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17 Problem Hilberta
fERX1, ... Xp), f20naR" = fe ) R(Xy,..,X,)%

Pozytywne rozwigzanie: E.Artin (1927)

KoKk
Nasuwaja sie dwa pytania:

1. Co mozna powiedzie¢ o liczbie kwadratow w przedstawieniu
wielomianu nieujemnie okreslonego jako sumy kwadratéw funk-
cji wymiernych?

2. Cgzy funkcje wymierne mozna zastgpi¢ wielomianami?

KKk

ad 1. (A.Pfister (1967))

feR[Xy,. ., X,], f>0naR" = 3 e
h1,...,h2nE]R(X1,...,Xn)



Wielomiany mozna zastgpi¢ formami

Formy Wielomiany

F(Xl, Xn) dehomier)lizacja F(Xl,

X X, homogenizacja
KR ey T B F(X1, ...

Xn

0009 Xn—17 1)

) Xn—l)



ad 2. (T.S.Motzkin (1967))

Forma
hX,Y,Z)=Z°+ X*'Y? + X?Y* - 3X*Y?Z? ¢ R[X,Y, 7]

jest nieujemnie okreslona, ale nie jest sumg kwadratéw form.

Podobnie jest dla formy (R.M.Robinson)
9(X,Y,Z,W) = W*+ X2Y2 + Y222 + X22% _ AXYZW € R[X,Y, Z, W]

KKk

tw. Hilberta + modyfikacje przyktadow Motzkina oraz Robinsona
\

Twierdzenie

Kazda nieujemnie okreslona forma F' € R[Xj, ..., X,,| stopnia d jest

sumg kwadratéw form wtedy i tylko wtedy, gdy n < 2 lub d = 2 lub

n=3,d=4.
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Swan, R.,Hilbert’s theorem on positive ternary quartics.
Contemp. Math. 272, 287-292 (2000).

In his great paper ... D. Hilbert proved ... The present paper gives a
modern proof following the lines of Hilbert’s arguments. The basic
idea can be outlined easily: Ternary quartics are linear combinations
of 15 monomials, hence the set of ternary quartics is identified with
the projective spaces P14(R). The positive definite ternary quartics
form a subset, say U, of this projective space. Similarly, a quadratic
form is a linear combination of 6 monomials so that the set of triples
[f, g, h] of quadratic forms can be identified with the projective space
P17(R). The image of the map

PY(R) — P(R) : [f, 9,h] — 2+ g + I?

is clearly contained in U. The proof shows that the image is actually
equal to U. [N.Schwartz (Passau)]



Rudin, W.,Sums of squares of polynomzials. Am. Math.
Mon. 107, No.9, 813-821 (2000).

This nicely written paper contains proofs for some main results abo-
ut the representation of positive semidefinite polynomials over R as
sums of squares of polynomials. ... The main part of the paper is a
detailed proof of Hilbert’s theorem for the exceptional case n = 2,
d = 4 where P has a representation as a sum of 3 squares (of po-
lynomials of degree < 2). This proof makes use of the Federer-Sard
theorem from real analysis. ... [A.Pfister (Mainz)]



Choi, M-D.; Lam, T.Y., Extremal positive semidefinite forms.
Math. Ann. 231, 1-18 (1977).

*okk
Pfister, A.,On Hilbert’s theorem about ternary quartics.
Contemporary Mathematics 344, 295-301 (2004).



Oznaczenia:
F,d - zbior form stopnia d i n zmiennych nad R.
Pra={F € Fra:F >0}
Ynd ={F € Fra: F €Y (Frap)’}
Fakty:
© >,qC Pnq, tw. Hilberta = X34 = Ps34.
o P,q oraz %, sa stozkami dodatnimi w F,, 4

n—1

o Foq— RY gdzie N = <"+d_1>

o P,q oraz X,, sa podzbiorami domknietymi i wypuklymi

RN,



Definicja Niech X bedzie podzbiorem wypuklym w R”. Punkt x €
X nazywamy punktem ekstremalnym, jesli spetlniony jest warunek:

V (z=X+(1-X)2,0<A<1 = z=ylubz=2).
Y,2€X

Twierdzenie Kreina-Milmana Jesli X jest zwartym i wypuktym
podzbiorem R", to X jest otoczka wypukta zbioru swoich punktow
ekstremalnych.



Niech K bedzie stozkiem wypuklym w R™. Dla x € K zbior z =
{Az : A > 0} nazywamy promieniem. Promien z,z € K, nazywamy
promieniem ekstremalnym, jesli spetniony jest warunek:

V (3 w+(1-XNzex = y,z€).
y,2€ K 0<A<1

Whiosek (R. T. Rockafellar, Complex analysis, Cor. 18.5.2)

Let K be a closed convex cone containing more than just origin but
containing no lines. Let 7" be any set of vectors in K such that each
extreme ray of K is generated by some z € T'. Then K is the convex
cone generated by 7.



