WEAK CONVERGENCE TO LEVY STABLE PROCESSES IN
DYNAMICAL SYSTEMS

MARTA TYRAN-KAMINSKA

ABSTRACT. We study convergence of normalized ergodic sum processes to
Lévy stable process in the Skorohod space with Ji-topology. Our necessary
and sufficient conditions allow us to prove or disprove such convergence for
specific examples.

1. INTRODUCTION

Let T: Y — Y be a measurable transformation on a probability space (Y, B,v)
and let h: Y — R be measurable. Under appropriate assumptions about the trans-
formation 7" and the function h there exist sequences b, > 0, c¢,, and a non-
degenerate random variable ¢ such that the distributional limit holds

n—1
1 ,
(1.1) aE:hoTJ—cni>( in R

j=0

(the notation % in X refers to weak convergence of distributions of given random
elements with values in the space X). The most studied case is the central limit
theorem when ( is Gaussian distributed (see [8, 24, 37] and the references therein).
In particular, examples of dynamical systems which display convergence to stable
laws have been given [3, 11, 12, 14, 40].

A stronger result than the limit theorem in (1.1) is its functional version, called
a functional limit theorem (FLT) or weak invariance principle (WIP). We define
the processes {X,,(t): t >0}, n > 1, by

[nt]—1
1 .
(1.2) X, (t) = ™ ; hoT) —te, for t>0

(where the sum from 0 to —1 is set to be equal to 0). Then the X, are random
elements with values in the Skorohod space D[0, 00), i.e., the space of all functions v
on [0, 00) that are right-continuous and have left-hand limits ¢(t—) for every ¢t > 0.
We consider D[0, c0) with the Skorohod Ji-topology: if 4,1 € D[0,00) then ¢,
converges to ¢ in the Ji-topology if and only if there exists a sequence {\,} C A
such that

sup [An(s) —s| =0 and sup [, (A\.(s)) —¥(s)] =0

s<m
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for all m € N, where A is the family of strictly increasing, continuous mappings A
of [0, o0] onto itself such that A(0) = 0 and A(c0) = oo (see e.g. [18, Section 6]).
The functional version of (1.1) takes the form of

(1.3) X, %X inD0,00),

where X has sample paths in D[0, c0). In the case when the random variables hoT
are independent and identically distributed, (1.1) holds if and only if (1.3) holds
[29, 36], where necessarily X is a Lévy a-stable process with a € (0,2]. Recall
that X is a Lévy a-stable process if X(0) = 0, X has stationary independent in-
crements, and X (1) has an a-stable distribution. If & = 2 then X is a Brownian
motion and has continuous sample paths; see [24, 37] for results when (1.3) holds in
the context of dynamical systems. If « € (0,2) then the paths of X are purely dis-
continuous and proving or disproving (1.3) seems to be much harder if one tries the
typical approach using tightness arguments and convergence of finite dimensional
distributions. Instead, we make use of necessary and sufficient conditions from [38]
for convergence to Lévy processes in D[0, oo) with Ji-topology, which are based on
point process techniques and have their origin in [9].

For a € (0,2) and 8 € [—1,1], we will denote by =, 3 a random variable with
characteristic function given by

exp(—o®|u|*(1 — iBsign(u) tan(ra/2))), a#1,
exp(iuf(l —v) — o®|ul(1 +if(2/m)sign(u) In(w)), a =1,

where « is Euler’s constant, i.e., the limit of 2?21 1/j—logn, and the scale constant
s

(1.4) Ee'uSes = {

o
o — 1“(%—;) cos(am/2), a#1,
/2, a=1
Any a-stable random variable can be represented as b=, g + a for some a,b € R.
The Lévy-Khintchine representation for =, g takes the form

Ee™“=# = exp[iua, + /(emc =1 —iuzl|_y qy(z) s (dz)],

where
| B et
o 0, a=1,
and II, is a Lévy measure given by

o 1+06
I, (dz) = a (pl(o,c0) (@) + (1 = P)1(—o0,0)(@)) 2| *'da, p= —

It is often convenient to denote by I(A) the indicator function 14 of the set A.
Let X(q) be a Lévy a-stable process on a probability space (£2, F,P) with sam-
ple paths in D[0,00) and with X, (1) L Ea,3- The process of discontinuities
AX(q)(t) == X (o) (t) = X(a)(t—), t > 0, determines Poisson random measures. For
B € B((0,00) x (R\ {0})), we define the random variable by
N(a)(B) = #{S > 0: (S7AX(Q)(8)) € B}

We have P(N(,)(B) < oo) = 1 if and only if Leb x I, (B) < oo, where Leb denotes
the Lebesgue measure. In that case, N,)(B) has a Poisson distribution with mean
Leb x II,(B) (see e.g. [33, Chapter 4]).
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Let T be a measurable transformation on a probability space (Y,B,v) and
h:Y — R be measurable. Let X,,, n > 1, be as in (1.2), where b, > 0, ¢,
are some constants. We define

j hoTJ—1
W)= 21 (1 10T
n bn,

for B € B((0,00) x (R\ {0})) and we will write

)EB}, n>1,

Ny % N

if and only if N,,(B) % Ny (B) in R for all B € B((0,00) x (R \ {0})) with
Leb x I, (B) < oo and Leb x II,(0B) = 0, where 0 denotes the boundary of a
given set. Let h be such that v(hoT7 # 0) = 1 for all j > 0 and let us observe that
AX,(s) = X,(s) — X,(s—) # 0 if and only if s = j/n and ho TV~ # 0 for some
j > 1, in which case we have AX,,(s) = hoT7~1/b, and

No(B) =#{s>0:(s,AX,(s)) € B}.
Thus, N, counts the number of discontinuities of the process X,, and the condition
N,.(B) 4 N(o)(B) means that this number is asymptotically Poisson distributed.

Theorem 1.1. Suppose that v(hoT? #0) =1 for all j > 0. Then X, 4, X(a) in
D[0, ) if and only if Ny, 4, Ny and
1 [nt]—1
1.5) lim limsupv( sup |— hoTII(|hoT?| < eb,) —t(cn—ca(e))| = 8) =0
(1:5) Jim limsupu( sup |- z:; (|hoT| < ebn) —t(en —calz))| > 6)
for all 6 > 0, m > 0, where co(c) = e *Ba/(a—1) for a € (1,2), c1(¢) = —Blne,
and cq(e) =0 for a € (0,1).

