The Matkowski—\Wesotowski problem
— Update

Thomas Ziircher
September 2018
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Question

Jacek Wesotowski and similarly Janusz Matkowski asked whether
the identity on [0, 1] is the only increasing and continuous solution
¢: [0,1] — [0,1] of the equation

p(x)=¢ (%) +e <X2+1> —¢ (;)

©(0)=0 and p(1)=1.

satisfying
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Motivation

Theorem (Misiewicz—\Wesotowski)

Assume that X, Y are symmetric, independent random variables
having strictly positive continuous densities on R. Let

(W,Z) =Wh(X,Y) (doubling the angle). Assume that W is
symmetric.
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Motivation

Theorem (Misiewicz—\Wesotowski)

Assume that X, Y are symmetric, independent random variables
having strictly positive continuous densities on R. Let

(W,Z) =Wh(X,Y) (doubling the angle). Assume that W is
symmetric. If W and Z are independent
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Motivation

Theorem (Misiewicz—\Wesotowski)

Assume that X, Y are symmetric, independent random variables
having strictly positive continuous densities on R. Let

(W,Z) =Wh(X,Y) (doubling the angle). Assume that W is
symmetric. If W and Z are independent then X and Y are iid zero
mean normal variables.
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Sketch

Random variables R, ©:

X = Rcos2m®O,
Y = Rsin 270,
W = Rcos4n®©,
Z = Rsin4rn0O,
==20-120],

leads to

s (s :£) e (- 551)).
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S
Sketch 1l

Playing with the densities (symmetry and evaluating at specific
points)

fro(r,§) = % (fR,e (h g) +fro (r, %)) :

o
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S
Sketch Il

Manipulating: Cauchy equation.
What about if there are no densities?
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L
How to find solutions

» Writing ¢ as a measure and translating the question to a
problem about measures.
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How to find solutions

» Writing ¢ as a measure and translating the question to a
problem about measures.

» Looking at the connection to systems of the form
@ ()2() = pp(x)
x+1
w( 5 ) =p+(1=p)p(x)

for x € [0, 1].
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How to find solutions

» Writing ¢ as a measure and translating the question to a
problem about measures.

» Looking at the connection to systems of the form
@ ()2() = pp(x)
x+1
w( 5 ) =p+(1=p)p(x)

for x € [0, 1].

» Using Hata's work (see later).
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Example of a solution
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S
Absolute continuity

Assume ¢ is an absolutely continuous solution. Then

¢'(x) = %sO’ (f) .

,(x+1
2+2‘p(2)

almost everywhere and ¢’ € L1([0,1]).
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Going to R

1 /x 1 x+1
QO(X)—§§0<§>+§§0< 5 > x € R.

» periodic
» in L1

» monotone increasing, limy_,_~ ¢(x) =0 and
limy 00 0(x) = 1.
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S
Periodic uniqueness (Hata)

Let p e N\ {1}, A\, p € R%.

l{f(f)+...+f(Lp_1
p p
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S
Periodic uniqueness (Hata)

Let p e N\ {1}, A\, p € R%.

l{f(f)+...+f(Lp_1
p p

> ugQAALIffFell  f=0ae
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S
Periodic uniqueness (Hata)

Let p e N\ {1}, A\, p € R%.

l{f(f)+...+f(Lp_1
p p

P/_L:%v
fell

»ud QA A£LIffell: f=0ae
(s,r)=1, A#1and p#0 modrorp=r. If
. f =0a.e.
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Periodic uniqueness (Hata)

Let p e N\ {1}, A\, p € R%.

O

p
f(x+1)=1f(x), xeR
»ugQA£LIffell : f=0ae
»pu=2,(5,r)=1,A#1and p#£0 modrorp=r. If
fELlloc: f=0a.e.
» pEZA>1IffeLL: f=0ae
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Periodic uniqueness (Hata)

Let p e N\ {1}, A\, p € R%.

O

v

pEQA£LIffell : f=0ae

p==2(s,r)=1,Ax#1andp#0 mod rorp=r.If
fell:f=0ae.

loc*

peZ A>1 Iffell : f=0ae.

loc*

A>#—1puez,x;é1. If f€BV: f =0.

v
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Periodic uniqueness (Hata)

Let p e N\ {1}, A\, p € R%.

O

v

pEQA£LIffell : f=0ae

p==2(s,r)=1,Ax#1andp#0 mod rorp=r.If
fell:f=0ae.

loc*

LEZA>L1 IffeLL: f=0ae

A>#—1puez,x;é1. If f€BV: f =0.
A= 5 with u € Z. If f € AC: f =0. -

v

v

v
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S
Periodic non-uniqueness (Hata)

Let pe N\ {1}, A\, p € R%.

