ON THE ANALYTIC PROPERTIES OF THE STANDARD
L-FUNCTION ATTACHED TO SIEGEL-JACOBI MODULAR FORMS

THANASIS BOUGANIS AND JOLANTA MARZEC

In this work we study the analytic properties of the standard L-function attached to
Siegel-Jacobi modular forms of higher index, generalizing previous results of Arakawa
and Murase. Moreover, we obtain results on the analytic properties of Klingen-type
Eisenstein series attached to Jacobi groups.

1. INTRODUCTION

Siegel-Jacobi modular forms - called here after [13] - are higher dimensional general-
izations of classical Jacobi forms. As in the one-dimensional case they are very closely
related to Siegel modular forms. Indeed, many examples may be naturally obtained
from Fourier-Jacobi expansion of Siegel modular forms, but it is known (see for exam-
ple [28]) that not all of them can be obtained as Fourier-Jacobi coefficients of Siegel
modular forms.

The standard L-function attached to a Siegel modular form is perhaps one of the
most well-studied automorphic L-functions. Indeed, its analytic properties have been
extensively studied by many authors such as Andrianov and Kalinin [1], Bocherer [4,
5, 6], Garrett [11], Piatetski-Shapiro and Rallis [18], and Shimura [21, 22]. Moreover,
if one assumes that the Siegel modular form is algebraic, in the sense that the Fourier
coefficients at infinity are algebraic, then the values of the L-function at specific points
(usually called special L-values), after dividing by appropriate powers of 7 and the
Petersson self inner product, are algebraic. Results of this kind have been obtained
first by Sturm [27], then extended by Bocherer and Schmidt [7] and Shimura [24].

The central object of study of this paper and its continuation [9] is a standard L-function
attached to Siegel-Jacobi form. In particular, we investigate whether similar properties
as in the previous paragraph (i.e. analytic continuation, algebraicity of special values)
hold also for such an L-function. It is perhaps worth mentioning here that the underly-
ing algebraic group, the Jacobi group, is not reductive, which means in particular that
Siegel-Jacobi modular forms cannot be associated to Shimura varieties. However it is
known (see [13, 14]) that they can be associated to mixed Shimura varieties.

We now introduce some notation in order to give a brief account of the main theorems
proved in this paper. For simplicity we describe them here only for Siegel-Jacobi
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modular forms over the rational numbers, even though our results are more general
and are proved over a totally real field.

Let S € M;;(Q) be a positive definite half-integral symmetric matrix, and f a Siegel-
Jacobi modular form of weight k£ and index S for the congruence subgroup I'g(N). We
give the detailed definition in section 3 but for the purposes of this introduction it is
enough to say that f is a holomorphic function on the space H,; := H, x M, ;(C),
where H, is the Siegel upper half space, satisfying a particular modular property with
respect to the group I'g(N) := H(Z) x T'o(N), a congruence subgroup of the Jacobi
group G™(Q) := H(Q) x Sp,,(Q). Here H(Z) denotes the Z-points of the Heisenberg
group of degree n and index [, and I'g(/N) the classical congruence subgroup of level N
in the theory of Siegel modular forms.

A study of Siegel-Jacobi modular forms of higher index and their L-functions was
initiated by Shintani (unpublished), and then continued by Murase [15] and Murase
and Sugano [17]. However, the only known results concern trivial level (N = 1). In this
paper we generalize their work in various directions, one of them is that we consider
a rather general congruence subgroup. Then, assuming that f is an eigenform for
all Hecke operators T'(m) with eigenvalues A(m) and y is a Dirichlet character of a
conductor M, we considered a Dirichlet series D(s, f,x) = > po_; A(m)x(m)m~*. This
series is absolutely convergent for Re(s) > 2n + 1+ 1 and - as we show in section 7 -
after multiplying by an appropriate factor it possesses an FEuler product representation.
More precisely, we prove the following:

Theorem 1.1. Assume that the matrix S satisfies the condition M; (see section 7 for
a definition) for every prime ideal p with (p, N) = 1. Then

L0 8)D(s +n+1/2, f,x) = L(s, £,x) = [ [ Lo(x(®)p™) 7,

where for every prime number p
LX) = {HL (=X)L = 51 X))+ ptps €T, if (0. N) = 1,
[T, (1= ppiX), ppi €C, otherwise.
Moreover, £(x,s) = H(pw):l £o(x, s), where
[T Lp(2s + 2n — 24, x?) ifl e 2Z
[T, Lp(2s +2n —2i + 1,x2) ifl € 27Z,

and G,(x, s) is a ratio of Euler factors which for almost all p is one.

Lp(x;8) = Gp(X, 5) {

The above theorem was originally shown by Murase and Sugano in the case of N =1,
x = 1and I = 1. We extended it to any N, any character y and any [. Together
with generalization to any [ certain new phenomena appear, such as for example the
presence of the factor G(x,s), which is equal to one in the case of [ = 1. We defer a
more detailed discussion to section 7.

The theorem above establishes that the function L(s, f, x) is absolutely convergent for
Re(s) > n + % + 1 and hence holomorphic. A suitable adjustment of the doubling
method allows us to prove much more:
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Theorem 1.2. With notation as above, assuming that x(—1) = (—1)*, the function
L(s, f,x) has a meromorphic continuation to the whole complex plane.

Actually in the full version of the theorem (Theorem 9.3), after introducing an extra
factor depending on the parity of [ and some Gamma factors, we also provide informa-
tion on the location of the poles of the function. Our theorem vastly extends previous
work of Murase [15, 16]: we consider the case of totally real fields, non-trivial level and
twisting by characters. However, perhaps the most important difference with the works
[15, 16] is the method used.

The work of Murase has as its prototype the approach of Piatetski-Shapiro and Rallis
[18] and their theory of zeta integrals. Murase uses an embedding of the form

G™'(Q) x G™(Q) = Spy,(Q),

and computes an adelic zeta integral a la Piatetski-Shapiro and Rallis of a Siegel-type
Eisenstein series of Spy, ., restricted to the image of the product G™!(Ag) x G™!(Ag)
against two copies of the adelic counterpart f of f.

Our approach is completely different. We use instead a map of Arakawa, [3],
G™(@) x G™(Q) —+ G™(Q),

which is not quite an embedding. This is a starting point in order to obtain a doubling
method type identity: for a Dirichlet character x with x(—1) = (=1)* and m > n,

< f(w), E"™(diagz, w], s x, k, N) >= L(s, f,x, $) E™ (2,8 f, X, N), ()

where E" ™ (diag[z, w], s; x, k, N) is the restriction under the diagonal embedding #,, ; x
Hmi < Hpam, of a Siegel-type Jacobi Eisenstein series of degree n + m associated
to the character x, and E™(z,s; f,x, N) is a Klingen-type Jacobi Eisenstein series of
degree m associated to the cuspidal form f through parabolic induction.

It is important to note here that opposite to the first map used by Murase, we have the
option to take n # m. And, indeed, we will make use of this in order to obtain results
towards the analytic properties of Klingen-type Jacobi Eisenstein series (see Theorem
9.5).

The identity () above was first obtained by Arakawa in [3] in the case of N = 1 and
trivial x (and hence k even), and in this paper is extended to the situation of totally real
fields, arbitrary level as well as non-trivial characters y. It should be stressed though
that these generalizations are by all means not trivial and demand a different approach
than the one taken by Arakawa. Indeed, Arakawa’s approach is modeled on the work
of Garrett in [11] who invented the doubling method and applied it to the case of Siegel
modular forms over Q of trivial level and without twists by Dirichlet characters. Our
approach follows techniques introduced by Shimura [22], where he massively extended
Garrett’s approach to the case of totally real field, arbitrary level as well as twisting by
Hecke characters. However, as it will become clear in section 5 and especially Lemma
5.3, (see also the Remark 5.4) many new technical difficulties need to be addressed in
the Jacobi setting.

It is worth to point out here that even though in some cases one can identify the
standard L-function associated to a Siegel-Jacobi form with the standard L-function
associated to a Siegel modular form (see for example the remark on page 252 in [16]),
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this is possible under some quite restrictive conditions on both index and level of
the Siegel-Jacobi form. Actually, even in the situation of classical Jacobi forms this
correspondence becomes quite complicated when one considers an index different than
1 and/or non-trivial level, which is very clear for example in the work of [26].

We would also like to emphasize that in this work not only we establish results for the
standard L-function attached to a Siegel-Jacobi modular form, but also for the analytic
properties of Klingen-type Eisenstein series of the Jacobi groups, something of interest
on its own. Furthermore, the results presented in this paper are used in another work
of ours ([9]) to establish algebraicity results for some critical values of the standard
L-function attached to a Siegel-Jacobi modular form in the spirit of Deligne’s period
conjecture. Actually, an earlier version of this paper ([8]) included this application, but
due to the considerable length of the paper we decided to separate the two. We have
also shortened some computations, and therefore refer the interested reader to [8] for
a more detailed account.

The reader will notice that in all the theorems we assume a particular parity condition
between the sign of the twisting character x and the weight k of the Siegel-Jacobi
modular form. It is, of course, very important to be able to relax this condition and
obtain the theorems for any finite character y, independent of the weight k. This is
the subject of a forthcoming work.

Brief description of each section: We finish this introduction by giving a short
description of each section. In the second section we set most common notation used
throughout this paper. In section three we introduce the notion of Siegel-Jacobi mod-
ular forms over a totally real field F', as well as the notion of adelic or automorphic
Siegel-Jacobi forms. To the best of our knowledge their systematic study has not ap-
peared before in the literature, notably Proposition 3.4 on the adelic Fourier expansion.
In section four we develop the theory of Klingen-type Eisenstein series. We do this in
greatest generality possible. Again, to the best of our knowledge, a systematic study of
the adelized Klingen-type Jacobi Eisenstein series has not appeared before in the lit-
erature. In sections five and six we employ the doubling method in the way described
above and compute the Petersson inner product of a restricted Siegel-type Jacobi Eisen-
stein series against a cuspidal Siegel-Jacobi form. In section seven we introduce the
theory of Hecke operators in the Jacobi setting and extend previous results of Murase
and Sugano. In the next section we turn our attention to the analytic properties of
Siegel-type Jacobi Eisenstein series. We build on an idea going back to a work of
Bocherer [4] and more recently of Heim [12]. After establishing the analytic properties
of these Fisenstein series we use the results established in section 6 to obtain Theorem
9.3 on the analytic properties of the standard L-function. Moreover, we also establish
Theorem 9.5 on the analytic continuation of Klinegn-type Jacobi Eisenstein series.

2. NOTATION
Throughout the paper we use the following notation:

e F' denotes a totally real algebraic number field of degree d, ? the different of F,
and o its ring of integers;
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A stands for the adeles of F'; we write a and h for the sets of archimedean and
non-archimedan places of F' respectively, so that e.g. Ay, := H;eh F, (restricted
product) and A, := [],c, Fv denote the finite and infinite adeles of F'; for z € A
we will write zp, x5 meaning the finite and infinite part of x, correspondingly;
for a ring R we use the superscript R* to denote the invertible elements in R;
e A finite adele a € Ay, corresponds to a fractional ideal a of F' via a := ] o, p3°,
where a, = 7)v0;, n, € Z, m, a uniformiser at v and p, the corresponding
prime ideal at the finite place v. We will call a the ideal corresponding to a.
e We define Z2 := Z9, and a typical element k € Z2 is of the form k = (k,)vea
with k, € Z. Moreover for an integer p € Z we write pa := (u, ft, ..., pu) € Z2.
e For an adelic Hecke character x : A*/F* — C*, we will write x* for the cor-
responding ideal Hecke character obtained by class field theory. Furthermore,

kv
if x is finite, then its infinite part is of the form xa(za) = [],ca ( Lo ) , for

||
k, € Z. We then write sgn,(za)* for xa(za) where k := (k,) € Z2.

e M;,, denotes the set of [ x n matrices, and we set M, := M, ,. We write
Sym,, C M, for the subset of symmetric matrices; if A € M;, and B €
M, then (AB) € M 4m denotes concatenation of the matrices A, B; if
S € Symy,x € My, we set S[z] := 'zSx;

. . . ~ -1
e For an invertible matrix = we define Z := o™ ;

e For two matrices a € M,, and b € M,,, we define diag[a, b] := <8 2) € Myim;
o We set €a(2) :=[],ca (@) := [Ipea €™ for @ =[], z0 € C2.
e (" stands for the algebraic group Sp,, whose F-points are defined as follows:

Sp,(F) == {g € SLan(F): ‘g (1, ") g= (1, ')};

ag b
cg dg>’ where ag, by, cg,dg € Mpy;
g Qg

e For a fixed positive integer I, G™! := H™! x Sp,, denotes the Jacobi group with
H™! denoting the Heisenberg subgroup, whose global points are defined as

GV (F):={g=(\pr)g: \p€ Mu(F),r e Sym(F),g € G"(F)},
HY(F) = {(\ 1, #) 12 € G™(F)}:
the group law is given by
i 6)gN 6N g = A+ X+ s+ 6+ N+ N+ X — N )gg

where (\fi) := (N p/)g™' = (W'd— /% 1'% — N'), the identity element of
G™(F) is 1513, where 15 := (0,0,0) denotes the identity element of H™!(F),
i.e. we always suppress the indices n,[ in 1y as its size will be clear from the
context;
whenever it does not lead to any confusion, we omit superscripts and write
G,G,G" or H;
following the convention described above, G(A) = [, cpia G(Fy) = GnGa,
where Gy = [[,cp, G(Fo), Ga = [Iyea G(F);

o My = (H,xM;,(C))?, where H,, := {7 € Sym,,(C) : Im(7) positive definite};
an element z € H,, ; will be written as z = (z,)yea = (7, w), where 7 = (7)pea €
H2, w = (wy)vea € M;,(C)?; we distinguish an element iy := (,0) € Hyy,

For an element g € Sp,, we write g = <
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where 7 := (il,,)?;
for z = (1,w) € Hy we define 6(z) := det(Im(7)) := [],ca det(Im(7)));

e For a fractional ideal b and an integral ideal ¢ we define the following subgroups
of G(A):

K[b,c] := K"[b,¢] := Kp[b, (|Ga,
Kolb,¢] := K[, ] := Kn[b,¢] x Koo and K := K™ := Kp[b, cJ(HM x D2),

where Koo ~ Symy(R)2 x D2 c H™ (R)2 x Sp,,(R)? is the stabilizer of the
point ip, and D is the maximal compact subgroup of Sp,, (R),

Kplb,¢] :== Cplo, b7t b—l] x Dyp[671, be] C Gy,

_1 _ . / AveMl’n(Uu)y H’UEMZ,'/L(b’;l)7
Ch[ﬂ, b ,b ] { )\ y s K E 1;!1 H Vv ch NUESyml(bqjl) }’

n[b~" b == [[ Du[6", be],
vEh
—1 L [ ag by . azE€EMp(0y), bIGMn(bgl), .
D,[6™ ", be] := {x = <c dz) € Gy M (bues). daeMn(on) ([

xT

e For r € {0,1,...,n} we define parabolic subgroups of G" and G" as follows:

al 0 bl bQ
nr . az as bz by ne .
P (F) = 1 0 dy dy eG (F).ahbl,chdlEMr(F) s
0 0 0 dy

P (F) :={((AOpp—y), pts 6)g : A € My (F), pp € My, (F), k€ Symy(F),g € P""(F)};
additionally, we set P" := P™0.