If the h o T are independent and identically distributed then IV, 4, N(qa) (see
e.g. [29]) if and only if h is regularly varying with index « € (0,2): there exists
p € [0, 1] such that

v(h > x)

(1.6) lim ————— =p and lim vihl > 2)

=1
z=o0 v(|h| > x) z—oo =L (x)

where L is a slowly varying function at oo, i.e., L(rx)/L(z) — 1 as x — oo for
every r > 0. In that case, condition (1.5) also holds for all § > 0, m > 0, where b,
¢p, are such that

0, 0<a<l,
(1.7) lim nv(lh| >b,) =1 and ¢, =14 nb,'E,(RI(Jh] <by)), a=1,
e nb B, (h), l<a<?2.

Note that h satisfying condition (1.6) is also called ([3, 11]) to be in the domain of
attraction of a stable law with index a.

Under the additional assumptions that 7" is measure preserving and h is regularly
varying we obtain the following result.

Theorem 1.2. Let T be a measure preserving transformation on (Y, B,v). Suppose
that h is regularly varying with index o € (0,2), the sequences by, ¢y, are as in (1.7),
and one of the following two conditions holds:

(1) a€(0,1);
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(2) a€[1,2) and, for any § > 0, we have
k—1
s 1 . .
lim lim sup v ( mkaécn‘a g (hoT7I(|hoT’| < eby) —E,(hI(|h| < eby)))| > 6) = 0.

e=0 pooo 1< =0

If Ny % Ny then X, & Xy in D[0, 00).

The condition N,, 4, N() implies that N, ((0,1] x B) 4, N()((0,1] x B) for all
B e B(R\ {0}) with IT,(B) < oo and II,(0B) = 0, which we will denote by

d
N ((0,1] x ) = Niay((0,1] x-).
We have the following result for convergence to stable laws.

Theorem 1.3. Let T be a measure preserving transformation on (Y, B,v). Suppose
that h is regularly varying with index o € (0,2), the sequences by, ¢y, are as in (1.7),
and one of the following two conditions holds:

(1) a€(0,1);

(2) a€[1,2) and for any § > 0, we have

n—1
1 _ _
lim limsupu(|b— > (hoT/I(|hoT| < eby) — Ey(hI(|h| < €by)))| > 6) = 0.

e=0 nosoo n
Jj=0

IF N ((0,1] X ) S Ny ((0,1] x -), then
1 n—1
=Y hoTi—c, 42,5 inR

(1.8)

Theorems 1.1-1.3 are proved in Section 2 using results from [38]. We now give
one example when (1.8) holds but the convergence to the Lévy process X(,) with
X (1) 4 Ea,3 in D[0, 00) with Ji-topology fails; see also Example 2.1 for a similar
conclusion.

Example 1.1. Consider the map T, : [0, 1] — [0, 1] given by
y(1+2y7), 0<y< g,
T”<y)_{2y—1, 1<y<l,
where v € (0,1). The transformation T, has a unique absolutely continuous in-
variant probability measure v,. It is shown in [11] that if v > 1/2 and h is Holder

continuous with 2(0) # 0 and E,_ (k) = 0, then for « = 1/ and b, = bn'/® where
b is a positive constant, we have

n—1
1 P d = i
= } hoT? 5 By ign(no)) inR.

n j:0

Since h is bounded and b, — oo, there exists € > 0 such that sup; [h o T7| < eb,
for all n sufficiently large. Thus

lim v(N,((0,1] x B) =0) =1

n—roo

for all B C R\ [~¢,¢], but
P(N()((0,1] x B) =0) = e~ Ta(B)
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which is equal to 1 if and only if II,(B) = 0. This shows that the condition

N, ((0,1] x ) 4 N(4)((0,1] x -) does not hold and that it is not necessary for (1.8).
From Theorem 1.1 it also follows that the distributional limit theorem in this ex-
ample has no functional version in the Skorohod space with J;-topology.

The main difficulty in proving convergence to Lévy stable processes for specific

examples is to show that IV, 4, N(a)- Thus, in Section 3 we provide two sufficient

conditions (Theorems 3.1 and 3.3) for N, 4 N(q), which are expressed with the
help of hitting times. These are our main tools in Section 4, where we show how
Theorem 1.2 can be applied to particular examples of maps and functions. We
hope that our approach can be improved to give more examples where there is
convergence to Lévy stable processes in D[0, co) with Ji-topology. In Section 4.1
we consider exponentially continued fraction mixing sequences [1, 5], which extend
the standard example of the Gauss continued fraction map for which distributional
limit theorems were studied in [22] and their functional versions in [32]; examples
of such sequences can also be constructed via Gibbs-Markov maps. Section 4.2
is devoted to weakly mixing piecewise monotonic maps of the interval which are
uniformly expanding and satisfy Adler’s and finite images conditions. Here we
prove FLT when the function A is locally constant on the dynamical partition,
which allows us to study distributional behavior of the digits of Japanese continued

fractions [26]. We also provide a simple sufficient condition for IV, LN N(a) when
the function h is piecewise monotonic with finitely many branches (Theorem 4.4).
We now give one example in this setting where we have convergence to Lévy stable
processes.

Example 1.2. Consider the tent map T(y) = 1 — 2Jy|, y € [-1,1], where v is
the normalized Lebesgue measure on [—1,1]. Let h(y) = y~ Y/ for y > 0 and

h(y) = —h(—y) for y < 0. Then b, = n'/*, ¢, = 0, and X, 4, X(a) in D0, 00)
with X(o)(1) £ Ea.

As an application of Theorem 1.3 we give a positive solution to a recent question
of Sinai [35].

Example 1.3. Let T be the doubling map T'(y) = 2y mod 1 on [0, 1] preserving

the Lebesgue measure. Consider the non-integrable function

1
Z/—yo7

h(y)

where yo € (0, 1) has a finite dyadic expansion. Observe that h is regularly varying
with index o = 1, p = 1/2, and the sequences b, ¢,, are of the form
L. 1-yo

b, =2n, c¢,==1In .
Yo

We will show in Section 4.3 that Theorem 1.3 applies. Hence we obtain

1 n—1
; d — .
b—g hoT’ —¢, =210 inR
n =
7=0
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Consequently, for every integrable function h; we have

n—1
1 .
EE (h+h)oT? % ¢, iR,

=0

where (. is the Cauchy distribution, whose density is

! here lnlyOJr/lh()d
e —— wher C = .

