = a_g where o i 3 are two distinct solutions of the equation

2=x+1.