Choi, M-D.; Lam, T.Y., Extremal positive semidefinite forms.

Definicja Forme F' € P, ; nazywamy ekstremalng, jesli
Gi1,Gs € Pn,d; F=G +Gy, = Elal,a2>0 G =a F, Gy = aF.

Uwaga F € P, q jest ckstremalna wtedy i tylko wtedy, gdy dla
kazdej formy G € P, 4, stG = stF spelniony jest warunek

F>G = d450 F=aG.

Lemat Jedli T(X,Y,Z) € Psy, to istnieje forma kwadratowa
G(X,Y,Z) #0 taka, ze T > G*.

Whiosek Jesli T'(X,Y, Z) € P54 jest ekstremalna, to istnieje forma
kwadratowa G(X,Y, Z) # 0 oraz a € R* takie, ze T = (aG)?.



Twierdzenie Kazda nieujemnie okreslona forma stopnia 4, trzech
zmiennych (nad ciatem R) jest suma kwadratéw pewnych form kwa-
dratowych.

Dowdéd. 7 Wniosku do twierdzenia Kreina-Milmana mamy
T=T + ..+ 1T,

gdzie T; dla ¢ =1, ...., s sg formami ekstremalnymi.
Z poprzedniego wniosku dla kazdego ¢ istnieje forma kwadratowa G;
taka, ze

T, = (aiGi)2

dla pewnego a; € R* . Wtedy

T =(a1G1)* + ... + (a:G,)%. 9§



Kilka uwag o dowodzie Lematu.

Rozwazymy trzy przypadki ze wzgledu na liczbe miejsc zerowych
Z(T) formy T.

Przypadek 1. |Z(T)| =0. Wtedy

T(X,Y,2) > (VE(X? + Y2 4 22))
gdzie e = inf{T(z,y, 2)/(x* + y* + 2*)? : (z,y, 2) € S?}.

Przypadek 2. |Z(T)| = 1.

Po zamianie zmiennych Z(7) = {(1:0:0)} i wtedy
T(X,Y,Z) = X’Go(Y, Z) + 2XG1(Y, Z) + Go(Y, Z)

i formy Go, Gy oraz GoGo — G2 sa nieujemnie okreslone.



Rozwazymy teraz dwa podprzypadki ze wzgledu na rzad formy kwa-
dratowej Go(Y, Z).

(2a). Rzad formy G9 jest réwny 1.

Wtedy Gy = F?, F- forma liniowa.
GeGo— G2 =F>Gy-G2 >0 U
F(z,y,2) =0 = Gi(z,y,2) =0
G, = FFy, F; — forma kwadratowa.
Zatem  GyT =
(XGa+G1)*H(GyGo—G2) > (XGo+G1)? = (XGo+FF)? = Go( X F+F)2

Stad
T> (XF+ F)>



(2b). Rzad formy G5 jest réwny 2.

Wtedy G2 > 0, G2G0 — G% > (0 oraz T > (\/ng)z,
gdzie e > 0 takie, ze (GoGy — G3)/G3 > ¢.

Przypadek 3. |Z(T')| > 2.

Po zamianie zmiennych (1:0:0),(0:1:0) € Z(T). Wtedy
T(X,Y,Z) = X?Go(Y, Z) + 2X ZH\ (Y, Z) + Z*Ho(Y, Z)
oraz GQT = (XG2 == ZH1)2 T Z2(G2H0 - le)

i formy Gy, Hy oraz GoHy — H? sa nieujemnie okreslone.

Pozostaja przypadki:
(3a). GoHy — H? ma nietrywialne zero, (3b). GoHy — H? > 0.




Pfister, A.,On Hilbert’s theorem about ternary quartics.
Contemporary Mathematics 344, 295-301 (2004).

Twierdzenie (A.Pfister, 2004) Jezeli T =T(X,Y, Z) € P34,
to T jest suma 4 kwadratow w R[X, Y, Z].

Lemat
Jesli wielomian

g(Xv Y) = X292(Y) + 2Xg1(Y) +90(Y) = R[Xa Y]? Stgi <4—1
jest nieujemnie okreslony, to

92>0, go>0, gago—g; >0

oraz ¢ jest suma trzech kwadratow w R[X,Y].



Twierdzenie (A.Pfister, 2004) Jezeli T'=T(X,Y, Z) € Ps4,
to T jest suma 4 kwadratow w R[X, Y, Z].

Dowod. Niech

: T(X7Y7Z) . 2 3
m:mln{(X2+Y2+Z2)2,(X,Y,Z) €eSTCR’}>0.