2. NECESSARY AND SUFFICIENT CONDITIONS FOR FLT

We begin by introducing some background on point processes. We follow point
process theory as presented in Kallenberg [19] and Resnick [30]. For our purposes,
let E be either Ry = R\ {0} or (0, ) x Ry, where R = RU{—00,00}. The topology
on Ry is chosen so that the Borel o-algebras B(Rg) and B(R) coincide on R\ {0}.
Moreover, B C Ry is relatively compact (or bounded) if and only if BNR is bounded
away from zero in R, i.e., 0 ¢ BN R. The set of all Radon measures M (F) on B(E),
i.e., nonnegative Borel measures which are finite on relatively compact subsets of F,
is a Polish space when considered with the topology of vague convergence. Recall
that m,, converges vaguely to m

my, = m ff m,(f) = m(f) forall feCEH(E),

where m(f) = [, f(z)m(dz) and C}(E) is the space of nonnegative continuous
functions on F with compact support. We have m,, — m if and only if my(B) —
m(B) for all relatively compact B for which m(0B) = 0. The set M,(E) of all
integer-valued measures in M (FE), called point measures on F, is a closed subspace
of M(E). A point process N on E is an M, (E)-valued random variable, defined on
some probability space. Given a sequence of point processes N,, we have N, 4N
in M,(E), by [19, Theorem 4.2], if and only if E[e=(/)] — E[e=N(] for all
fe C}(E) A point process N is called a Poisson process with mean measure
II e M(E) if N(By),...,N(B;) are independent random variables for any disjoint
sets By,...,B; € B(E) and N(B) is a Poisson random variable with mean II(B)
for B € B(E) with II(B) < 0.

Proof of Theorem 1.1. We will apply [38, Theorem 3.1]. Let X be a Lévy process
with characteristic function of X (1) given by

EeiuX() _ exp[/(em 1 —iurl(e] < ))a(do)], ueR,

and let N be a Poisson point process on (0, 00) x Ry with mean measure Leb x I1,,
where we extend I, on B(Rg) by setting IL,(Ro \ R) = 0. We define the processes
{Xn(t): 2> 0}7 n > 1, by

- B 1 ,
X,(t) = Z X, —té,, t>0, where X, ;=-—hoT/™ ' j>1,

b
j<nt "

and ¢, = ¢, + aq, n > 1. The corresponding point process N, on (0,00) x Ry is
given by

No(B) :=#{s>0: (5, X,(5) — Xn(s—)) € B}, B e B((0,00) x Ry).



From [38, Theorem 3.1] it follows that X, % X in D0, o0) with Ji-topology if and
only if N, 4 Nin M »((0,00) x Rp) and, for any § > 0, m > 0,

(2.1) hm hmsupy( sup |Z X 1(|Xn,j| <€) —t(cn —ale))] > 0) =

n— 00 0<t<m j<nt

where a(e) = [i,. ., j<1y #Ha(d).
First, we observe that for a # 1 we have

A, = f{w: |z|<1} Il (dx), o€ (0,1),
i (o o>y PHa(dz), a € (1,2).

Thus, if @ € [1,2) then ¢, — a(e) = ¢, — cale) and condition (2.1) is equivalent
to (1.5). If a € (0,1) then a, — a(e) = Bae!~*/(1 — a) — 0 as € — 0, which shows
that (2.1) holds for all §,m > 0 if and only if condition (1 5) holds for all §,m > 0.

Since X, (t) — X, (t) = taq, t > 0, and X(1) + aq < Ea,3, We obtain X, % x
in D[0, 00) if and only if X, 4 X (o in D[O, oo) Hence, it remains to show that
N, 4 Nin M,,((0,00) x Ry) if and only if N,, 4 N(a Since the measure Leb x I1,,
is non-atomic, we have, by [20, Theorem 16.16], N, 9 Nin M,,((0,00) x Ry) if and
only if N,(B) & N(B) in R for all B € B((0, 00) x Ro) with Leb x I4(B) < oo
and Leb x Ha(aB) = 0. Note that

N, (B) =#{s>0: (s,AX,,(s)) € B} = N,(B)
for all B € B((0,00) x R\{ 1)). Moreover, y(ﬁn(B) =0)=1and P(N(B) =0) =
1 for all B € B((0,00) x Rg) \ B((0,0) x (R\ {0})), which completes the proof. O
Remark 2.1. A closer look at the proof of Theorem 3.1 in [38] shows that N, 4,
N(q) and condition (1.5) imply X, 4, X(a) in D0, c0) without the assumption that
v(hoT7 # 0) =1 for all j > 0, which is needed only for the converse implication.

With the notation as in the Introduction we have the following.

Lemma 2.2. Suppose that N, ((0,1] x -) 4 Ny ((0,1] x -).

(1) For every x > 0 we have

lim V(max{h, hoT,...,hoT" 1} < :L'bn) = ¢ Tlal(@,00)),

n—oo
2) If
n—1
(2.2) hmhmsupv |—ZhoTJI(|hoT7| < eby) + cale) —cn| >6)=0
for all 5 > 0, then

1 n—1

0 ZhoT]—cn—>~a,3 n R.
7=0

Proof. To prove part (1) let > 0. Since II,((x,00)) < oo and II,({z}) = 0, we
obtain

N ((0,1] x (2,00)) L Niay ((0,1] x (,00)),
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where N(4)((0, 1] x (2, 00)) has a Poisson distribution with mean I1,,((x, c0)). Hence,

V(NA((0,1] ¢ (@.50)) = 0) 5 B(N(ay (0. 1] x (z,00)) = 0) = ¢~ T2,

and the left hand-side is equal to v(max{h,h o T,...,h o T" '} < xb,), which
completes the proof of part (1).
Part (2) follows from [38, Theorem 3.2] similarly to the proof of Theorem 1.1. [

We now provide one more example when (1.8) holds but X, 7i> X(a) in D[0, 00)
with Ji-topology.

Example 2.1. Let T: [0,1] — [0,1] be the doubling map T'(y) = 2y mod 1 on
[0,1]. Consider the invariant measure v = Leb and the function h(y) = y~ /¢,
y € (0,1], @« € (0,2). It is shown in [13] that there exists a sequence ¢, such that

—1
ol/e 13 . d
J = 3
i/a g hoT’ —¢, = E41 inR.
j=0

Let us suppose that X, 4 X () in D[0, c0), where b, = n'//(21/* —1). From
Theorem 1.1 and Lemma 2.2 it follows that

lim v(max{h,...,hoT" '} <byz) = Tell=20) = =27 5 5 0

n—oo

We now show that this is not true. By the result of [17], we have
: —j 1 —t/2
gl_I)r(l)V( U T77([0,6) =1—¢ for t > 0,
0<j<t
which can be rewritten as

lim 1/(50E < t) =1- eft/z,

€—0
where o.(y) = inf{j > 0: T (y) € [0,¢)}. For z > 0, we have
v(max{h,... ho ™1 < bpz) =1—v(o., <n—1),
where &, := (byx)~® — 0. Hence, £,(n — 1) — (2V/* — 1)%2~ and, consequently,
nh_}n;o u(max{h7 coho T} < bna:) = e‘fu(l_rl/a)a, x> 0.