3. SIEGEL-JACOBI MODULAR FORMS OF HIGHER INDEX

In this section we introduce the notion of Siegel-Jacobi modular form, both from a
classical and an adelic point of view, and then explain the relation between the two
notions. The content of this section is well-known to researchers working on Jacobi
forms, but to the best of our knowledge it has not been written elsewhere in such detail
and generality. Our exposition follows mainly [15, 28].

3.1. Siegel-Jacobi modular forms. For two natural numbers [, n, we consider the
Jacobi group G := G™' of degree n and index [ over a totally real algebraic number
field F. Note that the global points G(F) may be viewed as a subgroup of G!*"(F) :=
Spyn(F) via the embedding

1, A Ii*,u,t/\ 13 1;
t
(1) 9:()\,#7"3)9’—>< tn ll; )( allb>’ g:(gg)
8 1, c d

We write {0, : F' — R, v € a} for the set of real embeddings of F'. Each o, induces
an embedding G(F) — G(R); we will write (A, by, £y) gy for o,(g). The group G(R)?
acts on Hy; = (H, x M;,(C))® component wise via

gz = g(Tv w) = ()‘7 Hy "1)9(77 w) = H(gvTva wv)\(gvv Tv)il + )\fugvTv + Nv);

vea
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where g,7, = (ay7y + by)(cy7y + dv)_1 and A(gy, 7v) = (cyTy + dy) for g, = (“” by )

cy dy

For k € Z2 and a matrix S € Sym;(d~!) we define the factor of automorphy of weight
k and index S by
Jk75: Gn’l(F) X Hn,l —C

Jk,S(.g?Z) = Jk,S(ga (7—7 w)) = H.ﬂgvaTv)kijU(gvaTvywv)7

vEa
where g = (\, 1, K)g, j(gv, 7o) = det(cyTy + dy) = det(A(gw, 7)) and
jSv (g'lh Ty, wv) = 6(—tI‘ (Svfiv) + tr (SU [wv]A(gm Tv)ilcv)
— 2tr ( t)\vvav)\(gU, Tv)*l) — tr (Syp[Ao]guTv))

with e(z) := €?™® and we recall that S[z] = %&Sz. A rather long but straightforward
calculation shows that Jj g satisfies the usual cocycle relation:

(2) Jrs(gg’,2) = Jrs(g9.9"2) Jrs(g', 2).
For a function f: H,; — C we define
(3) (fle,s 9)(2) := Jrs(g,2) " f(g 2).
The property (2) implies that

(flr,s 99")(2) = (flr.5 9lr.5 ') (2)-

A subgroup I of G(F') will be called a congruence subgroup if there exist a fractional
ideal b and an integral ideal ¢ of F' such that I' is a subgroup of finite index of the
group G(F)NgK][b,clg~! for some g € Gy,.

Of particular interest will be the congruence subgroup,

To(b, ¢):= T (b,¢):={(A\ 11, 5) (¢ ) €G(F): A€ My (0), 1€ My (b7"), € Symy(b~1),
a,d € My,(0),b € M,(b™1),c € M,(bc)}.

Often we will be given a congruence subgroup I' equipped with a homomorphism y :

I' — C*. For example, given a Hecke character x of F' of conductor f, dividing ¢, we
can extend it to a homomorphism

x:To(b,c) = C*, x <(>\,u,f€) <$ Z)) = x(detd).

We now consider an S € bd~17; where
(4) T = {z € Symy(F) : tr (xy) € o for all y € Symy(o)}.

Moreover we assume that S is positive definite in the sense that if we write 5, =
o,(S) € Symy(R) for v € a, then all S, are positive definite.

Definition 3.1. Let k£ and .S be as above, and I' a congruence subgroup equipped with
a homorphism x. A Siegel-Jacobi modular form of weight k € Z?, index S, level I" and
Nebentypus x is a holomorphic function f: H,; — C such that

(1) flx,sg = x(g)f for every g € T,
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(2) for each g € G™(F), fli,s g admits a Fourier expansion of the form
flk,s g(T,w) Z Z c(g;t,r)ea(tr (t1))ea(tr (rw)) (¥)
AL

for some appropriate lattices L C Sym,(F) and M C M;,(F), where t > 0
means that ¢, is semi-positive definite for each v € a.

We will denote the space of such functions by M}’ (T x).

The second property is really needed only in the case of n = 1 and F' = Q thanks to the
Kécher principle for Siegel-Jacobi forms, as it is explained for example in [28, Lemma
1.6].

We note that if f € M} ¢(To(b,¢),x), then

> D cft,r)ealtr (t7))ea(tr (rw)),

tebd 17, rebd 17,

t>0
where 7;,, := {x € M} ,,(F) : tr ("zy) € o for all y € M ,,(0)} .
We say that f is a cusp form if in the expansion (%) above for every g € G"(F), we
have ¢(g;t,r) = 0 unless <€” "v
v t'U
cusp forms will be denoted by S} ¢(T', x).

) is positive definite for every v € a. The space of

We now introduce the notion of Petersson inner product for Jacobi forms, following
[28]. Let f and g be Jacobi forms of weight k, one of which is a cusp form. Moreover,
assume that both f and g are of level I'. For z = (1,w) € Hy,; we write 7 = x + iy
with z,y € Sym,(Fa) and w = u + iv with u,v € M;,(Fa). Let dz = d(1,w) :=
det(y) "D drdydudv and set Ag . (2) := det(y) ea(—4mtr (vSvy™')). Then we de-
fine

<fg>r—/f ASk( )d A::I‘\Hnyl,
and

< f,9>=vol(A /f 92 Dsp(2)dz,

so that the latter is independent of the group I as long as both f and g are in M}! o(T', x).
As it is explained in [28], the volume differential dz is selected in such a way that
vol(A) = vol(I" \ H2) where I' is the symplectic part of T

3.2. Adelic Siegel-Jacobi modular forms. We keep writing G := G™ for the
Jacobi group of degree n and index [. For two ideals b and ¢ of F', of Which ¢ is integral,
we recall that we have defined the open subgroups Ku[b,¢] C Gp, Dy[b™1,bc] C G in
Section 2.

Lemma 3.2. The strong approzimation theorem holds for the algebraic group G. In
particular,

G(A) = G(F)Kp[b, ] Ga.
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Proof. We give a sketch of the proof. We first observe that the strong approximation
holds for the Heisenberg group. Indeed, its center Z is isomorphic to the group Sym;
of symmetric matrices, and we have H™!/Z = M, x My;. Furthermore, the strong
approximation holds for the symmetric matrices (as an additive group) and the same
holds also for M,,; x M, ;. From this it is easy to see that the strong approximation
holds for H™!. Then, for the whole Jacobi group, it is enough to observe that the strong
approximation holds for Sp,, with respect to the subgroup D[b~! bc] (see [22]), and
hence the statement follows by observing that the Heisenberg group is, by definition, a
normal subgroup of G. O

We now fix once and for all an additive character ¥ : A/F — C* as follows. We write
U =[] ecn Yo ll,ca Yo and define

e(—yy), veEh
\Ilv(xv) — { ( yv)

e(xy), vEa,
where y, € Q is such that Trp, g, (2v) — y» € Zp for p := v N Q. Given a symmetric
matrix S € Sym;(F) we define a character g : Sym;(A)/Sym(F) — C* by taking
Ys(k) == ¥(tr (Sk).
We consider an adelic Hecke character x : Ay /F* — C* of F' of finite order such that
Xo(z) =1 for all € o) with x — 1 € ¢,. We extend this character to a character of
the group Kjy[b, ¢] by setting x(w) := 1_[U|cxv(det(ag))*1 for w = hg € Kylb, c].

Now, let k € Z2 and S € Sym;(F) be such that S € bd~17; with 7; as in (4). Moreover,
let K be an open subgroup of Kb, ¢| for some b and c.

Definition 3.3. An adelic Siegel-Jacobi modular form of degree n, weight k, index S
and character y, with respect to the congruence subgroup K is a function f : G(A) — C
such that

(1) £((0,0, )rguw) = x(w) i 5(w, i0) s (w)E(g), for all 5 € Symy(A), v € G(F),
g € G(A) and w € K N Ky[b, cl;
(2) for every g € Gy, the function fg on H,,; defined by the relation
(falk,sy)(io) :=f(gy) forally € Ga
is a Siegel-Jacobi modular form for the congruence group I'? := G(F)NgKg~'.

Note that the relation (1) is well defined. Indeed, thanks to the strong approximation for
Sym; we may write £ = Kpkpka With kp € Symi(F), kn € [ cn Symy(by1) and ky €
[Toca Symu(R). Furthermore, observe that 1g(k) = [[,ca s (kv) = Jk,s((0,0, k), ig) ~*
since g h(kn) = 1 by our choice of the matrix S.

We denote the space of adelic Siegel-Jacobi modular forms by My ¢(K,x). As in the
case of Siegel modular forms (see for example [23, Lemma 10.8]) we can use Lemma 3.2
to establish a bijection between adelic Siegel-Jacobi forms and Siegel-Jacobi modular
forms. Indeed, for any given g € Gy, we have the bijective map

() M s (K, x) = My (T9, xg)

given by f — fg, with notation as in the Definition 3.3 and x4 the character on I'Y
defined as x(7) := x(g~'vg). Furthermore, we say that f is a cusp form, and we denote
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this space by S,?J(K, x) if in the above notation fg4 is a cusp form for all g € G,. We
will often use the bijection above with g = 1. In this case, if we start with an adelic
Siegel-Jacobi form f, we will write f for the Siegel-Jacobi modular form corresponding
to f.

We finish this section with a formula for Fourier expansion of adelic Siegel-Jacobi forms.

Proposition 3.4. Every Siegel-Jacobi form £ € M o(K[b,c|,x) admits Fourier ex-
pansion of the form

© (00 (7 7)) = X X ettrsaeater to))eattr (70 + ),

teL reM
t>0

where o € Symy(A),q € GL,(A), X\, p € My ,,(A) are such that \yq, € M, (b;1) for all
v € h. Moreover, the coefficients c(t,r;q, \) satisfy the following properties:

(1) e(t,r;9,\) = Wa(tr (S[Ao))ea(tr (S[N(ig ‘g)))(det g)zealitr (‘gtg+ g 'rAq))co(t, 5.4, ),
where co(t,m;q,\) is a complex number that depends only on £,t,7,qn and \y.
(2) c(t,r;aq, )\afl) x(det a)c(lata, ra; q, \) for every a € GL,(F).

(3) ct,r;q, ) # 0 only if (‘gtq), € (007'T,)y and ey(tr (‘gy fro(Myn(b;1))) = 1 for
every v € h.

Proof. First of all, note that it is enough to provide a formula for f at (A, u, k)g with
x = 0 (thanks to the relation (1)) and g of the form as in the hypothesis.

Let X; = {v € Myn(A): vy € My, (byt) forallv e h} and X :={z € X, p: 7 = a:}
As it was observed in [23, Lemma 9.6], we can write 0 = s +qz g and As+pu=m+v'ly
with s € Sym,,(F),z € X,m € M;,,(F) and v € X;,,. Then:

£((\, 1, 0) (q "(]q>)_f(< f) (A, As + 11, As\) <q qqi”))
= £((0,m, 0)(\, g, AsN)a(X, 0,0)n(0, g, K)n (q q”””))
= (000,400, 0. 0ol 10 () )

= Yg5(kn) <fp‘k,3()‘7 Vg, As'N)a <q q;) a) (40),

where we take r = AsA — (A\¢ + vig\),p := (\,0,0)ndiag[q, ¢ln and fp is as in
Definition 3.3.