! --+f(—x+g‘1>}=v(ux),

S
Flx+1) = F(x),

xeR
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S
Periodic non-uniqueness (Hata)

Let pe N\ {1}, A\, p € R%.

L{2) o ()

f(x+1)=1f(x), xeR

» 1€ Z,0 < A< 1: many non-trivial continuous solutions.
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Periodic non-uniqueness (Hata)

Let pe N\ {1}, A\, p € R%.

L 5) (2222

f(x+1)=1f(x), xeR

» 1€ Z,0 < A< 1: many non-trivial continuous solutions.

»0< A< ﬁ W € Z, X\ # 1: many continuously differentiable
solutions.
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Periodic non-uniqueness (Hata)

Let pe N\ {1}, A\, p € R%.

() (2222)) v

» 1€ Z,0 < A< 1: many non-trivial continuous solutions.

»0< A< ﬁ W € Z, X\ # 1: many continuously differentiable
solutions.

>\ = ,u,_lp with p € Z. If f € BV: many continuous solutions.
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S
L!: Nikodem
Let

Ph(x) = %h (g) + 1 (X+ 1)
and g € L1([0,1]). Then

2"\ 2
F(x) = %f (3

Q*i”(xgl)“(x)

has a solution f € L1([0,1]) if and only if

e}
Z Pkg e L
k=0
moreover f = ¢+ > 7o, P¥g for some c € R.
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e-invariant measure

Assume m is o-finite measure on some space X.

We assume that T: X — X is measurable and m(T~1(N)) =0
whenever m(N) = 0.

1 is called e-invariant if

(T7H(A)) — u(A)| < em(A)

for all measurable A.
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S
Nikodem

Let Pt be the Frobenius—Perron operator of T:

/ Prfdm= / fdm
A T-1(A)

for all £ € L' and A measurable.
u finite absolutely continuous with respect to m. Then p is
e-invariant under T if and only if its Radon-Nikodym derivative
f = du/dm satisfies

|Prf—f|<e

almost everywhere.
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Generalization

N—

H
=
3

(fi(x)) =

.

=0
If ¢ is absolutely continuous

¢(1;(0))-

-,
Il
o

N—

,_a

=) A (£(x)).

j=0

-,
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Some variant

N-1

p LA CIIT

Jj=0

¥(x) =

ThH

(X)) + g(x).
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S
What about different factors?

h(x)¥(fi(x)) + &(x).
j=0

Can be handled by a change of variable formula and the Banach
fixed point theorem (if h is small).
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Absolutely continuous and Steinhaus property

We say that p has the classic Steinhaus property if A — A has
nonempty interior for any set A with positive measure.

Artur Bartoszewicz, Matgorzata Filipczak, Tomasz Filipczak: X is
a polish group. Then p is absolutely continuous with respect to the
Haar measure if and only if 4 has the classic Steinhaus property.
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S
Why strange limits

monotone increasing limy_,o ©(x) = 0 and limy_00 o(x) = 1: ¢ is
like a distribution function of a random variable.
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Bernoulli convolution

Let A € (0,1) and (X,)n be a sequence of independent random
variables: P(X; = —1) = P(X; = 1) = 1/2. Further, let

Sy = ixj,\f.
j=0

o
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Bernoulli convolution

Let A €(0,1) and (X )n be a sequence of independent random
variables: P(X; = —1) = P(X; = 1) = 1/2. Further, let

Sy = ixjx'.
j=0

The distribution function F) satisfies

=3 () en (3]
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Some results

Let vy be the corresponding measure:

» Jessen and Wintner: either v is absolutely continuous or
singular
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Some results

Let vy be the corresponding measure:

» Jessen and Wintner: either v is absolutely continuous or
singular

» Erdés: A € (1/2,1) and A1 is a Pisot number: vy singular
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Some results

Let vy be the corresponding measure:
» Jessen and Wintner: either v is absolutely continuous or
singular
» Erdés: A € (1/2,1) and A1 is a Pisot number: vy singular
» Shmerkin: {\ € (1/2,1) : v, is singular} has Hausdorff
dimension 0.
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.
Why Pisot numbers?

Fourier transform: D)(t) = [[;Z, cos(2mNt).

A(A")] = [ Jlcos(2mX)).

JEZ
We want to bound this from below.
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.
Why Pisot numbers?

Fourier transform: U)\(t) =[]

o cos(2mNt).

A(AM)] = [[lcos(2xX)].
JEZ
We want to bound this from below.

Algebraic integer o with its conjugates:

m
o + Zaﬂ € Z.
k=2
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Why Pisot numbers?

Fourier transform: D)(t) = [[;Z, cos(2mNt).
A(AM)] = [[lcos(2xX)].
JEZL

We want to bound this from below.
Algebraic integer o with its conjugates:

m
o + Z ay € Z.
k=2
If |a] > 1 and |ak| < 1, then o” approaches integers quickly.
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