We now turn to the proofs of Theorems 1.2 and 1.3. From (1.6) it follows that
the sequence b,, satisfies

lim nL(bn)

n—o00 b%

=1

b
and for z > 0 we have

(2.3) lim nv(h >byz) =2"% and lim nv(h < —b,x) =2~ %(1 —p).
n—oo n

— 00

From Karamata’s theorem (see e.g. [10]) we obtain the following asymptotic behav-
ior of truncated moments:

(2.4) E, ([hII(1h] < €ba)) ~ -=—ebur(|h] > <by)
and
(2.5) E, (h2I(|h| < eby,)) ~ 5 f‘a(sbn)%(m\ > eby,).
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Proof of Theorem 1.3. We apply Lemma 2.2. For a € (0,1), we obtain, by the
Markov inequality,

n—1
A , n
hoT I(|hoT7| <eb,)| > 0b,) < —E,(|h|I(|h| < eby,)).
AT T < eh)] > n) < Bu(HI(H < cb)
From (2.4) it follows that
. -1 S Ry
< =
nh_}ngonbn E,(|h[I(|h] < eby)) T

which shows that (2.2) holds in this case, since 1 —a > 0.
Let € € (0,1). If @ = 1 then ¢,, = nb, 'E, (hI(|h] < b,)) and

lim nb, 'E, (hI(eb, < |h| < by,)) = cale),
n—oo
if a € (1,2) then ¢, = nb, 'E, (h) and
lim nb, 'E, (hI(|h| > b)) = ca(e).
n— oo

Consequently,
lim (nb, "E, (hI(|h| < eby)) + cale) — ¢n) =0,
which shows that condition (2) implies condition (2) in Lemma 2.2. O

Proof of Theorem 1.2. We apply Theorem 1.1. First suppose that o € (0,1). By
the maximal inequality from [21, Theorem 1], we obtain

[nt]—1
v( sup |— Z hoT/I(|hoT7| < eb,)| >6) < MEV(|h|I(\h| < b)),
o<t<m bn = 5by,
which shows, as above, that condition (1.5) holds for all § > 0, m > 0.
Now suppose that « € [1,2). Observe that we have
lim sup ’[nt]b;lﬂiy(hl(|h| < b)) + tea(e) — tcn‘ =0

n—o0 0<t<m

for all € € (0,1), m > 0. Thus condition (1.5) holds if and only if

[nt]—1
gi—%hgso%py(o;?gm‘E jgo (hoT?I(|hoT?| < eby)—E, (hI(|h| < €by)))| >6) =0

for all § > 0, m > 0, which is implied by condition (2), since v is invariant for
T. O

To conclude this section we use the notion of transfer operator to provide suf-
ficient conditions for condition (2) of Theorem 1.2 and, respectively, Theorem 1.3.
Given a measurable transformation 7" on (Y, B) and a o-finite measure p on (Y, B)
with respect to which T is nonsingular, i.e., u(T~1(A)) = 0 for all A € B with
w(A) = 0, the Perron-Frobenius (or transfer) operator P: LY (Y, u) — LY(Y,u) is
defined by the relation

/ Pf(y)uldy) = / f@)u(dy)  forall A€ B,
A T-1(4)

This in turn gives rise to different operators for different underlying measures on
B. Thus if v is invariant for T, then T is nonsingular and the transfer operator
Pr: LY(Y,v) — LY(Y,v) is well defined. Here we write Pr to emphasize that the
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underlying measure v is invariant under 7. The following is a consequence of [23,
Proposition 1].

Proposition 2.3. If T is a non-invertible measure preserving transformation on
the probability space (Y, B,v), then

logy, n
||1f£5§n\2f°TJ}l\2<f(3llf PrfoTlht ivE S 2923 phs])
J=0 k=1

for all f € L*(Y,v) and n > 1.
Let us define
he = hI(h| < 2) — B, (hI(h] < 2)), >0,

Corollary 2.4. Let T be a non-invertible measure preserving transformation on
(Y, B,v). Suppose that h is regularly varying with index o € [1,2) and the sequence
by, is such that nv(|h| > b,) = 1 asn — oco. If

10g2 n

(2.6) hm hmsup— Z 2- j/QHZfPT cby,

then condition (2) of Theorem 1.2 holds.
Proof. From Proposition 2.3 it follows that

log, n

| max }Zh o T ||, < 6vnllhall2 +4v2y/n Z 2~ J/2||ZPTh I,

1<k<n
for all x > 0 and n > 1. We have

nb;, ?|\hey, |13 < nb, *Ey, (B*I(|h] < eby))
and, by (2.5), we obtain

lim nb2E, (h2I(|h] < eby)) = ——e272, >0
n— oo le%
Hence the result follows, since 2 — a > 0. (]

Corollary 2.5. Let T' be a non-invertible measure preserving transformation on
(Y, B,v). Suppose that h is regularly varying with index o € [1,2) and the sequence
by is such that nv(|h| > b,) = 1 asn — oco. If

n—1

1
(2.7) lim lim sup — = Z (n— /hsbnpﬁhgbndy =0,

e=0 nooo n 1

then condition (2) of Theorem 1.3 holds.
Proof. Making use of the identity

n—1

Zhsb oT7)? = nE, h +2Zn DE, (hey, hep, 0 T7),
7=0

the result follows from the Markov inequality and (2.5). O
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3. HITTING TIMES AND POISSON LAWS

In this section we provide sufficient conditions for IV, 4, N(q) in terms of hitting
time statistics. We assume throughout that 7" is a measure preserving transforma-
tion on a probability space (Y, B,v). For any set U € B with v»(U) > 0 we define
the return/hitting time function 7y by

mv(y) = inf{k > 1: TF(y) € U},

where inf () := co. When restricted to U, 7 is the return time function of U, while
it is usually called the hitting time when considered as a function on the whole
Y. If v is ergodic then 7y is finite a.e. If U, € B are sets of positive measure
such as shrinking balls or cylinders with v(U,) — 0 as n — oo, then it is known
that v(Uy)my, may converge in distribution to an exponential distribution (see
[7, 15, 16]). The next result also provides examples of such asymptotically rare
events.

Theorem 3.1. Let h be reqularly varying with index o and let the sequence b, be
such that nv(|h| > b,) = 1 as n — 0.

(1) We have N,((0,1] x ) 4, N()((0,1] x -) if and only if

(3.1) lim V(Thfl(an) > n) — e*HQ(J)

n—oo

for all sets J € J, where J is the family of all finite unions of intervals of
the form (x,y], where —oo <z <y < oo and 0 & [x,y].