Since fp € MJ'¢(G(F)NpKb,c|p~!, x), it is invariant under the translations 7 +— 7+b
and w — w + p for every b € L := Sym,(F) N gnX'gn and p € L1y, := M, (F) N
(X1 'qn). Indeed, for each such b and p the finite parts of the adelic elements

A . - _ 1 g g\ ,. . 1+
(0,000 (1) = (A,0,0)diaglg, a)(0, -2, 0) (, ¢ ™) diaglg™, 4](~,0,0)

and
(0, 11, Aqug + pA) = (A, 0,0)diag[q, ](0, ug, 0)diaglg ", g](= A, 0,0)
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are in the finite part of the group pK|[b, ¢]p~'. Hence, fp has a Fourier expansion

fp(T,w) = Z Z c(p;t,r)ea(tr (t1 + rw)),

teL reM
t>0

where
L ={x € Symy(F) : ea(tr (zL)) =1},
M = {z € M ,(F):ealtr ('nLy,)) =1}
In particular, ¢(p;t,r) # 0 only if at every v € h and for every € Xy, 21, € (Xin)o
we have e(tr (gutyqux)) = 1 and e(tr (‘gy ry(21,))) = 1. Further, if we put r :=
(A, vig, Asi\)a (q qu)a’ we have

(0w 0) (1 F)) = st s (o) fplrio

= U (tr (Sk))ea(tr (S[A]s) + tr (S[N](iq g + gz g)))(det q)5
- fplia'q + qa', iAg'q + Mgz g + vg)
= Uy (tr (Sk))ea(tr (S[N(igqg + 0)))(det ) fp(iqlq + qx'q,iNg'q + gz g + vq),
Now note that
Up(tr (Sk)) = Up(tr (SASA — (Ag'v + vig™)))) = Ty (tr (S(As))
= Wy (tr (S(ATN))Wp(—tr (S(Agz'g]\)) = Up(tr (S(Ao'N))).

Moreover, since ey, (tr (tgrlq)) = 1 = en(rAqxr g + rv'lq)) for t € L,r € M, we have
ex(tr (to)) = ep(tr (ts +tqr'q)) = ep(tr (tgz'q)) = ea(tr (tgr'y))
and
ep(tr (r(\o + p))) = ep(tr (r(m +v'g) + riqrlq)) = ea(tr (rvlg + rigzy)).

Hence,

fo(rio) =Y " c(p;t.r)ealitr (tg'g + rAqg))ea(tr (to))ea(tr (Ao + rp)).
teL reM
>0
In this way we obtain Fourier expansion (6) that satisfies properties (1) and (3). The
second property follows from the fact that f|; sdiaga,a] = x(det a)~'f for a € GL,(F).
U

4. JACOBI EISENSTEIN SERIES

In this section we introduce Klingen-type Jacobi Eisenstein series. We do this both
from a classical and adelic point of view, and also explore the relation between the two
in the spirit of the bijection (5) between classical and adelic Siegel-Jacobi forms, which
was established in the previous section. First systematic study of Eisenstein series from
a classical point of view was undertaken by Ziegler in [28]. Our contribution here is to
extend his results to include non-trivial level, non-trivial nebentype and we also work
over a general totally real field. Furthermore, we introduce the adelic point of view,
which, to the best of our knowledge, a systematic study of which, has not appeared
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before in the literature in the Jacobi setting.

For an integer r € {0,1,...,n}, we let P™", P™" be Klingen parabolic subgroups of G™
and G™' respectively, as defined in Section 2. We define the map A G"' — F by

At 1 )g) = A7 (9),
where A : Sp,, — F' is the map defined as in [22] by

al a b1 b2

AP a3 as by by
r C1 Co d1 d2
C3 C4 d3 d4

= det(dy),

where the matrices a1, b1, c1,d; are of size r and the matrices aq, by, c4, dy of size n —r;
we set A\7(g) := 1. We extend this map to the adeles so that A7, : G™(A) — A.

Furthermore for r > 0 we define the map
Wy ! Hn,l — %r,l

by w,(7,w) := (71, w1), where 71 denotes the r x r upper left corner of the matrix 7
and w; is the [ X r matrix obtained from the first r columns of w. Note that 7 = w,.(7)
for w, as in [22]; we extend this and write w,(w) := w;.

Finally, we define a (set theoretic) map
Tyt HnJ X MQn — HT’l X M2T7 7‘-7"(()‘7“7/{’)79) = (()\17M17 H)aﬂ-’f(g))7

where A1 (resp p1) is the [ X r matrix obtained by taking the first 7 columns of A (resp.

w), and .(g) := (Zi((gg Zi%?)) is the map defined in [22] with m(g) := 1.

As we pointed out above, the maps A, w,, 7, generalize the maps defined in [22]. In a
similar manner their properties generalize the ones of the symplectic setting.

Lemma 4.1. Assume r > 0. Then for all g € P™"(A)we have

(7) wr(gz) = m(g)w:(2)
and
(8) Ti,5(g,2) = (A21(9)a) T s (m0(g), wr(2)).

Proof. Write z = (r,w) and g = hg = (A, u,k)g. Then, by [22, (1.24)], wy(g7) =
7 (g)wr(7) and j(g,7) = Ar(9)aj (7 (g),wr(7)). Thus, to show (7) it suffices to establish
the equality

(w(ch + dg)il + AgT + M)l = wl(cﬂ'»,«(g)w”"(T) + dﬂ'r(g))i1 + )\lﬂr(g)wr(T) + pa;

or, after using the fact that m,.(g)w,(7) = w,(g7) for g € P™",
(w(eg +dg) ™)1 = wiCr, (wr(T) + drog)) ™5 (AgT)1 = Aawr(g7).

Set ¢ := ¢g4, d := d4 and observe that for g € P™"(A),

(a1 0 T T2 di do\ (e +di x
CT+d_<o 0) (tTQ T4>+<0 d4>_( 0 d4>’



ON THE STANDARD L-FUNCTION ATTACHED TO SIEGEL-JACOBI FORMS 13

where ¢, 7,d; are v X r matrices. Hence,

(w(er +d)™H1 = (w1 w2) ((017'1 —gdl)_l d}))l = (wi(cymy +dp) 7t #)

=wi(c1m + dl)_l = wl(cvrr(g)T1 + dﬂr(g))_l

Similarly,
AgT = (A 0) (“”“(*97) j:) = (Mwr(g7) *).

We will now sketch a proof of the equality (8). Because )\;}’l(g)a = A (9)a and j(g,7) =
M (9)ad(mr(g),wr (7)), it is enough to show that
Js(g,2) = Ts(mr(g), wr(2)),
that is,
(1) tr (Sfw](eg + dg)~'eg) = tr (S[wi(cr, ()71 + drp(g)) ™ Crr(e))s

(2) tr (ASw(cym +dg)~ D =tr (t)\lSwl(cm(g)ﬁ + dm(g))_l) and
(3) tr (S[Algr) = tr (S[Al]ﬂ'r(g)ﬁ)'

Write w = (w1 U)Q), so that
w w S *
S[w] = (:w;) S(U)l w2) = <:w;§) (U}l U)Q) = < [’U)l} > .

-1
Moreover, as we have seen before, (c,7+dy) ™! = ((C’Tr(g)“’“(T())er"Ng)) * ), c= (cﬂ(y) 0 ),

so that .
(cg7 + dg)_lcg _ ((Cm»(g)wT(T) +dr ()" Cniio) O) )

0 0
Hence
tr (S[w)(cy™ + dg)teg) = tr ((5 [w1] ) << 7o (@)L F () " en (o) 0>>
* * 0 0
= tr (Sw1](cr, ()71 + dﬂr(g))_lcm(g)).
Similar calculations with A = (A1 0) prove the remaining equalities. O

4.1. Adelic Jacobi Eisenstein series of Klingen-type. We are now ready to define
adelic Jacobi Eisenstein series of Klingen type. Fix a weight £ € Z* and consider a
Hecke character x such that for a fixed integral ideal ¢ of F’ we have

(1) xv(z) =1for all z € 0 withz —1 € ¢,, v €,
ky
(2) Xa(wa) = Sgn(‘ra)k = Hvea (ﬁﬁ) , for x4 € Ag;

we will also write x, := Hv| < Xv- We fix a fractional ideal b and an integral ideal e such
that ¢ C ¢ and ¢ is prime to e !c. Further, for r € {1,...,n} we set

K := Ky[b, ¢](HM x D),

K" ={x=\wkr)z e K: (ar(x)— 1)y € My, (ey),
(a2())y € Myn—r(e0), (b1(2))0 € My (b5 ey) for every vle},
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- (e
where z = (12 1) = | 5600 010) ) ) |
c3(x) eq(x) ds(x) dy(z)
b

If r =0, we put K™Y := K.
For a cusp form f € S,’C’,S(KT,X_I), f:=1if r = 0, we define a C-valued function
¢(z,s;f) withx € G"(A) and s € C as follows. We set ¢(z, s;f) :=0ifx ¢ P (A)K™"
and otherwise, if x = pw with p € P™"(A) and w € K™", we set

¢(x,5:F) == XAy () xe(det(dw))) " Tr s (w, i0) T (- (0)) A () >,

where w = hw with w € Sp,,(A). We recall here that if we write p for the symplectic
part of p then )\’Tfl(p) = A"(p). Moreover, since at archimedean places T, € Py Ky =
PP K" if and only if xa € PLKa" , where P’ := ('Zg P™" ([22], Lemma 3.1), we
always choose p € P™"(A) so that p, = pa € P,. We now check that ¢(z,s;f) is
well-defined, i.e. that it is independent of the choice of p and w.

Let © = pyw; = pyws, set r := p, 'p; = wow; ' € PV (A)N K™ and assume that
(P1)a; (p2)a € P,. Observe that A(r), = (det dpy.4)y L (det dp, 4), € 0X for every v € h,
and [AY)(r)uly = 1 for all v € a. Hence, |)\17}7l(p)]g28 is independent of choice of p and
w, and x(A?; ()" = xc(A\%,(P) T (A (p)a) 7*. Because

£(mr(py)) = £ (Por)) = £ (Do) (1)) = £(70 (P2)) Xe(det A, (7)) T s (e (1), 50) 7

we have to prove that

X2 (1) T T (r)a) ™ xe(det(du, ) ™" xe(det(du, )) xe(det ag, ()
= Jrs(m(r),i0) Jr,s(w1,i0) Jis (w2, i0) !
First of all, since r, € P,
( :L,’l(’f‘)a)kjhs(ﬂ'(r),io)JhS(’lUl,i())JhS(wQ,i())il = Jr.s5(r,i0)Jr.s(r,wy - ig) = 1.

Moreover, it is easy to check that

XA (r) ™ xe(det(duy )™ xe(det(du, ) xe(det ar, ()
= x.(det dm(w))xc(det dm(wl))_lxc(det Ur.(ry) = L.
This proves the statement above.
We define the Eisenstein series of Klingen type by
(9)  E(x,s;f) = E(x,s;£,x, K™") := Z d(vyx,s;£), Re(s) > 0.
YEP™T(F)\G™(F)

If r =0 and f = 1, then we say that E(x,s) := E(x,s;1) is an Eisenstein series of
Siegel type.

It is clear from the above calculations that this is well defined, and for v € P™"(F),
we K] x Ky,

d(yrw, s; f) = Xc(det(dw))_ljkﬁ('w, io)_lgb(x, s; f).
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In particular, for k € Symy(A), v € G™(F), x € G"(A) and w € K| x K,
E((0,0, k)yzw, s; f) = 1g(r)xc(det(dy))  Jr.5(w, i0) " E(x, 5; f).

We will show in Proposition 4.3 below that the series above, evaluated at s = k/2 for
ke€Z,k>n+r+1+1,is absolutely convergent and hence defines an adelic Siegel-
Jacobi modular form of parallel weight ka := (k, k, ... k) € Z2.

We now investigate the relation of the adelic Eisenstein series (9) with the classical one.