Mozna zatozy¢ T'(1,0,0) = m (ortogonalna zamiana zmiennych)

Wtedy
G(X,Y,2):=T(X,Y,Z)—m(X*+Y?*+2%)? > 0 oraz G(1,0,0) = 0.

Wtedy
G = X2Gy(Y,Z) +2XG1(Y,Z) + Go(Y, Z)

oraz
Gy 20, Gy >0, G2Gy— G2 > 0.



Wystarczy pokazaé, ze
tHX,Y)=T(X,Y,1) = g(X,Y) + m(X? +Y*+1)%

gdzie ¢(X,Y) = G(X,Y,1), jest suma czterech kwadratow.
To jednak wynika z lematu , gdyz

9(X,Y) = X2g5(Y) + 2X g1 (Y) + go(Y),

adzie g:(Y) = Gi(Y;1),i = 0,1,2,
jest suma trzech kwadratow. 9§

Whniosek Jezeli T = T(X,Y,Z) € Ps4 posiada nietrywialne
zero, to T jest suma trzech kwadratéow w R[X,Y, Z].
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AN ELEMENTARY CONSTRUCTIVE —
PROOF OF HILBERT’S THEOREM
ON TERNARY QUARTICS

Albrecht Pfister

(Mathematisches Institut der Universitit Mainz, Mainz)

T report on joint work with Claus Scheiderer (Konstanz). Hilbert’s
Theorem states that every positive semi-definite (psd) form F' of degree 4
in 3 variables over the reals is a sum of 3 squares (of quadratic forms). We
start from two results which were obtained several years ago by Powers-
Reznick resp. by myself:

1. If F is positive definite (pd) then F' is a sum of 3 squares iff a certain

cubic equation £ corresponding to /' has a suitable integral solution

2. If F is semi-definite (sd) with a nontrivial real zero then F is always

a sum of 3 squares

Our method is now as follows: For a given pd form F we construct a
family F; depending continuously on a real parameter ¢ with 0 < ¢ <1
and the corresponding equation F; such that Fy is sd and F; = F. For
increasing value of t we show with the Implicit Function Theorem (IFT)
that any admissible solution of E; for fixed ¢ can be extended uniquely to
a solution of B} if [t' — | is small enough. Finally we get a solution of Fy
which gives the desired result. In order to apply IFT we have to exclude a
finite number of rather explicite “special cases for F” where the full rank
condition of IFT could fail. In these cases the proof is finished by an easy
limit argument (already used by Hilbert).
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AN ELEMENTARY PROOF OF
HILBERT'S THEOREM ON TERNARY QUARTICS

ALBRECHT PFISTER AND CLAUS SCHEIDERER

ARSTRACT. In 1888, Hilbert proved that every nonnegative quartic form
f = fiz,y, z) with real coefficients is a sum of thres squares of quadratic
forms. His proof was ahead of its time and used advanced methods
from topology and algebraic geometry. Up to now, no elementary proof
is known. Hers we present a completely new approach. Although our
proof is not easy, it wses only elementary techniques. As a by-produet,
it gives information on the number of representations f = p? + p2 + pi
af f up to orthogonal equivalence. We show that this number is & for
generically chosen f, and that it is 4 when f i chosan generieslly with
& real zero. Although these facts were known, there was no elementary
approach to them so far.

INTRODUCTION

In 1888, David Hilbert published an influential paper [3] which became
fundamental for real algebraic geometry, and which remains an inspiring
source for research even today. It addresses the problem whether a real form
(homogeneous polynomial) f{xyp,....z,) which takes nonnegative values on
all of Rm*! is necessarily a sum of squares of real forms. Hilbert proves that
the answer is negative in general. As iz well-known, his results go much
heyond this fact and contain a surprising positive aspect as well. Namely,
for any pair (r,d) of integers with n > 2 and even d > 4, except for {n,d) =
{2,4), he shows that there exists a nonnegative form of degree d in n + 1
variables which is not a sum of squares of polynomials. In the exceptional
case, however, he proves that every nonnegative ternary quartic form is a
sum of three squares of real quadratic forms.

It is the existence of a representation f = p% + pf;: + pg in this exceptional
case that is the subject of the present article. Hilbert's original proof is brief
and elegant, and it iz ahead of its time in its topological argnments. For his
contemporaries it must have been hard to grasp. Even today it is not easy
to read, and it leaves a number of details to be filled in. Several authors have
given fully detailed accounts of Hilbert’s proof in recent years. We mention
the approach due to Cassels, published in Rajwade’s hook ([8| chapter 7),
and the two articles by Rudin Ef| and Swan [II]. These approaches also
show some characteristic differences.
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