(2) If
(3.2) lim sup |v({7h-1(,5) > [ns]} N 7~ (B)) — e_SH”(‘])V(B)’ =0

n—oo BeB
forallJ € J and 0 < s <t, then N, 4, Nay-
(3) If Nu % Ny then

V(h™ (b d))Th1 (5, 5) > Exp(1)

for all J € J, where Exp(1) is an exponentially distributed random variable
with mean 1.

Proof. We first prove part (2). Let R be the class of all finite unions of disjoint
rectangles of the form (s, ] x (z,y] where 0 < s <t and 0 ¢ [z, y]. By Kallenberg’s

theorem [19, Theorem 4.7] (see also [30, Proposition 3.22]) we have N, 4 N(qy if
the following holds: for any R € R

(3.3) Jim v(N(R) = 0) = P(N()(R) =0)
and
(3.4) lim E,N,,(R) = EN(o)(R).

Any set R € R can be rewritten as

(35) R = U(Sivti] X Jz
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where 0 < s1 <t; <...<sp<tp,and J; € J,i=1,...,k, k> 1. We have

k k
EN(Q)(R) = Z(Leb X Ha)((si,ti] X Jl) = Z(ti — Si)Ha(JZ‘)
and
k k
E,N,(R) = Z/Nn((si,ti] x Ji)dy = ([nti] = [nsi)v(h™" (bn J;))-
i=1 =1

From (2.3) it follows that nv(h=1(b,J;)) — 4 (J;), as n — oo, for each i, which
completes the proof of (3.4). To prove (3.3), we use induction on the number of
sets in the union (3.5). Let R = (s1,t1] X J1, 0 < 81 < t1, J1 € J. Define
U, =h~Y(b,J1), n > 1. We have

v(Nu(R) =0) =v({y: T/ (y) ¢ Un,ns1 <j+1<nt1})
=v({y: T’(y) ¢ Un,0 < j < [nt1] — [ns1] — 1}).
Hence,
(3.6) |V(Nn(R) = 0) — v(1y, > [n(ty — 51)])| < 2v(Uy) — 0,

which proves the claim for such sets, since v(ry, > [ns]) — e (1) for s = 1, — s
by (3.2). Now let 0 <s1 <t3 <...<sp<tgand J; € J fori=1,...,k Observe
that

k k

k
v (Nu (| (50 8] x Ji) = 0) = w(Nu (| (s, 1] x Ji) = 0)| <2 " w(h™ (ba i) = 0,
i=1 i=1 i=j
where s, = s; —s1, t; = t; —s1, @ = 1,...,k, kK > 2. Thus, we can assume that

s1 = 0. Write Ry = (0,¢1] x Ji,
k k
R2 = U(8i7ti] X Jl and R/Q = U(S’ — Sg,ti — 82] X Jl

i=2 i=2

Since
|v(Nu(R1 U Ra) = 0) = v({ry, > [nt:]} N T2 ({N,(Ry) = 0}))| = 0,

it follows from (3.2) that

V(Nu(R) = 0) — e~y (N, (R)) = 0) — 0,
which, by the induction hypothesis, implies

V(Ny(R) = 0) = e " HelUIP(N ) (Ry) = 0) = P(Ny (R) = 0).
For the proof of part (1) note that, by (3.6), we have

(3.7) Jim v (N, ((0,1] x J) = 0) = P(N)((0,1] x J) = 0)
if and only if (3.1) holds for J € J. By Kallenberg’s theorem, this and (3.4)
imply N,,((0,1] x ) % Ny ((0,1] x -). Conversely, N,,((0,1] x ) % Ny ((0,1] x )
implies (3.7) for every J € J.

Finally, to prove part (3) let J € J and U, = h='(b,J), n > 1. We have to
show that for all s > 0

lim v(v(U,)u, >s) =e "

n—oo
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Since I, (J) < oo and Leb x IT1,(9((0,t] x J)) = 0, where ¢t = s/I1,(J), we obtain
N ((0,8] x J) L Ny ((0,4] x J).

Hence,
V(N ((0,4] x J) = 0) = P(N(a) ((0,£] x J) = 0) = ™.
Since v (U, )[nt] — s as n — oo, the result follows as in (3.6). O
The conditional measure v(-|U) on U is defined for B € B by
v(BNU)
V(BIU) = o) v(U) >0,
0, v(U) =0.
For the next result we will need the following consequence of [16, Lemma 2.4.].
Lemma 3.2. Let U € B be such that v(U) > 0. Then for each k >0
(3.8) |v(ty > k) — (1 — v(U))*| < inf{mv(U) + v(ty < m|U) + B (U) : m € N},
where

(3.9) B (U) = sup [v(T~™(B)|U) = v(B)|.
BeB
Let Q be a countable measurable partition of Y in the sense that v(|J,co 4) = 1.

We denote by Qf = \/f;é T—7Q the family of all k-cylinders and by o(Qx) the o-
algebra generated by Q. The partition Q is called mizing with rate function 9 if
¥(n) — 0 as n — oo, where

I(n) := sup{|[v(ANT~"*(B)) — v(A)w(B)|: A€ o(Qk), BeB, k>1}.
Theorem 3.3. Let h be regularly varying with index o and measurable with respect

to 0(Q). Suppose that the partition Q is mizing with rate function ¥. If for every
e > 0 there exists a sequence of integers ky, = k, () such that

(3.10) kn=o0(n), nd(k,) =0, asn— oo,
and
(3.11) Jim v(rnpse,y < kallh] > eb) =0,

then Nn i) N(a).

Proof. To prove that N, 4, N(a) we make use of Theorem 3.1. Let J € J and
0 < s <t. Since {7,-1(,7) > [n5]} € 0(Qns)), We obtain

;g%‘”({m—l(w) > [ns]} N T~ M(B)) — v(rh-104,.0) > [ns))v(B)] < 9([nt] — [ns]).

Hence, to check condition (3.2) it suffices to show that

nh_}n;O V(Th=1(b,.0) > [n8]) = e *Ma(),
Since I1,(J) < oo, there is € > 0 such that J C {z: || > ¢}. Take k,, as in (3.10)
such that (3.11) holds. We have nv(h=1(b,J)) — 4 (J) and nv(|h| > eb,) —
O, ({z: |z| > e}). Since h=1(b,J) C {|h| > b, }, we obtain
v(|h| > eby,)

V(Th—l(an) < kn|h_1(bnj)) < V(T{\h|>sbn} < kn||h| > Ebn)m7
n
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which shows that the left-hand side in the last inequality goes to 0 as n — co. We
also have

lim Env(R™Y (b, J)) + 9(kn)v(h™ (b, J)) = 0.
From Lemma 3.2 we conclude that
i [1(7-10,) > [n5]) = (1= (A~} (b D)™ = 0,

which completes the proof. O

Remark 3.4. It is shown in [38, Theorem 4.2] that if h is regularly varying with

index o and N,, % N(q) then (3.11) holds for all sequences k;, such that k,, = o(n).
Condition (3.11) as well as part (3) of Theorem 3.1 can be used to construct more
examples where convergence to Lévy stable processes fails in D[0, 00) with J;-
topology.