Write K;" = Chlo, 671,671 x D" [671, be]. Then it follows from [22, Lemma 3.2] and
[20, Lemma 1.3] that

Pr(A) = | | PPT(F)a(P™T(A) N DR (b7, be]) P (Aa),
zeX
where X is a finite subset of P™"(A) such that {a,(z) : € X} forms a set of represen-
tatives for the ideal class group of F', where a,(z) is the ideal of F' defined in [22, page
551] as the ideal corresponding to the idele A\,(x). In particular one may pick z’s of a
very specific form, namely diag[l,_1,¢ !, 1,-1,t] with ¢ € A, Since P™" = HM s pror

and the strong approximation holds for H," ! by the same argument as in Lemma 3.2,

P(A) = | | PM(F)2 (P (A) N KL [b, ) P (Ag),
r'eX’

where X’ is the set X extended trivially to G™ by the canonical embedding Sp,, < G".
We can now establish that

PYr(A)K™ = | | PM(F)2 KR [b, o P (Aa) K™ (A)
x'eX’
= U PR .06 ().
x'eX’

Indeed, we only need to establish that the union is disjoint. Assume that the cosets
determined by 1,22 € X' are not disjoint, that is x1 = axsbc for some a € P™"(F),
b € Kplb,c] and ¢ € P™"(Aa)K™"(A,). Since z1,22 € G}, 1 = apx2b. Moreover,
since @ € P™"(F) and z1, 29 are diagonal, b € P™"(A) N K" [b,¢| and ca € P™"(R).
This implies that 21 € P™"(F)zo(P™"(A) N K} (b, ¢])P™" (Ag), and thus z; = x».
Take the set X’ to be of the particular form indicated above, that is let 2’ € X’ be of
the form diag[l,_1,¢ 71, 1,-1,t] € Sp,(A) < G™(A) with ¢t € A}. Observe that for any
such o/, 2’ K}""[b, ¢|(Aa) G" (Aa) N G"(F) # (. Indeed, this follows from the fact that
diag[l,—1,t7 1, 1,1, ¢]Dy"[671, b¢]Sp, (R)NSp,,(F) # (. In particular, we can conclude
the analogue of [22, Lemma 3.3] in the Jacobi setting:

Lemma 4.2. Set Y := {J;c,x diag[ln—1, ¢~ L 11, t]Kn[b, ] P (Aa) K™ (Aa). Then
there exists a subset Z of G*(F)NY such that

P"(A)K™" = |_| P (F CK”r[b | P (R)K™" (A |_| P (F CK"T[b ¢]G"(R)
ez ez
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and
GW(F)ﬂPnr Knrf |_| Pnr Kﬁ’r[b,c]Pn’r(Aa)K(Aa)ﬂGn(F))
ez
= L P (P)C (K3 b, G () N G7(F))
ez

4.2. Classical Jacobi Eisenstein series of Klingen-type. We now associate a
Siegel-Jacobi modular form to an adelic Eisenstein series defined in (9). We set I' :=
G"(F)N K" [b,c]G"(Aa), and with Z as in Lemma 4.2 we define R; := (P™"(F) N
(T¢~Y \ (T, for ¢ € Z. Then, again by the same lemma, it follows that a set of
representatives for P™"(F) \ (G"(F) N P™"(A)K™") is given by R := [J;cz R¢. In

particular, we may write
£) =" ¢(yz, s f)
YER
For any given z € H,,; there is an y € G}, such that y-ip = 2. Moreover, we can always
pick y such that the symmetric matrix in the Heisenberg part of y is zero, i.e. k, = 0.

A Siegel-Jacobi modular form that corresponds to E(z, s;f) via the bijection (5) with
g = 1 is the Eisenstein series,

E(z,s:f) = Jrs(y.d0) Y _ ¢(vy, s:f)
YER

We will write it down in terms of f and z using the bijection (5) again. For some ¢ € Z
and v € R we may write vy = 7w, where 7, = diag[l,,—1,¢7,1,_1,] as in Lemma
4.2, 1a € N2 1P"T and w € K™". This is because Hg’l C Ka'" and, by [22, Lemma
3.1], GM(A) = mQ:gPW(A)DgODh[b—l, b]. Therefore

$(rw, s:£) = xu () xa(A(T)a) " Xe(det(dw) ™ s (w, i)~ E (e (ma) AT (7) [

Observe further that, in case r > 0,

1) £(mo(72) = T (mo(7)yi0) " F(mr (7)) T2V Ty (7, i0) LR (Pa) F (@ (72));

(1)
Ta,t §(mr(Ta),t 1/2 O(wr(vz 1/2
) Wr)ale = It nle = (M5e) = (%5657)
(3) [A2,(7)]a = It A2 (T)al 5
(4) Ji,5(7, 2)Ji,s(ys %0) = Ji,5(7Y, %0) = Ji,s(T, wio) Jps(w, 30) = Ji,5(7,%0) Ji, s (w, %0)-

Moreover, since the product xn(t) "!x.(det(dy))~! depends only on the symplectic part
of 7, we can follow the reasoning in [22, Lemma 3.6] and denote it by x[7y], which agrees
with the definition of x[v] in [22, (3.11)]. Taking all these into account we obtain

» s—k/2
Blesif) = Sl (5oasy;)  Swrba) st

oy 0(wr(vz

. s—k/2
(10) — O Y A ((xff()))) F(wr(2)lis.

CeZz YER(
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Analogously, if r = 0 (and f = 1), we obtain the Siegel type Jacobi Eisenstein series,
(11)
E(z,5) = Y IN(OIF Y X622 lksy =Y N(@(O))* Y x16(2)" k57

ez YER¢ ez YER,

We finish this section with a result regarding the absolute convergence of the series.

Proposition 4.3. The Eisenstein series E(z, s;f) is absolutely convergent for Re(2s) >
n+r+1+1. In particular for ka € Z* with k > n+r+1+ 1 the series E(z,k/2;f) is
a Siegel-Jacobi form of parallel weight k.

Proof. This follows from the calculations of Ziegler in [28, pages 204-207]. The differ-
ence with his Theorem 2.5 is the different normalisation of our Eisentein series as well as
the introduction of the complex parameter s, but it is easy to see that his calculations
lead to the range of absolute convergence stated above. [l

Later in the paper we will explore analytic properties of the Klingen-type Eisenstein
series, such as analytic continuation and possible poles regarding the parameter s. This
will be done in section 8. Furthermore, in the last section of this paper we will study
the analytic properties of E(z,s;f) with respect to the variable z for some particular
values of s. Namely, we will try to establish whether this series, even if it fails to be
holomorphic in z, still has some good algebraic properties. To do this, we will introduce
in the last section the notion of nearly holomorphic Siegel-Jacobi forms, and we will
see that for particular values of s the Jacobi Eisenstein series are of this kind.

5. THE DOUBLING METHOD

As it was discussed in the introduction of this paper one of the most fruitful methods
for studying various L-functions attached to (classical, i.e. Siegel, Hermitian, orthog-
onal) automorphic forms is, what is often called, the doubling method. It is perhaps
not surprising that the same method can be used to study also L-functions attached to
Siegel-Jacobi forms. We will introduce the latter a bit later in the paper, after devel-
oping necessary background for the doubling method. Actually there are two, rather
different, ways to use this method.

(1) Method I. This is the original approach of Murase [15, 16], where he used a
homomorphism (actually an injection)

G™' x G™ = Spy.,.

One of the main advantages of this approach is the fact that analytic properties
of the L-function can be read off from analytic properties of (classical) Siegel
Eisenstein series of Spy, ,;, which are well-understood. On the other hand,
it is not quite clear how one could translate the picture classically, i.e. pulling
back the Siegel Fisenstein series to the Jacobi symmetric space, which makes the
method less attractive for other applications (differential operators, algebraicity,
study of Klingen-type Eisenstein series and others).
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(2) Method II. The second approach, which we follow in this paper, was first em-
ployed by Arakawa [3]. It uses a homomorphism (shortly to be made explicit),

(;nulyi(;nJ__>(;n+nM

This seems to be a more natural approach and closer to the spirit of the doubling
method, since one “doubles” the same “kind” of a group. Moreover, it is quite
clear what happens on the corresponding symmetric spaces. However, this
method calls for a study of analytic and algebraic properties of Siegel-type
Jacobi Eisenstein series introduced in the previous section, a task that will be
taken upon later in this paper.

In this section we will develop technical results which will be necessary to apply the
doubling method. The main result here is Lemma 5.3, which will be used in the next
section to study a particular pullback of a Siegel-type Eisenstein series. Our approach
is modeled on the work of Shimura in [22] where the symplectic case is considered, and
our results here generalize those of Shimura to the Jacobi setting.

We define first the map mentioned above. Let

ta: G x g gmt

ta((X s k)g) x (XN il 1)) = ((AN), (), 5 + K5 0s(g x g)),
where
a b
s GM X G G s ((28) < (5Y) = ( db/> |
d d

In what follows we will often write g x g’ for 14(g x g'). Sometimes it will be useful
to view elements of G™ ™! as elements of G*™+" via the embedding in equation (1).
Denote by H,' ! the Heisenberg subgroup of P™", that is, put

HPM(E) = {(AOpuer), 1, ) € HY(F)}.

We will now adapt a method presented in [22] to find good coset representatives for
P (E)\G™(F). Let n < m and define 7, := 1y, € G™"(F), where

177L
Ty 1= ( i’: 1,, ), er ::(1T0) € My, n(F).
1n

te,

Lemma 5.1. If n < m,
G"(F) = |_| P (F)1u4(G™(F) x G™(F)).

0<r<n

Proof. Let G (F) = ||, P™"(F)g;ta(G™(F) x G™(F)) be a double coset decom-
position. There exist unique g; € G™T™(F) and h; € H™™!(F) such that g; = g;h;.
Note also that 14 (G™(F) x G™(F)) = H™™(F) x 14(G™(F) x G™(F)). We have

G™MF) = | | P (F)gihi H T (F)a(G™(F) x G™(F))

= [ Hg T ) P () H T (F) g (G(F) x GM(F))
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- |_| HIT EYH™ M (F) P (F)gins (G™(F) x G™(F)).

Since G™(F) = H™ ™ (F)G™ ™ (F) and G™ " (F) = | Jo<<p, P (F)Trts(G™ (F) %
G™(F)) by [22, Lemma 4.2], we can take {g;}; = {7 : 0 < r < n} and thus {g;}; =
{Tr:0<r <n}. 0

Lemma 5.2.
P (F)r (G™(F) x GM(F)) = || P™ ™ (F)r((€ X Lalam-2:)8 X 7),
£.8y
where & runs over Symi(F)\G"(F), B8 over P™"(F)\G™(F), and~y over P™"(F)\G"(F).
Proof. By previous lemma and Lemma 4.3 from [22],
P (F)104(G™(F) x G™(F))
= || = E)HT(E) P (F) 70 (65 (6 % Lam—2r)8 % 7)),

€87
where &, 5, run over G"(F), P™"(F)\G™(F), P""(F)\G"(F') respectively. Note that
g R E™ME) = () BT (A 0,0)10m % (X,0,0)12,),
AEMy 1 (F)
NeM; ,(F)

and for g = (4 B) € P™"(F),
(()‘7070)12171 X ()\,70’0)1271)1119 € HSYLJFTLJ(F)PW’L-{-TL(F)(()\ A/)A7070)12(m+n)'

Indeed, if we view it as an element of G *" we obtain

1, A N
1m ll
1n ( A B>
1; 1
-\ 1 D
-t 1n
1, 1 K (AXN)B 1, AN)A
_ A B Lmtn BIAN) Lintn
- 1 1 L
D Tm4n —tAYAN) Lign
1 K (AN)B'tA 1, 1; AN)A
_ Imtn ABYAN) A B Imtn
1 L L )
1m+n D —tA t()\ )\’) 1m+n

where £ = (AN)B'AYANXN). Moreover, because 7, commutes with ((X,0,0)12,, x
(N,0,0)12,), we have

P (F)104(G™(F) x GM(F)) = | | U HT Ry P,
B NeMy o (F)N €My (F)
ta((X,0,0) 19 x (N,0,0)12,)es(ts(€ X lom—ar)B X 7).
Write A = (A1 A2) and X' = (A X)) as concatenation of matrices A\; € M, (F), A2 €

My (F), | € M;,(F), Ny € My ,_(F). Because H6”+n’l(F) and P™*"(F') commute
(as follows from the above computation) and
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Hgﬁ_n’l(F)Tr _ TT{(H/ tem n Ii)lzm X (/1*67“7 M/’ ﬁ/)12n :

ne Ml,n(F)nu, € Ml,n(F)’ K, S Syml(F)}’

we can include (0, (A} 0),0)12,, x ((A]0),0,0)1a, in the set above for each X', and so
we are left with

(A, (=A10),0)es(€ % Lapm—2,)8 x ((013),0,0)7.
In fact,
(A, (=210),0)e5(€ % Lam—2r)B = (A1, =1, 0)€ X 1 lam—2,)((0 A2), 0,0)5.
Therefore we can exchange the representatives
Trea(ta((A, =21, 0)€ X Lilam—2:)((0A2),0,0)8 x ((0X3),0,0)7)

with 7.04((tA(& X 1glom—2,)3 X 7), where &, 3,7 are as in the hypothesis. Reversing
the process described above, it is easy to see that the cosets are distinct. [l

We are now ready to prove the main result of this section. The following lemma is the
generalization of [22, Lemma 4.4].

Lemma 5.3. Let ¢, b, ¢ be as in Section 4.1, and o an element of G;’:"'" given by

1gdiag[ly,, 0, 11, 1, 0,1,] ifvte,
Lgdiag(lm, 05 1n, Lo, 0y 1n]70  if e,

v T

where § is an element of Fy* such that fo = b. Let D™ := K™*"[b,¢] C G™™(A).
Assume that n < m. Then

P (F) 1, (G™(F) x G™(F)) N (P™™(A)D™ ")

= |_| P (F) 1, (1ges(€ X 1om)B X 1519,),
£eX ,BeB

where m' = m —n, B is a subset of G™(F)NY as in Lemma 4.2, which represents

P () (G™(F) N P™"(A)D™), and X = G™(F) N G [[,cp Xo with

{\ k) € Cylo, b1, 07D 67 ¢, bc] t ay — 1 € My p(en)} i e,
X, =4 Cylo, 671,671 Db~ e, b]W,Cylo, b1, 61D [6 1, be] if vle~Le,
Colo, b1, 6-1G"(F,)Colo, b1, b-1] ifote

W, = {diag[q, q] : ¢ € GLyp(Fy) N My n(cy)}s
if m =n, we take B = {1g1lan}.

Remark 5.4. Before we proceed to the proof of the lemma we should stress a significant
difference between this result and the symplectic case. In [22, Lemma 4.4], at the places
v which do not divide ¢, one obtains that the set X, (with the notation there) is the
entire symplectic group G™(F,) = Sp,,(F,). However, this is not the case here as the
set X, above is not equal to the group G"(F,). This is one of the main differences
between the Jacobi and the symplectic group regarding their Hecke theory at the “good
places”. It will become even more apparent later in this paper when we will consider
the theory of Hecke operators.
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Proof of Lemma 5.3. We will divide the proof into two parts: the case where v does
not divide ¢ (a good place) and when it does (a bad place). We first consider the case
of v being good.

We first obtain a description of the set Cy[o, b~ b= G™(F,)C,[0,b71,b71]. First note
that a set of representatives for G*(F,)/D,[b~}, b] consists of

“1h g lotn ™!
m(g7haa) = (g 0 gtgth_l

where (g,h) € GLy(0,)\W/(GLy(0,) x 1), 0 € Sym,(F,)/gSymn(b,1)lg and W =
{(9,h) € Bx B: gL+ hL = L}, where L = My, 1(0,), and B = GL,(F,) N My(0,). In
particular, if we write D*™" = C, D,,, then

C,G™(F,)Cy = | Com(g, h,0)D,Cy = | Cum(g, h,o)CyDy

g,h,o g,h,o

(12) = |J Gl —An oy T %)m(g, h, o) Dy
g,h,o
A

Consider now the set P (F,) D" and write P"*"(F,) = HY(F,)P™"(F,). Since

ap bp _ -1 -1 -1 —1 Qp bp
(0 dp> (A 1, %) = (Aay, -, Aay, " bpd, ™ + pd, ™ +) <0 i)
we can conclude that
P (E) DY ={(\ 1, "5)93>\EMZ,n+m(°v)a;17 WE Mipim(Fo), g = Pk €SPy (Fo)}-

Note that this is well defined. Indeed, if we write g = p1k1 = pako then pl_lpg € D, and
in particular a;llap2 € Myim(0y) N GLy g (Fy), and similarly a;;apl € Mpim(0,) N
GLy+-m (Fy); that is, a;llam € GLyym(0y).

Consider now a = 14(€ X 1glo,, )3 with & € Sym(F)\G"(F), 3 € P™"(F)\G™(F),

and write § = (A1, 111,0)€,8 = ((0X2),0,0)3, where Ay € M, (F'). Then

o = LA(()‘lnulvo)g X 1H12m’)((0 )‘2)7()’0)/8 = (()‘1 O)a (/Ll 0),0)(5 X 12m’)((0/\2)7070)6
= ((>\1 0)? (lul 0)70)((0 /\2)7070)(5 X 12m’)B = (()‘1 )‘2)7 (:ul 0)70)(5 X 12m’)ﬁ7

and so

LA(a X 1H12n) = (()\1 )\2 0), (/11 00),0)((5 X 12m/)ﬁ X 12n)'

Now we see that

(A1 A2 (—=p1)), (1100), 0)7 (€ X Lopr) B X 125)a ™
= (M1 A2 (=11)), (1100),0)75((€ X Lomr) B X 1an)o
Put g := 7,((€ X 1;n_n)B X la,)0~! and write g = pk € P™t"D™*" Then by [22,

Lemma 4.4] we may take 3 to be of the form hw, where h = diag[l,,_1,t7 %, 1 1, 1]
and w is in the congruence subgroup D™. Moreover, we may take

-1 -1, -1
_[9h g oh
£_< 0 tgthfl )dv

Tnta(o X 1ngn)0'*1
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where g, h, o are in the sets as above, and d € D". In particular,

A 0 B 0
0 1, 0 O
0o 0 0 1,

where d; is some element in D"t

—1 _ -1 —1
(9 h 0 (gt 0 ~ (Yn 0
A._<0 h),B._< e 0) pe (0

and h = diag[ly—n—1,t]. In this way we obtain

Tn((f X 12m’)6 X 12n)0_1 = 0 D 0 d/
A 0 'e,B 671,
for some d’ in the congruence subgroup D". Furthermore, if we write

A 0 B 0

0 6,1, 0 0

0 6Ope, D 0
A 0 e,B 0,1,

k1 ko
ks k4

ap ks = <tenA 0 ) and a, ki = (tenB 6;,11,)

Since the matrix [k3 k4] extends to an element in the congruence subgroup D™ [b~!, b],
it follows that

for some p € P (F,) and k = < > € D""[b~1, be], then we can conclude that

0, ks A + kg A = A,

where now A = M,,1,,;(0). That is, for any given ¢ € A there exist ¢,/ € A such that
9;116351 + kygly = £. Write A = t[Al,AQ, Ag] with A1, A3z € Ml,n and Ay € Ml,m—n- Then
the relation ta;10;1k3A + ta;1k4A = ta;IA, which can be also written as

<9vltenA 0) A+t (tenB leln) A=a, A,

means that the set ta; YA can be described as

0 en D 0
<0v_1tenA 0 ) t[£17£27£3] =+ <t€nB 91]—1111) t[ /17 /274’)}7
where (1,0) € Ay, l3,05 € As, €o,05 € Ay and, recall, e, = (‘') € My, . Therefore,
since ‘e, A = (g7'h 0) and ‘e, B = (g‘lath_1 O), we get

b

0 €n> 1 3

—1¢ [£17€27€3] = 0
<9v enA 0 gglg—lhtel
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and )
tth_ tg/
D 0 trol gt ] = g~t/ !
t B 0—11 [ 15%2» 3] - h’€2
€n v in —1 = Llep —1tyr
g oh W40,
Hence,

ty + tgth—ltgll
fa) ' A = hit, :
gL ho; e + g—lath*1t€’1 + 9;1%
and after taking a transposition

Nyt = (5 + 6hlg G 67 0y Gh ol 1 6,1E).

In particular, we see that the element
Tnta(o X 1H12n)0'_1 = (M A2 (=p1)), (#100),0) 7 ((€ X 1in—p)B ¥ 12n)0_1

belongs to P"™™(F,)D™" if and only if \; is of the form ¢3 + ¢{h~1g, and py is of
the form —(Hglﬁlthtg_l + E’llflatg_l + 6,1¢5). This together with (12) concludes the
proof of the lemma in the case of good places.

Now assume that v is a place in the support of ¢. First we consider the case when
vle~le. As above, we start with a description of the set

Cylo, 671, 67D [~ e, )], Cyl0, 61, 671D 671, be],
where W, = {diag[q, 4] : ¢ € GLy,(F,) N M, (cy)}. As it was shown in [22, page 567],
nrn—1 . ~1yniE—1 _ f g.f nip—1
Dilo™ e nsin 05160 = (0 1) Do, vd,

where f € GL;,(0,)\GLy(0,)¢GLy(0,) and g € Symn( Ley) /tf Symn (b, 1) f. Set C,
Cylo, 671, 671]. Then:

C,D"b ¢, b]W,C,D*b™L, bc] = C,D" 6 ¢, b|W, Db~ L, be]C,

=Jya (fq 93f‘l> Dpl6~!, be]C, —U U Cy (f" gjch>CD”[b ', be]

9 fa,9q4
13) =J U GO A g0+ 0y 4 ({) gj;fq) Dy b, b,

9 fq:9q:\p 1
where f; € GLy(0,)\GLy(04)¢GLy(0,) and gq € Syma (b, ey)/'f ,Symn(b;1) fo.
Further we argue as in the case of good places. In particular, we may write as before

Tota(a x 1glay)o ™ = (A1 Ag (—p1)), (11 00),0)70((€ X Lip—pn)B x 12,)0™ "

with & = (A, 1,0) € Symy(F)\G"(F), B = ((0X2),0,0)8 € P™"(F)\G™!(F).
Moreover, using [22, Lemma 4.4] again, we may take { = (fq 9 j;f q)

q
My (¢ )NGLR(Fy), fg € GLp(0y)\GLy(04)gGLn(04), gg € Syma, (b ;lcv)/tquymn(bgl)fq
and d € D,[b~!,bc]. Then we obtain

d for some ¢q €
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Ta((§ X Lom)B X Lan)o ™ = | D d
exA 0 fe,B 071,

)

for some d’ € D™ where this time

0 o P [yt o
wm (b ) o= (v 0 o= (%)
A

0

0

B 0
6dn 0 0 .
boer D 0 ) as a product of an element in P and D™*".

e,A 0 te,B 6, lln
Then, after the same computations and with notation as above, we obtain

Nay' = (G + 0070 B 07 00, + 0 f7 gy + 0514%)
In particular, we see that the element
Totala X 1gloy)o™ = (A A2 (—p1)), (111 00),0)7 ((€ X Liep)B X 1op)ot
belongs to P (F, D" if and only if A; is of the form 5+ ¢| f;!, and p is of the

form — (0,10, + ¢} Iy Lg,+ 6, 1¢%). This requirement matches the decomposition (13),
and thus finishes the proof of the second case.

As before, write <

Finally, we consider the case of v|e. In this situation we also argue as before, but note
that now

A 0 B 0

-1 _ 0 Ouln 0 0 /

(& x lom)Bx dan)e = | g g0 p g |4
1

where

1 0 0 O 1 0
/E m+n . n . o no
d" € Dy , A (0 1n>’B' <0 0>’D' <0 h1>'

Hence, doing exactly the same computations as before, we see that the element

TnLA(Oé X 1H12n)0'_1 = (()\1 )\2 (—,ul)), (ul 00),0)7’n((§ X 1m_n)5 X 12n)0'_1

belongs to P" ™ (F,)D"*™ if and only if \; is of the form ¢3+ ¢}, and p; is of the form
— (0,101 + 04 + 0,714%), which gives the set we claimed in the lemma. O

6. DIAGONAL RESTRICTION OF EISENSTEIN SERIES

The map G™! x G — G™ ™ introduced in the previous section induces an embed-
ding
Mo X Hug = Hoemi, 21 X 22 — diaglzi, 22],
defined by
(T1,w1) X (T2, wq) — (diag[ry, 7], (w1 w2)).

The aim of this section is to obtain the main identity (21), that is, to compute the
Petersson inner product of a cuspidal Siegel-Jacobi modular form against a pull-backed
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Siegel-type Eisenstein series. This identity should be seen as a generalization of the
identity [22, equation (4.11)] from the Siegel to the Jacobi setting.

6.1. The factor of automorphy. We start with a study of the behavior of the factor
of automorphy under diagonal restriction. First we compute Jj, g(7, 2) for 0 < r < n.

Lemma 6.1. Let z = diag[z1, 22] be as above, and T, as in the previous section. Then

(e, 2) = ea(—tr (Slwr (w2)wy (12) ™! = wy(w1)] (wr(12) ™ = wi (1)) 7))
1)k

i

“ s (M, wr(22))) det(wr (1) — wr(2)”

where, recall, we write wy(z;) = wr(Ti, w;) = (wp(7), wr(w;)) fori=1,2.

Proof. Similar calculations have been done in [3, page 191]; a difference in the formulae
comes from a difference between 7, and ¢}, . .(D). First we find that

*wr(72)(1r - CST(TI)WT(TZ))il 8 (1r - WT(T%)WT(Tl))il 8

T1 -1 €r\ __
A (M) (0 ") = | (@ —wmwn(m) ! 0 —wn(m)(dr = wy (o) (r))~1 0
0 0 0 0

Then we compute the trace, so that

Irs(Tr, 2) = €a(—tr (Slwy(wa)w, (12) " = w (w1)](wr(12) ™" = wi(m1)) 7))
- €a(tr (Swr (w2)wr (12) e, (1)) (77, diag[m, 7a]).
But j(7,,diag[r, 72]) = det(1, — wy(1)w,(72)) = det(wr(11) + n,wr(72)) det(—w,(12)),
where 1, = 1y (17‘ —1r ), and so the second factor is equal to

T8 (1, (wr(72), wr (w2))) det(wr (71) — wr(72) 71",

]
Now, with the notation of Lemma 5.3, we compute Jj, s(7r((§ X 1om—2r)Bx7), diag[z1 22]).

Lemma 6.2. With notation as above,

(14)  Jr,s(7r((€ X lam—2,)B x ), diag[z; 22]) =
= Ji5(&, @ (8B21))Jk,5(8, 21) Jr.5 (7, 22) Jhs (M, wr (22)) det(wp (1) — wp(r5) ™1
- €a(—tr (Slwr(wh)wr (1)1 = wp(w)))(wr (1) —w
and
(15)  0(7+((€ X lam—2r)B x ), diagz1 22]) = 0(77-((€ X lam—2,)B X ), diag[r1 72])
= 6(871)8(y72)15 (&, wr(B71))F (0, wr (Y72)) det(Ewr (B11) — wr(y2) 1) 72

Proof. By the cocycle relation,

Ji,5(Tr((€ X 1om—2r)B x ), diag[z 22])
Ji,5(Tr, (€ X Lom—2,)B x ) - diag[z1 22]) - J,s5((€ X lom—2,)B X ), diag[z1 22]).
Note that

((& x 1opm—2,)B X 7v) - diag[z1 22| = diag[(§ x lam—2r)B21, ¥22],
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and thus we find that

Jr,5((€ X 1am—2,)B x 7), diag[z1 22])
= Ji,s((€& X lam—2r), B21)J1.s(B, 21) Jk,s (7, 22).