4. EXAMPLES

In this section we collect a number of examples where there is convergence to
Lévy stable processes in D[0, 00) with Ji-topology. In Corollaries 4.1 and 4.3 we
make the simplifying assumption that h is locally constant on the dynamical par-

tition. Then we can apply Theorem 3.3 to show that N, 4N, (o) and the maximal
inequality of [34] to show that part (2) of Theorem 1.2 holds. In Theorem 4.4 we
show how the decay of correlations for weakly mixing AFU-maps can be combined

with Theorem 3.3 to obtain a simpler sufficient condition for N, 4, Nq). Here
we assume that h is piecewise monotonic with finitely many branches. In the last
subsection we show how Theorem 1.3 applies to Example 1.3.

4.1. Continued fraction mixing maps. Let T be a measure preserving map on
a probability space (Y, B,v) and let Q C B be a countable partition. Recall (see
[5] or [2]) that (T, Q) is called continued fraction mizing if there exists a constant
C > 0 such that

(4.1) v(ANT ¥(B)) < Cv(Aw(B), A€ Qi BeB, k>1,
and there is n; > 1 and a sequence {€p }n>n,, € — 0, such that
(4.2) (1 — en)v(A)v(B) < v(ANT~ " (B)) < (1 + €,)v(A)v(B)

for all A € Q, B€ B, n>mny, k> 1. If ¢, — 0 exponentially, i.e., there exist
constants C; > 0 and r € (0,1) such that ¢, < Ci7™, n > nq, then (T, Q) is called
exponentially continued fraction mixing.

Corollary 4.1. Suppose that (T, Q) is exponentially continued fraction mizing. If

h is @ measurable and regularly varying with index o € (0,2), then X, 4, X(a) n
D0, 00).

Proof. First we apply Theorem 3.3 to show that N, 4, N(ay- From (4.2) it follows

that ¢_(n) < e,, n > ny, where

v(ANT- (k) (B))
v(B)

In particular, the partition Q is mixing with rate function ¥(n) < ¢_(n), n > 1.
Since €, — 0 exponentially, we can find a sequence k, = o(n) such that (3.10)

¢—(n) = sup{| —v(A)|: A€o(Qk),B€B,v(B)>0,k>1}.
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holds. To check (3.11) let € > 0 and U,, = {|h| > eb,}, n > 1. We have nv(U,,) —
I, ({z: |z| > €}) and, by (4.1),

n

k
v(tu, < knlUn) < V(T (Un)|Un) < Chnv(Uy) — 0.
j=1

Consequently, N, 4, N(qa). To check condition (2) of Theorem 1.2 we recall the
maximal correlation coefficients

p(n) = sup{|Corr(f,g)| : f € L2(]-'k),g € L2(]-'n+k), k> 1},
where F¥ = o({hoT7~': j < k}) and Fpyx = c({hoT?~1: j > n+k}). From [28]

it follows that

n) < 2y/¢_(n), n>1
Let € > 0 and hep, = RI(|h]| < eb,) — E,(RI(Jh| < €by,) for n > 1. The stationary
sequence {hep, oT7:j > 0} is p-mixing. By [34, Theorem 1.1], there exists a
constant K7 such that

n
1<k<n b Zhab o T’ <K1(T2EV(|hebn|2)

for all e > 0 and n > 1. From (2.5) it follows that

o 2—«

. n 2
A By (RPL(R] < eba)) =
which completes the proof. O

Example 4.1. (Gauss’ continued fraction map) This is the map T': [0,1) — [0,1)
given by T'(y) = 1/y mod 1. Let v be the Gauss measure with density g.(y) =
1/In2(y + 1). Then the partition Q@ = {(1/(j + 1),1/4) : j > 1} is exponentially
continued fraction mixing. Consider the function h(y) = ai(y) = [1/y]. It is
regularly varying with index 1 and we have

=n/In2 and ¢, = Z jln(l{—%)

1<5<bn 3G +2)

By Corollary 4.1, we have X,, 4, X(ay in D[0, 00) with X4 (1) 4 Za1-

Examples of maps with exponentially continued fraction mixing partitions are
provided by Gibbs-Markov maps [2, 3]. Let (Y, B,m,T') denote a nonsingular trans-
formation of a standard probability space. It is called a Markov map if there is a
measurable partition Q such that TA € ¢(Q) mod m, which generates B under T’
in the sense that o({T""Q: n > 1}) = B and which satisfies 7}, is invertible and
nonsingular for A € @ (Markov maps are called Markov fibred systems in [5]). For
n > 1, inverse branches of T denoted by va: T"(A) — A, A € Q,,, are nonsingular
with respect to m and have Radon-Nikodym derivatives

' dmowvy
'UA.: .

dm

Let # € (0,1). We define the metric dg on Y by d(x,y) = 0°®¥) where s(x,y) is
the greatest integer n such that x,y lie in the same n-cylinder.

A Markov map T is Gibbs-Markov if the following two additional conditions
hold:
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(1) Big images property: inf{m(TA): A€ Q} > 0.

(2) Distortion: there exists a constant ¢ > 0 such that
va(z)
va(y)
A topologically mixing Gibbs-Markov map has a probability invariant measure v

equivalent to m and (T, Q) is exponentially continued fraction mixing. A particular
class of Gibbs-Markov maps are Rényi maps as in [40].

— 1‘ <cdz,y), z,yeT"A, A€ Q,, n>1

Example 4.2. (First return time for intermittent maps) Let T, be as in Ex-
ample 1.1. Let Y = (1/2,1] and v(-) = v,(-|Y), where v, is the unique ab-
solutely continuous invariant measure for T,. Consider the first return time func-
tion ¢(y) = min{n > 1: T7(y) € Y}, y € Y, and the induced map T' = Ty

given by T(y) = Tf(y)(y)7 y € Y. The map T is Gibbs-Markov for the partition
Q={YN{p=j}:j>1} and v is invariant for 7. Limit theorems for T, proved
in [40] used the induced map T and functions of the form h = a¢ + 1, where a # 0
is a constant and v is bounded Q measurable and such that f hdv = 0. The first
return time function ¢ is regularly varying with index o« = 1/, and so is h with
p =1 in the case a > 0 or with p =0, if a < 0. Corollary 4.1 gives functional limit
theorems for such h and Example 1.1 shows that the inducing technique in [25] or
[40] (see also [12]) can not be used to prove functional limit theorems in D0, co)
with Ji-topology for the original map.