Since E X lop—_or € P™7

Jis(€x1am 20), B21) & (N (Ex Lo 20)) Tk s (M0 (Ex o _1), w0r(B21)) = Ji5(€, wr(B21))-

Moreover, by Lemma 6.1,

Ik, s (T, diag[(€ X lam—2r)B21,7v22]) =
= ea(—tr (Slw,(wh)w(75) " — wr(w))(wr(m3) ! = wi (1))

T (1 (wr (13), wr (w))) det (wr (1) — wr(73) 1",
where we have set (€ X loy—2,)B821 = (7], w]) and yzo = (75, w}). Putting everything
together gives the equality (14).

The second formula follows from the identity
§(gr) = 8(7)|(g, )| 2 for g € G", 7 € H,,.

O

6.2. Decomposing the Eisenstein series I; the non-full rank part. Thanks to
the strong approximation (Lemma 3.2) we can pick an element p = 1yp € G™"(F)N
K™%, cJo such that Ay ot =L € Miminmin(c)y for all vle. If we now write p = wo

with w € K™"[b, ¢], then for y € G, such that yip = z,
E(yo™!) = E(p~'wy) = E(wy) = E(whway) = x(det(dw,,)) ' E(way)
= X(det(dwh))_l(E‘k,Sway)(iO)'

But since o, is trivial, w, = p, and, by the condition on p, x(det(dyw,,)) = x(det(dg,, ).
In particular, we see that the adelic Eisenstein series F(xo !, s) corresponds to the clas-
sical series (E|x,sp)(z, ).

Let y, p be as above and put
67«(2’,3) = Z pa(z)a pa(z) = ¢(Oéy0'_1, S)Jk,S(yaiO)a
OéEA'r
where A, := P™"T(F)\P™ " (F)T,1.4(G™(F) x G"(F)). Then
(Elksp)(z,8) = > enlz9),
0<r<n

and for a fixed r each o € A, is of the form (&, B,7) := 7,((§ X Ly lagn—y))B x ) for
some &, 3,7 as in Lemma 5.2.

The following Lemma is a straightforward generalization of Lemma 2.2 in [22] to the
Jacobi case; we omit the proof.
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Lemma 6.3. Let f be a cuspidal Siegel-Jacobi form on H,; of weight k € Z* and
9(2) a function on M, depending only on w,(z) and Im(z) := (Im(7), Im(w)) for some
r € N with 0 < r <n. If for a congruence subgroup I' we have gl sy = g for every
v e P"(F)N7Lr~! with T € G™(F), then

<> glrsv, f>=0
YER

for any set R of representatives for P™" (F)N 771\ 7.

Proposition 6.4. Let n <m, z1 € Hy,y and z2 € Hy . For a cusp form f on H,, of
weight k, 0 < r < n and for s large enough, we have

< er(diag[z1, 22], $), f(22) >= 0.

Proof. Let z = diag[z1, 22] € Hymqn, and fix r € {0,1,...,n — 1}. Put
D' :={z € K™™[b, ¢ : det(d;), — 1 € ¢, for every v|c}.

Let T' be a congruence subgroup of G™(F) such that t4(1g1s, x ') C o~ 'D'a. By
the definition of ¢, for any d' € K™*"[b, (]

$ad', 5) = xe(det(da)) " r,s(d' i)~ d(x, 5),

and thus pu|pd’ = pao for o/ € G™(F) N o 'D'o. Further, write G"(F) =
Ll,er P (F)TT, so that

= Paeprn) =D D D Paesrlta(lulom X 771 kea(lalom X 7),
£7B77 £,ﬂ TeT ’YER-,—
where R, := (P™"(F) N 7T 1)\7T. We will check that for each T € T,

gr == Zpa(g,ﬁ,T)|kLA(lH]-2m x 71
£.8

satisfies the conditions of Lemma 6.3.
Fix 7 € T and take n € P™"(F)N1L7~!. We will show that

(16) > Paesmlktallnlom X 7707) =) Pagesr);
&8 &8

which in turn immediately implies

Zpa(ﬁﬂv"')’km(lffl?m x T n) = Zpa(ﬁvﬁ,T)’kLA(lH12m x T h).
£,8 e

First of all, because 7~ !np7 € T, Pa(e,s,r) lkta(1alam X T InT) = Pa(¢,Bmr), Where
04(5757777') = Tr((€ X 1H12(m—r))/6 X 777-) = TT(1H12m X 17)((5 X 1f112(m—7'))[3 X T)'

Because p,, depends only on P™*™(F)a, in order to prove (16) it suffices to show that
there exists ¢ € G"(F) such that

(17) a(&,B,nT) € P (F)a(CE, B, 7).
Write n = ((\] 0), ¢/, ')n. By the same calculation as in the proof of Lemma 5.2,

Tr(1gloy x 1) € P (F) 7. ((—p ey, (=X} 0),0)19,, x 1gn)
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= P (F) 7 (Lalam < 1am) (=4 fer, (=X10),0)12m X 11an).

On the other hand, by [22, Lemma 4.3|, there is ¢ € G"(F) such that 7,t5(12m X 1) €
P (F)7y18(1s(C X Lom—ry) X 12,). Hence, (17) holds for ¢ = ¢(—4/ (), —;, 0). This
proves (16), and thus also an invariance property for g.

It remains to show that g,(diag[z1, 22],s) depends only on s, z1,Im(z2) and w,(z2).
Observe that whenever ayo~! = pw for some p € P"°(A), w € K™°, then

qb(ozya_l, s)Jk.s(y, %0) = x(det dp)_lxc(det(dw)c)_leﬁ(w,io)_1| det d |1§23Jk s(y,0)
= p(ano Y xaldet(dy)a) Jks(p,0) ks (e, 2) "t det d, |_25,
where we put p(ano ™) = xn(det(dy)n) " txc(det(dy)c) " . Moreover, because
Ji,5(p,%0) = xa(det(dp)a)| det dy|¥  and |det dp|&2s = §(aaz)*N(ag(ao™1))%,

we get

(18) (Elrsp)(z,8) = > > dlaye™" ) Jks(y, io)

0<r<n a€A,
—ZZN (a0(ao™"))* u(ano ") Jk s(a, diag(z1, 22]) "' 6 (aadiag[z1, 22])* 2.

From thls and the formulas (14), (15) we see that gr depends only on s, 21, Im(22) and
w,(z2). This finishes the proof. O

6.3. Decomposing the Eisenstein series II; the full rank part.

Lemma 6.5 (Reproducing Kernel). Let f be a holomorphic function on H,,; of weight
k € Z* such that Agy(2)f(2)? is bounded. Then for s € C? satisfying Re(s,) > 0,
Re(sy) + ky, —1/2 > 2n for each v € a, and for (¢, p) € H,, we have

Cs,k(s) det(Im(¢)) " f(C, p) =
/{}{(T’ w)ea(—tr (Sfw — p](r — ¢)71)) det (7 — ¢)~F|det(r—C)|"**det(Im(7))* As o (2)d(, w),

where

_ L _ntl
Hdet 25 1)n(l+ku/2)2n(n+3)/2—4sy—nkyﬂ_n(n—l-l)/QPn(SV + Ry 2 2 )

CSk
Tn(sy + ky — é)

vea

and Ty (s) := m"("— 1/41_[" 1F( 2)

Proof. We remark that a very similar integral was computed in the proof of [3, Lemma
2.8]. The main difference in the formula comes from a choice of parametrization for w.

The proof bases on the identity:

/ exp(atr (—S[X]A+ RXA))dX
Rixn

= (des 4)72 (2)

where S € Sym;(R) is a symmetric positive definite matrix, X € M, (R), A € Sym,(C)
and a € C*.

nl/2
(det S)~"/2 exp (%tr (s—l[tR]A)) ,
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For f(r,w) =3 7 pc(T, R)ea(tr (I't + Rw)), we obtain

/H £(ry w)eal—tr(S[w — A(r — O~ 1)) det(r — O)F|det(r — )| det(Im(r))°
| -Ag(2)d(T, w)
= 27"/2 det(25) Zea <Rp+iS_1[tR]C>)

' / det(¢ — 7)Y/2R(—1)PBH/2H/D)| Get(¢ — 7)| 72 det(Im(7)) 1/

eu (<3 (S7RIN ) S el Riealr (7)) ()

T

By the “classical” reproducing kernel formula for holomorphic functions on the Siegel
upper half space as stated for example in [22, Lemma 4.7], the last integral equals

= /EZZEZ R (—itr (571 tR]C)) det(Im(¢)) ™ ET: o(T, R)eal(tr (TC)),

where ¢g(s) is as in the hypothesis. This concludes the proof. O

In order to proceed further we introduce the following notation, taken from [22, equation
(4.5)]. We have that G™(A) = D"[b=!, bW D"[b~, b] with

W = {diag[q,(ﬂ P qc GLn(Ah) N H GLn(OU)} )

veh

that is, any element = € G™(A) may be written as x = vydiag[q, §|y2 with v1,72 €
D"b~1,b] and ¢ € W. We define £y(z) to be the ideal associated to det(q), ¢1(z) :=
[T €o(2)v and set £(z) for the norm of the ideal £o(z). With this notation we have,

Lemma 6.6. For 21 € Hy,; and 22 € Hyy,

en(diaglzr, 22],8) = D D N(0) 2" N(an(8))*£(€) > xu (0" )X (1(€))xe(det(dg)) !

BeBEeX

Jks(& wn(B21)) ks (B, 21) T ks (M, 22) T det(wn () — 75 ) 7E
ea(tr (Slwars " —wawh] (7 — () ) (E(8)5(72) "+

13 (& wn(BT1))G (11, T2) det(wn (1) — 75 1) 72T,

where we have set (& X lopm_2y)B21 = (11, W)).

Proof. The statement follows from the explicit computation of the factors occurring in
the formula (18). Recall that we have already computed the values of the automorphy
factor and § in (14), (15). Therefore it suffices to find ag(ao™!) and p(apo™?!) for
a = Tpea(ta(§ X 1ulypm_n))B x v) with £ € X, 8 € B as in Lemma 5.3. Observe
though that neither ag nor p depends on the elements from Heisenberg group. Moreover,
because for any symplectic matrix g we have gH = Hg, the symplectic factors of the
representatives given in Lemma 5.3 are exactly the same as the representatives provided
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n [22, Lemma 4.4]. Hence, it is clear that the formulas for ag and p have to be the
same as the ones computed in [22, Lemma 4.6]. That is:

ag(ac ™) =b7"ag(B)lo(€) ™", ulano ™) = xu(0")x[B]x" ((1(§))xc(det(dg)) ™

We now consider an f € Si(T', x~!) where I' := G" N D with
D :={(\ p, )z € Clo,b7 1,67 |D[b e, be] : (az — 1n)y € My p(ey) for every vle}.

We set v, = 2 if ¢|2, and 1 otherwise. Then by using the standard unfolding trick
regarding the zp variable and setting A := T\ #,,;, we obtain

<€n(diag[z1,z’2] s), f(z2) >

= vewol(A)™H Y Y T N (0) N (ag(8))*0(€) ~* xn (0")x[B]X " (41(6)) xe(det(de)) ™

BeB geX
Ts(€ wn(B21) ks (B, 21) T (Br) TH 2|5 (€ wa (Bry)) | T2

/H .5 (1, 22) " det(wn(r]) — 7571) Pea(tr (S[wary ' — wi(w))](7y ! = wa(r)) ™))

- 8(72)* TR (1, 72) det(wn (1) — 75 1) 72K F(22) Agii (72, wa)d(72, w2).

It is easy to show that the integral on the right of the above formula is equal to

M5 (22) det(72 + wn (7)) " ea(—tr (S[wz + wn(w)))(72 + wa(71)) 7))

(=) R (75) 7R det (7 + wi (7)) 72D Ag (2, w2)d(72, wa),
and by Lemma 6.5, this further equals
(19) (—1)"CHR2)Eg (5 — k/2)8(Ewn (BT1)) =52 [ 51 (—€wn (B21)).

Put 6,1 := [[,ca Ov,nks Where 6, 1 is equal to 1 if nk, even and —1 otherwise, and let
cs.1(8) := 8, xCsk(s). Then, because T'(5) = T'(s), the quantity (19) equals
(=) eg (s = k/2)8(Ewn(B1) "2 |k .sm (~€w, (B21))-
Hence, if we set f¢(z) := f(—Z), where —% := (=7, —w) for z = (7,w), then
N (B)2"*xn(0) " (= 1) s (s — k/2) "M vol(A) < en(diagla1, 2], 5), f(22) >
=ve Yy Y N(ao(B)* (&) > XIBIX" (41 (&) xe(det(de)) " k(B 21) "
BeB X
Tr5(& wn(B21))6(B1)* M2 1j(€, wn(B71)) 76 (Ewn (Br1)) 5T
((flre,570) 1, 5€) (Wn (B21)) k5 (€ wn(B21))

- s—k/2
= > N(ao(B)*x[8]Jk.s(8: 21)~ ((5(/81)))>

(5 wn(ﬁﬁ

DO TN (1a(€))xe(det(de)) T H(flk,5m0) lh,5E) (wn(B21)).
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. _1 o _1 . .
It is not hard to see that n,," X = Yn,*, where Y = G"(F) NGy [[,c, Yo with

{\ s K)y € Culo™ 0,671 Dbe, b ] s ay — 1 € My, p(ey)}  if vle,
Y, ={ Clo",0,6-1D7 b, 6] Z,C,[6L, 0, b= D7[be, b~ if vle~ e,
Cy[671, 0, 671G (F,)Cy[b71, 0,671 ifvte,

Z, = {diag|[q,q] : ¢ € GL,(F,) N My n(cy)}-

Moreover, it follows from Proposition 7.9 which we prove later that (f|xsm,)°
Fele,smy ' Set

(20) D(z.5,9) = ) (€)X (61(€))xe(det(ag)) ™ (glk,5€) (),

ey

where ¢/(&) := £(nuén;Y), 0(€) == 1 (nuénY). Then, using Proposition 6.4, formula
(10) and the fact that N(a(8)) = [A\}"(8)|F, we obtain

N(b)> xn ()" (—1)"*Deg (s — k/2) Mvol(A) < (E|y,sp)(diaglz1, 2], 5), f(22) >

(21) = v 3 N(ao(B)2XI8) ks (B, 21) ( o6n) )S_k/&w (B21). 25, 1) .57
= Ve k,S y 21 7 5\ n Z21), 48, k,STln -
e &(wn(BT1))

7. SHINTANI’S HECKE ALGEBRAS AND THE STANDARD L-FUNCTION ATTACHED TO
SIEGEL-JACOBI MODULAR FORMS

In this section we define Hecke operators acting on the space of Siegel-Jacobi modular
forms. These operators were studied in the higher index case first by Shintani (un-
published), Murase [15, 16] and Murase and Sugano [17]. As we have indicated in the
introduction this was done in the case of trivial level, and one of our contributions in
this section is to define such operators also for non-trivial level. Furthermore, in this
section we introduce the standard Dirichlet series which can be attached to a Hecke
eigenform. Our main result here is an Euler product representation for this series,
which extends previous results in [17] from index one to higher indices.