4.2. Piecewise monotonic maps. Let I C R be an interval. For every measur-
able f: I — R define

vary(f) = supz |f(xiz1) — flxq)],
i=1

where the supremum is taken over all finite ordered sequences, (z;) with z; € I,
and for f € L' = L'(I, Leb) set

1£lBv = Iflle +\/ f,  where \/ f = inf{var;(f*): f* = f a.e.}.
I I

Finally, let BV = {f € L': ||f|l v < oo}.

A piecewise monotonic map of the interval is a triple (I, T, Q) where Q is a finite
or countable generating partition (mod Leb) of I and T': I — I is a map such that
T4 is continuous and strictly monotonic for each A € Q. The Perron-Frobenius
operator P: L' — L' is of the form

Pf="> vllrafouva,
A€Q

where vy : TA — A is given by vq = (Tj4) ™" and v/ = dLeb o v4/dLeb.

We counsider the following properties of a piecewise monotonic map (I, 7T, Q):

(A) Adler’s condition: for all A € Q, T4 extends to a C? map on A and

T"/(T")? is bounded on I.

(F) Finite images: {TA: A € Q} is finite.

(U) Uniform expansion: inf |T']| > 1.
Piecewise monotonic maps of the interval (I,7T,Q) with properties (A),(F),(U),
will be called AFU maps. By [39, Corollary 1], every AFU map satisfies Rychlik’s
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condition [31] for existence of absolutely continuous invariant probability measure
(a.c.i.p.m.) and we have the following.

Proposition 4.2. If (I,T,Q) is a weakly mizing AFU map, then the unique
a.c.i.p.m. v has a density g. € BV and there exist constants C > 0 and 6 € (0,1)
such that

1P s ( / f(@)dz)g. | sv < CO"|flpv, fe€BV, n>1.

If (I, T, Q) is a weakly mixing AFU map, we define Y = {z € I: g.(z) > 0} and
B={BNY: BeB()} Note that g, is bounded away from 0 and co on Y.
Corollary 4.3. Suppose that (I,T,Q) is a weakly mizing AFU map. If h is Q
measurable and regularly varying with index « € (0,2), then X, 4, X(a) in D0, 00).
Proof. We proceed similarly to the proof of Corollary 4.1. From [6, Theorem 1] it
follows that there exists a constant C; > 0 such that ¢_(n) < C10™. From (A) and
(F) it follows that there exists a constant Co > 0 such that Leb(A NT~1(B)) <

CyLeb(A)Leb(B) for all A € Q and B € B. Since v has a density bounded away
from 0 and oo, there exists a constant C3 > 0 such that

v(ANTY(B)) < C3v(A)v(B), AcQ, BeB.
The rest of the proof is the same as that of Corollary 4.1. O

Example 4.3. (“Japanese” continued fractions) For a € (0,1] define T,: [a —
1,a) = [a—1,a) by
1 1
= - [ +1-]
Y )
The map T, is a weakly mixing AFU map. The countable partition Q is of the

form Q = {If}jzﬁ U{; }j>;-, where iT=[2+1-a],j” =max{[L; —al,2},
and

1 1 1
I+:< 77>7 j > .+7 I+ = (77 )7
i \Graj—1+a) 7 T i

I = (f_ LI ) B A (a—l,— ! )
j—14+a j+a J J”+a

It is shown in [27] that (T, Q) is not continued fraction mixing for almost all a €
(1/2,1). The map T is the Gauss’ map and T/, is the nearest integer continued
fraction map.

The unique a.c.i.p.m. dv, = dg,(x)dz is known in some ranges of the parameter
a. In particular, Nakada [26] computed the invariant densities g, for a € [1/2,1]:

For (v/5—1)/2 < a <1 we have

1 1
9a(y) = Caljar, 150 0) 55 +leze 0 W) 1)
where C, = 1/In(a + 1), and for 1/2 < a < (/5 —1)/2
1 1 1
9a(y) = Ca(l[afl,l—fa](y)w + 1(%7%)@)@ + 1[ 17alﬂa)(y)y T G)’

where C, = 1/InG and G = (v/5 +1)/2.
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We consider the function encoding the digits h(y) := sign(y) [|§| +1—al,ye
[a—1,a). If a € (1/2,1) then h is regularly varying with « = 1, p = 1/2, and

b= Can, n= / B I(Ih(y)] < bu)ga(y) dy.

From Corollary 4.3 we obtain X,, % X (o) in D[0, 00) with X()(1) <

has a Cauchy distribution.

El 0, which

)

In the rest of this section we study the case when h is piecewise monotonic with a
finite number of branches and (I, T, Q) is a weakly mixing AFU map. The transfer
operator Pr: L'(v) — L'(v) is given by

9Pr(f) = P(fg.) for feL'(v).

From Proposition 4.2 it follows that there exist constants C; > 0 and 6 € (0,1)
such that if fg, € BV then

(4.3) 1P7(f) = Eu(HllLew) < C10"[ follBv, n>1.
For the next result we define the return time 7(U) of a set U into itself as
7(U) =inf{ry(y): y € U}.
We have 7(U) = inf{k > 1: UNT*U) # 0} = inf{k > 1: UNTkU) # 0}.
Theorem 4.4. Let (I,T,Q) be a weakly mizing AFU map. Suppose that h is

regularly varying with inder o and piecewise monotonic with a finite number of
branches. If
lim 7(|h| > €by,) = o0
n— oo
for all e > 0, then N, 4, Nay-
Proof. We apply Theorem 3.1. Let J € J and 0 < s < t. It suffices to show that

(4.4) V(Th-1(b,0) > [ns]) — e~ s ()
and
(4.5) Zlé[l)Jl/({Th—l(an) > [ns]} n T_[nt](B)) — V(Th—l(an) > [ns])l/(B)| — 0.

Let € > 0 be such that J C {z: || > ¢}. Write
U,=h"'b,J) and V, ={|h| >cb,}, n>1.
Set k,, = max{7(V,,),logy v(U,)?}, n > 1, where 6 € (0,1) is as in (4.3). Note that
knv(U,) — 0 as n — oo. From Lemma 3.2 it follows that
‘Z/(TUn > [ns]) — (1 — V(Un))["s]‘ < k,v(U,) + l/(TUn < kn’Un) + B, (Un),

where, by (4.3),

1
, < —— 105 |1y g4l BV
B, (Un) < Z/(Un)01 11, 9+l Bv

Since h is piecewise monotonic with a finite number of branches, |1y, .||y is
uniformly bounded. Hence, B, (U,) — 0. To prove (4.4) it remains to show that
v(ty, < kn|Un) — 0. We have

v(Vo 0 {1y, < kn}) 1 &
v(Uy) —v(U,) .