We start by fixing some notation. For the usual fractional ideals b, ¢, ¢ let
D = {(\ p,k)z € Clo,b7 1,67 D[b 7 e, be] : (ap — 1n)y € M, (e,) for every vle},
' =G"(F)nD,

Q(e) :={r € GL,(An) N H My (0y) : 7y = 1,, for every v|e},
veh

R(e) := {diag[r,r] : 7 € Q(e)}.

For r € Q(¢) and f € M} ¢(T',+)) we define a linear operator T,y : My’ o(T',¢) —
Mks( ,¥) by

(22) fITry =3 te(det(an)e) ™" flrsa,

acA
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where A C G"(F) is such that G"(F) N Ddiag|7,r|D = [],c 4 . Further, for an
integral ideal a of F' we put

f’TdJ Z f|TT1/17

r€Q(e)
det(r)o=a

where we sum over all those r for which the cosets ErE are distinct, where E :=
[Toen GLn(00).

We also note here that if we let f|T, , be the adelic Siegel-Jacobi form associated to
fIT; by the bijection given in (5) with g = 1, then

(f1T) () = > the(det(as)e) f(za™),  zeG"(A),
acA
where Ddiag[7,7|D = [[,c 4 Do with A C Gy,. As above we may also define f|T(a).

We now consider a nonzero f € Sy g(D, ) such that £[Ty(a) = A(a)f for all integral
ideals a of F'. For a Hecke character y of F' we define the series

(s,f,x) Z/\ N(a)™%, Re(s) >0,

where for a Hecke character xy we write x* for the corresponding ideal character. Of
course, for a prime ideal q that divides the conductor §, we set x*(q) = 0. A similar
argument to [3, Lemma 2.2] extended to the totally real field case shows that the
function D(s,f,y) is absolutely convergent for Re(s) > 2n + 1+ 1.

We now impose a condition on the matrix S. We follow [15, page 142]. Consider any
prime ideal p of F' such that (p,¢) = 1 and write v for the corresponding finite place
of F. We say that the lattice L := o/ C F! is an o0,-maximal lattice with respect to
a symmetric matrix 2S5 if for every o, lattice M of F! that contains L and satisfies
Slz] € o, for all z € M, we have M = L. For any uniformiser 7 of F,, we now set

L' :={ze(28)7'L:nS[z] € 0,} C F..

We say that the matrix S satisfies the condition M;r if L is an 0,-maximal lattice with
respect to the symmetric matrix 25 and L = L’. The main aim of this section is to
prove the following theorem.

Theorem 7.1. Let 0 # f € S o(D,¢) be such that £|Ty(a) = A(a)f for all integral

ideals a of F. Assume that the matriz S satisfies the condition Mp+ for every prime
ideal p with (p,¢) =1. Then

L(x,8)D(s +n+1/2,f,x) = L(s, f,x) HLp =57,

where for every prime ideal p of F

[T ((1 = 1 X)(1 = pay, zX)>, ppi € Cif (pyc) =
Lp(X) = 4TI (1 = i X) ppi € C if (p,e'e) # 1
1 if (p,e) # 1.
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Moreover, £(x,s) = 1y =1 Lp(X, 5), where
[Ty Lp(2s + 2n — 2i, x?) ifl € 27
[T, Lp(2s +2n — 2i + 1,x?) if | ¢ 27Z

and Gy(x, s) is a ratio of Euler factors which for almost all p is equal to one. (Below,
in Theorem 7.6 we make Gy(x, s) very precise.) In particular, the function L(s,f,x) is
absolutely convergent for Re(s) >n+1/2+ 1.

L0 8) = Gp(x, ) - {

Remark 7.2. It is worth to notice that the factor Gy(x, s) does not appear in the works
of [17] and [3]. It is because in the case of | = 1 considered there, the condition M, is
equivalent to the condition that the matrix S is regular (see for example [15, Remark
4.3]), which implies that the factor Gy(x, s) is equal to one for all good primes.

Before we proceed to the proof of the above theorem, we state an immediate corollary
regarding the vanishing of the L-function defined above.

Corollary 7.3. With notation and assumptions as in Theorem 7.1,

L(s,f,x) #0
whenever Re(s) >n+1/2+ 1.

Proof. This follows from the fact that the function L(s, f, x) is absolutely convergent for
Re(s) > n+1/2+1 and has an Euler product representation. For the formal argument
see [24, Lemma 22.7]. O

The rest of this section is devoted to a proof of Theorem 7.1. Note that if we fix a
prime ideal p of F' and consider the series

(s, £, %) ZA POX () N(p)™7°, Re(s) >0,

then
D(s,f,x) = HDpst HDpst
(rfx)=1
which means that it suffices to prove the theorem locally place by place.

Local Notation. For the rest of this section we fix the following notation. We fix
a finite place v € h of F'. We abuse the notation and write F' for F},, o for o,, and
just p for the corresponding maximal ideal in 0,. Moreover, we denote by m € p any
uniformiser of this place. We further set ¢ := [0 : p] and denote by |- | the absolute value
of F normalised so that |7| = ¢~1. We also write G, G, D, D for G(F,), G(F,), D, and
D,. Finally, in this part of the paper we denote by g the v-component of the additive
adelic character g introduced in section 3.

7.1. The good places. We consider first a finite place v which is not in the support
of cfy. We assume that the matrix S, satisfies condition M,". As we have indicated at
the beginning of this section we will extend the results of [17] from the case | = 1 to
any [, and also introduce the twisting by a finite character y. Here we use (more or
less) the notation from [15, 16, 17].
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We define a local Hecke algebra X as in [15, page 142]. That is, let X be the C-module
consisting of C-valued functions ¢ on G which satisfy
6((00, R)dgd') = Ys(x)6(g), d,d' € D,g e G, x € Sym(F)

and have compact support modulo Z := Sym;(F) C G. As it is explained in [15], one
can give to this module the structure of an algebra by defining multiplication through
convolution of functions. Moreover, it is shown in [15, Lemma 4.4] that the assumption
M;‘ implies that a function ¢ € X has support in

| Ddn(na)DZ,
aEAT
where AT := {(a1,a9,...,a,) €Z" a1 > ag > ... > a, > 0},

dn : GL, = G C G, dp(a) = diag[a,ta_l},
and 7, := diag[n®, 7%, ..., 1] € GL,(F).

Let
T :=T(F) :={d,(diag[t1,...,tn]) : ti € F*} € G
and
Xo(T) :={¢& € Hom(T,C*) : £ is trivial on T'(0)}.
For a character £ € Xo(T) and ¢ € X set
Ae(9) = Z fil<dn(7"a>)d§(dn(7ra))a

aeZn

where for a function ¢ € X, ¢(t) is defined as in [15, equation (4.8)], that is,

A~

B(t) 1= O, (t) /2 N $(not)dny,

where Ny := Vo Ny C G, Ny is the unipotent radical of the Siegel parabolic P of Sp,,,
Vo := {(0,1,0) : p € M, }, and dn, and the Haar measure dng are normalized as in
[15, page 144].

For an o € AT we define ¢, € X by

Ys(k) if g = (0,0, k)dd,(7s)d € ZDd,(7,)D,
¢a(g)5:: .
0 otherwise,

and for a finite unramified character x of F* we define the function v, on G, s € C,
by the conditions

Vs ((0,0, k)dgd') = Ys(—r)vsy(9), g€ G, d, deD
and
Vs,x(ﬂ'a) = X(ﬂ_v)é(a)qfﬁ(a)s’

where £(a) = )" | a;. It is shown in [17] that these two conditions uniquely determine
the function v ,. Now, given a character £ € Xo(T') and an unramified character x of
F*, we introduce the series

B(&.x.5) = D Aeda)x(m) @ g=H s,

a€Af
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Given a £ € Xo(T') we define the function ¢¢ on G following [15, equation (4.11)] by

6¢((0,0, k)ngt(X, 0,0)d) = 1hs(k)(€0m,2) ()®L(N), d €D, t €T, ng € N,

where ®y, is the characteristic function of L := M ,(0). The following lemma ([3],
Lemma 5.2) gives an important integral representation of the series B(§, x, $).

Lemma 7.4 (Murase). For £ € Xo(T') and a finite unramified character x of F* we
have

B(&,x,8) = /Z\G Vx,s(9)9e(9)dyg.

Remark 7.5. The original lemma in [3] is stated without a twist by x, but it is easy to
see that the arguments there extend easily to include also the case of twisting by an
unramified character.

For a finite unramified character x and a character £ = (&1,...,&,) € Xo(T'), where §&;
are unramified characters of F'*, we define the local L-function

n

L(&x:8) == [ (1= &(m)x(m)g )" (1 = & (m)x(m)g )"

i=1
In order to state the main theorem of this section we need to introduce a bit more
notation. We write ag(s, x) for the Siegel series attached to the symmetric matrix S
and to the character y, as defined for example in [23, Chapter III]. Moreover, by [23,
Theorem 13.6], we have

[1/2] -1

(23) as(s,x) = [ L(s,0) [T L(2s —2i,%°) | gs(s, %)
=1

for some analytic function gg(s, x) of the form gg(s, x) = G(x(w)g™*) for some polyno-
mial G(X) € Z[X] of constant term one. Moreover if S is regular, that is, det(25) = o*
for | even and det(2S5) = 20 for [ odd, then gs(s, x) = 1.

The following theorem generalizes a result due to Murase and Sugano [17], where the
case of [ =1 and y trivial is considered.

Theorem 7.6. With the notation as above,

gs(s+n+1/2,x) /
L = A A
(§7X7 3) QS(S + l/2, X) (X7 3) e Vx,s+n+l/2(g)¢£(g)dg (Xa 3)7
where
n o: 2 .
Ay, s) = Hilzl L(2s+2n 22.,)( ) ) z'fl € 27,
[ L(2s+2n—2i+1,x%) ifl & 27.

In particular,

gs(s+n+1/2,x)
gs(s+1/2,x)

L, x,8) = B, x,s +n+1/2) A(x, s).
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The rest of this subsection is devoted to a proof of this theorem. First we extend some
calculations of Murase and Sugano [17]. Denote by oy, n, the characteristic function
of M, n,(0) and let

F(s,x,9) :== F(s,x, hg) =

1 0 STMN *
/ O2n+1,4n+21 <<y (01 > ,yoz(h))) x(det(y))| det(y) [>T/ 2d*y,
GL2n+l(Fv) g

where for h = (A, p, k) € H we set

Define also
Flsoxg) = [ Fls. 0.0 0)g)us )
We now recall a theorem of Murase in [16, Theorem 2.12].

Theorem 7.7 (Murase). We have the equality:

>1L(S l >1H?:1 L(2s +2n + 1 — 2i, x?)

+77

5 F(s,x,9)9¢(g)dg-

I
L s =a5<8+
( ) H?ZflilL(s +n+1/2—1i,x) J2\c

27

The following lemma extends a result of Murase and Sugano in [17, Lemma 6.8] from
the case of index one (I = 1) to any index.

Lemma 7.8. We have the following equality:

l
F(s,x.9) = <HL<s +n+l/2—i+ Lx)) as(s+n+1/2,x)
i=1

2n
' (HL<3 +n — l/2 — i+ 17 X)) Vs+n+l/2,x(g)'

=1

Proof. We recall first a result of Shimura. By [23, Lemma 3.13], for any g € M,,(F),

(24) /ch<F) om,2m (Y9, y)x(det(y))| det(y)[*d"y = ZHI L(s —i+1,x)x(r0(9))v(g9) "%,

where 19(g) and v(g) denote the denominator ideal of g and its norm respectively, as
defined for example in [23, page 19].