V(TU,L S kn‘Un) S
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and
v(VoNT™7 / Pily, dy—/ Pily, — v(Vy)dv + v(V,)?,
which, by (4.3), leads to
v(Vy) bn
v(tu, < kn|Up) <= )(||1Vng*||BVC'1 >+ kav(Va))
J=7(Va)

and completes the proof of (4.4).
We now turn to the proof of (4.5). Observe that

v ({rv,, > [ns]}nT~"(B)) —v (s, > [ns))v(B)| < PN () B (fu) 1 )
where f, = P[ns](l{TUn ms]})- By (4.3), it suffices to show that

lim sup|| frng«||Bv = hmsup||P (1{TUn>[ns]}g*)HBV < 0.

n—oo n—oo

We have {7y, > [ns]} = ﬂ[m T—7(U¢) and we can write

[ns]—1
1{7'Un>[ns]} = H w o Tj, where w = 1Uﬁ oT.

Since sup,, supgcg varalye o T' < oo, we can find I € N, 6y € (0,1), and Cp > 0,
(see e.g. the proof of Proposition 4 of [4]) such that

\/ Plwif) <6\ f+Colfllh. feBY,
I

I

where w; = Hé tw o TY. Tterating and making use of Proposition 4.2 completes
the proof of (4.5). O

Example 4.4. Let o € (0,1). Suppose that (I,T,Q) is a weakly mixing AFU
map and yo € I is a point with g.(yo) # 0. Assume that h(y) = ¢(Jy — yo|) where
¢: (0,00) — (0,00) is such that ¢(0) = oo, ¢ is non-increasing, and

¢~ l(sz) _ .

()
for all s > 0, where the generalized inverse ¢~! is defined by ¢~1(s) = sup{t >
0: ¢(t) > s}. Then h is regularly varying with index « and the sequence b, is of
the form b, = ¢(1/2g.(yo)n).
In particular, we have 7(|h| > €b,) — 00, as n — 00, if yo is a point such that the
return times of shrinking balls with center at yo diverges to oo, i.e., 7(B(yp,r)) — 00

as r —> 0. Hence, by Theorem 4.4, we obtain N, 4, N(q) and, by Theorem 1.2,
X —) X(a) with X(a)( ) = Zq,1-

Similarly, one can also consider functions which are piecewise monotonic and
have left and right-hand limits equal to +00 or —oco at one or more points. For the
case of « € [1,2) we need to check condition (2) of Theorem 1.2. By Corollary 2.4,
this condition holds when the function h is such that Prh, = 0 for all z > 0, where
hy = hI(Jh| < x)—E,(hI(|h] < z)). We illustrate this with Example 1.2. Consider
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the tent map T'(y) = 1 — 2|y|, y € [-1,1], where v is the normalized Lebesgue
measure on [—1,1]. We have

1l ry—1 1 ./1— y)
PTf(y)’2f< 2 )+2f( 2 )
Hence, Prf = 0 for all f which are odd functions on [~1,1]. Let h(y) = y~/ for
y > 0 and h(—y) = —h(y). Then Prh, = 0 for all 2 > 0. We have b, = n'/*,
¢, =0, and {|h| > eb, } = B(0, (¢*n)~ 1) for all e > 0. By Theorem 4.4, N,, 4 N
and we conclude that X, 4, X(a) in D0, c0) with X(4)(1) 4 Ea,0-

4.3. Cauchy limiting distribution for the doubling map. In this section we
will show that Theorem 1.3 applies to the doubling map 7" and the function A from

Example 1.3. From Theorem 4.4 it follows that N, 4, Ny, since 7(B(yo,7)) — 00
as r — 0. By Theorem 1.3 and Corollary 2.5, it remains to check that

n—1

(4.6) lim lim sup - Z n—k / Prhay, (4)he, (v)dy = 0,

where hep, = hI(|h| < eb,)—E,(hI(|h| < €by,)) and P = Pr is the Perron-Frobenius
operator given by

1 y+1 1
Prw) =5 F(9) + 571 (150), rer
For yp € R and a > 0 define
1
fyo(y) - Y — Yo
Let a < min{yo, 1 — yo} and yi¥ = 28yo — [28(yo & a)]. We first show that

(4.7) /Pkfyn,a(y)fyo,a(y)dyg V2 2

2
+ +
k _
0 av2h o Jalyr =l var/ v — ol

for all kK > 1 with y,f # yo. In the case of y, = yo or y,j' = Yo, the corresponding
fraction in (4.7) should be replaced by 1/(2%a). We have Pfyo.a = foyo,2a+ f2yo—1,2a-
Hence,

and  fyo.a(y) = fyo (WI(ly —yo| > a), y€[0,1].

2k -1
Pkfyo,a = Z f2’“y0—j,2’“a-
j=0
If j is such that either 2¥yy — j +2%a < 0 or 2%y — j —2Fa > 1, then Jokyo—j,2ka
kayO_j and
[ s oty < Vo <2
o [T Qaky — j— o /12Fy = —yo —al ~ 2aV2F

which shows that the sum over all such j is less than v/2/ (ax/?ik ) and gives the first
term in the right-hand side of (4.7). Now, if j is such that 2¥yy — j + 2¥a > 1 and
2kyg — j — 2%a < 0, then Jakyo—j2ka = 0. What is left are whose j, if any, such
that 2F(yo —a) — 1 < j < 28(yo — a) or 2*(yo +a) — 1 < j < 2F(yo + a) and the
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corresponding integrals are bounded by the remaining terms in (4.7). From (4.7)
it follows that there is a constant C' > 0 such that

Z/ Pkfy()’ fyo, ( )dy < \/*(\/* +].Og2 1 ]‘) n Z 2

To see this observe that for all k& such that 2¥a > 2 we have |y2E — yo| > ok=1g
and for k satisfying 2¥a < 2 we have |y, — yo| > 1 —yo or y;, = 2"y — [2Fye] < 1
and |y — yo| > yo or yi = 2Fys — [2¥ye] > 0. The number of k such that

y,:f = 2Fy — [2Fyo] € (0,1) is finite and the corresponding sum of 1/ \y,f — ol or
1/2* does not depend on a. Since

1
/ thsbn(y)hsbn(y)dyg/ P fyo,(abn ( )fy07(eb") 1( )dyv
0 0

we conclude that for all sufficiently large n

n—1 1
Z(n — k)/ PFhey, (Y)hep, (y)dy < Cny/eby,(\/ b, + logy(eby,) + 1),
k=1 0

which implies (4.6).
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