By [16, Proposition 2.3 |,
-F(S7X7 (07 0, /i)dgd/) = ¢S(_H)~F(S7X7g)

for all Kk € Z and d,d’ € D. That is, thanks to [15, Lemma 4.4], for a fixed s the
function F(s, x, g) is supported on UmeAi{ ZDm,, D. Hence, it is enough to prove the

equality of the Lemma for g = m,, for an m € A;}. We have

1 s+n *
f(SaX77rm) = / O2n+1,4n+21 (y< l ﬂ_m)7y<"f 12n>> x(det(y))| det(y)| + +l/2d y

GLop41(F)
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'/Zlbs(fi)d/f

Write y = k (%), where k € GLa,14(0), a € GL(F), d € GLa,(F) and b € M; 2, (F).
Then F(s,x,mm) = I1 - Iz - I3, where

I =/ %‘(f@)/ o11(a)oy(ar)x(det(a))| det(a) s+ 2d*a,
Z GL(F)

I = / 0120 ()12 (B) b
Ml,2n(F)
and

Iy = / Ton.on(d) oo 20 (dmm ) x (det(d))| det (d)|*T7H/2| det(d)|"'d*d.
GLan (F)
We compute first the integral I;. By the equation (24),

/ o1(a)or(ar)x(det(a))] det(a)[* "+ 2d*a
GLy(F)

= ﬁ Lis+n+1/2—i+1, X)X(Vo(ﬁ))u(/ﬁ;)*s*"*l/{
i=1
and hence
I = ﬁL(s +n+1/2—i+1,x) /z wS(’i)X(Vo(li))u(n)f‘“*”*lmd,g,
i=1
But the last integral is nothing else than the Siegel series ag(s +n +1/2, x), and thus

l
L=][L(s+n+1/2—i+1,x)as(s+n+1/2,x).
=1

Finally, it is easy to see that I, = g~ (mitetmn)l anqd that by the equation (24) again,

2n
Iy=[L(s+n—1/2—i+ 1, 0)x0(mm))v(mm) "2
i=1

Proof of Theorem 7.6. By Lemma 7.8,

2n41—1 -1
L(E,x,8) = as(s +1/2, ) L(s + 1/2, %)) ( [ tis+n+i2- m))
i=1

n l
-HL(25—|—2n+l— 2i,x2)HL(s+n—|—Z/2 —i+1,x)as(s+n+1/2,x)

i=1 =1

2n
Tlee+n-12-i410 [ venupalodela)ds

i=1 Z\G
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n

=as(s+1/2,X) 'L(s +1/2,x) [ L(2s + 2n + 1 - 2i, x*)
=1

L(s+n+1/2,x)as(s +n+1/2,x) /Z\G Vstn+i/2,x(9)0¢(9)dg

_as(s+n+1/2,x) L(s+n+1/2,x
aS(8+l/2’X) L(S+l/27X)

- / Vot (9)be(g)dg.
Z\G

) HL(25+2n+l— 2i, x?)
i=1

If we now plug in the expression (23) for the Siegel series, we obtain

Cgs(stn+1/2,x) 1Y L(2s +1—2i,x?)

L(§7X?S) - L(23+2n+l—2i,X2)
9s(s +1/2,X)  T1V2 L(2s + 2n + 1 — 2i,x?) 1;[1
: / Vs+n+l/2,x(9)¢§(g)dg
Z\G
[n+1/2]
gs(s +n+1/2,x) -2 /
= L(2s4+2n 41— 2i,x Vein g)9:(g)dg,
9s(s+1/2,x) i:[ll/;[m( ) N +1/2.x(9)¢¢(9)
which finishes the proof. O

Given a cusp form 0 # £ € S g(D, ) we can define an action of an element ¢ in the
Hecke algebra X by

(£ % 6)(g) = /Z oot

If now f is a common eigenform for all ¢ € X, that is, f x ¢ = Ag(¢)f for all ¢, then
we obtain a C-algebra homomorphism Af : X — C. Thanks to [15, Theorem 4.15] we
know that this homomorphism is of the form

)\f(gb) = )\ff(gb)
for some character £ € Xo(7'), and thus, as it is explained in [3, Lemma 5.4,
fxo, = f‘Tﬂ;l s for every o € A}
Note here that since Dd,,(7,)D = Dd, (7, ') D, we obtain
B(éf? X S) = DP(37 f7 X)
In this way we can conclude Theorem 7.1 in the case when v is a good prime by taking

pp,i = &(m) if & = (&1,..., &n).

7.2. The bad places. We now consider the case of (p,¢) # 1. If (p,e) # 1, then
there is nothing to show, because in this case each Hecke operator is just the identity.
Hence we consider the case of (p,e¢~'¢) # 1. In this section we set E := GLy,(0) and
S = S(b71) := Sym, (F) N M, (b, ).
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First we work out the decomposition of the double cosets Ddiag[¢,£]D. Recall that
we write D = CD with C = Cy,[o,b71,67!] C H and D = D,[b~!,bc] C G. By [24,
Lemma 19.2] we know that

iz d db
Ddiaglé,§)D =| | D ( d) :
b
where d € E'\ EEE and b € §/%dSd, and thus

Ddiag[¢,¢]D = CDdiag[¢, {]DC = | | D (‘z ‘z’) C.
d,b

d db

Observe that for elements (A, p, k) € C and ( J

> as above we have

<d cilb> O gy 1) = (N, (=Xb + @)d 1, 5+ N (= \b + 1) — Al (d Cﬁ?) |

In particular,

(25) Dlisglé.¢1D = || D(0.11.0 (d ‘ﬁf) ,
O,

where d € E\ EEE, b€ §/dSd and p € My, (b, 1) d=t /M (b, 1h).
We will show that the set DXD, with X = {diag(¢,£) : £ € My(0,) N GLy(F,)} is

closed under multiplication. For Ddiag[é, &|D = udi’bi’ui(o, i, 0) <di dglb2>, 1=1,2,

we have

Ddiag[¢,, &) Ddiag[éy, &) D
- U powmo (" B omo ()

d1,b1,p1,d2,b2,p02

.5 1 by + dabyd
= |_| D(Ovuho)dlag[dld%dldﬂ < ? 12 ! 2> (O,/,Lgdg,(])

d1,b1 K1 ,d2,b2 2

.5 1 by +dabrd
= |_| Ddiag[dydz, d1d2](0, p1didz, 0) < 2t 12 ! 2) (0, padz,0).

d1,b1,p1,d2,b2, 12

1 by + 'dabyds

Hence, because (0, p1d1da,0), (0, pade,0) € C, ( 1

> € D and Czlcig = d/;6727
we have shown that
Ddiag[¢1, &) Ddiag[é2, &)D € DXD.

We define the Hecke algebra X := X, for v|e !¢ to be the algebra generated by the
double cosets DX D.

In order to define the Satake parameters associated to an eigenform of this algebra we
need to define an injective algebra homomorphism w : X — QJ[t1,...,t,]. We will do
this by reducing everything to the theory of GL,, very much in the spirit of Shimura
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in [24, Theorem 19.8].

Given an element o
. d db
Ddiagl¢,|D = [ | (0,1,0) (" /'),
d,b,i
where d € E\ EEE, b € §/dSd and p € My, (b, Y)d=t /My (b, 1), we set

o ((0,u,0) <‘z ‘ff)) = wo(Ed),

where wy is the classical map of the spherical Hecke algebra of GL,, defined as wo(Ed) :=
[T, (§7";)% if an upper triangular representative of Ed has the diagonal entries
e w2 .. o with e; € Z. Further, let

s(Dangle, D) = 3o (0.0 (T T)).

d,b,u
An identical argument to the one in [23, Proposition 16.14] shows that w : X —
Q[ItE, t5,. .., 5] is an injective algebra homomorphism.
For a finite unramified character x and for s € C consider the formal series
B(x,s):= Y (Ddiaglé, & D)x(det(€)N(det(€)) ™,
¢€E\B/E
where B := GL,(F) N M, (0). Then, if we define
wB(x.)) = Y, w(Ddiagl, ED)x(det(¢))N(det(€)) ",
¢€E\B/E
we have that
W(B(x,8) = Y wo(Ed)|det(d)|”""x(det(d)) N (det(d))~*.
deE\B

Hence, by an argument similar to the one in [24, Theorem 19.8], we get

n

w(B(x,9) = [[(1 = ¢ tix(m)g ™) € Qlltr, - -, 1)),
i=1

Now [24, Lemma 19.9] states that if we have a Q-linear homomorphism A: X — C which
maps the identity element to 1, then there exist Satake parameters ug, ..., u, € C such
that

n

> MDdiagl¢, §|D)x(det(£))N(det(€))™* = [[(1 = ¢ pix(m)g )"

¢€E\B/E i=1

or, equivalently,

> MDdiag[¢, €| D)x(det(§))N (det(€)) T2 = TT(1 — ¢ pax(m)g )"
¢EE\B/E i=1
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as an equality of formal series in C[[¢~*]]. Hence, if we take as A the homomorphism
obtained from the eigenform f and let i ; := 1iq~"2, we establish the rest of Theorem

7.1, as in this case

Dy(s,£.x) = > AMDdiag[¢,&]D)x(det(£))N (det(€))

€€E\B/E

7.3. A y-twisted L-function. To an eigenform f € S} ¢(D, 1)) we can associate yet
another L-function. It appears naturally in the doubling method when the form f has
a non-trivial nebentype. For a character x of conductor f we define

(s, £,x) HLp p)(¥0/te)(mp)N (p)~°)

I Zeoc) @NE) ™) | [ TT Lo Nm ™) |

(p,0)=1 ple

where . = HU‘ Uy, m € 0p is a uniformizer of the ring of integers oy, and the factors
Ly(X) are as in Theorem 7.1. We also define the series

(580 = LA @) N @)
where for an ideal a with prime decomposition Hp p™ we put a’ := H(p&):l p™ . Then:
Dy(s,f,x) = HDpSfXI/JHDpSfX
(pyo)= ple
In particular, by Theorem 7.1,
Ly (X, 8)Dy(s +n+1/2,£,x) = Ly(s,f,x),
where £4(x,5) = [y 021 Lo(x¥, s), and
" L(2s + 2n — 2i, (xv)? if | € 27
SP(Xwas) = GP(vas) Hn ! p( . ( ) ) 2 . .
[ Lp(2s +2n —2i + 1, (xv)?) ifl ¢ 2Z

Finally, for any given integral ideal ¢ we define the function

Lyg(s.£.x) = [ Lo (0) (/%) (mp)N(p) ™),

(p.r)=1

that is, we remove the Euler factors at the primes which divide .

7.4. The global Hecke algebra. Now let X := ), X, be the global Hecke algebra.
Since every local Hecke algebra X, can be embedded in a power series ring (for the
good places this has been established in [15, Theorem 4.14] and for the bad places
above), and thus is commutative, we can conclude that the global Hecke algebra X is
also commutative. Moreover, if T}, is the Hecke operator where 7, = 1, at v|c, then

< fITy, 9 >=< f,9|Try > .
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Indeed, this follows from the fact that < f|gra, glsrax >=< f,g > for any o € G and
that for any r as above we have

Ddiag[7, ] D = CDdiag[#,7|DC = CDdiag[’r,r'|CD = Ddiag[’r,r | D,

where the second equality follows from [23, Remark on page 89]. In particular, it
follows that the Hecke operators T'(a) with (a,c¢) = 1 are normal, and thus can be
simultaneously diagonalized.

We finish this section with a result which will be useful for our later considerations.
First recall that we have defined f¢(z) = f(—%z). Now set € := diag[1,,, —1,] and define

(26) (N, K)y)€e == (N, —p, —K)eye.

It is easy to check that this map is an automorphism of the Jacobi group G".

Proposition 7.9. Let v = (A, u, k)Y € G. Then

(flr,s7)¢ = flr,s€v€.

Moreover, if f is an eigenform with f|Ty(a) = X(a)f for all fractional ideals a prime
to ¢, then so is f¢. In particular, f|Ty(a) = Xa)f¢ and Ly (s, f,x) = Ly (S, £, X).

Proof. The first equality easily follows from a direct computation.

Now assume that f is an eigenform of 7'(a) with eigenvalues A(a) for all integral ideals
a. Because the map (26) is a group automorphism, we see that for any r € Q(e) if
G"(F) N Ddiag[f,r|D = [], Ty, then also G"(F) N Ddiag[F,r|D = ][, I'eye. This
means that f¢|T,., = (f|Tr)¢ In particular,

fITy(a) = (f|Ty(a))® = (AMa) f)* = Aa) f©
for all integral ideals a. However, since 0 # f, then < f, f > 0 and thus the equality

Ma) < f, f>=< f|Ty(a), f >=<f, f[|Ty(a) >=< f, f > A(a)
implies that the eigenvalues \(a) are totally real. The last statement regarding the
L-functions is now obvious. ([

8. ANALYTIC PROPERTIES OF SIEGEL-TYPE JACOBI EISENSTEIN SERIES

In the previous section we introduced the standard L-function attached to a Siegel-
Jacobi eigenfunction. Our first aim is to study its analytic properties using the identity
(21). However, in order to do this we need to establish first the analytic properties of
the Siegel-type Jacobi Eisenstein series with respect to the parameter s. This is the
subject of this section. More precisely, we will establish the analytic continuation and
detect possible poles of this Eisenstein series. The main idea of our method goes back
to Bocherer [4], which was further extended by Heim in [12], and its aim is to relate
Jacobi Eisenstein series of Siegel type to symplectic Eisenstein series (of Siegel type).
We extend their results to include level, character and - more importantly - we deal
also with the case of totally real field. This last generalization requires development of
some new techniques in case the class number is not trivial. In this section the Jacobi
Eisenstein series is denoted by a bold E, and the symplectic by a normal E.
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We start with the following lemma, which gives us good representatives for the sets
(P" N ¢T¢Y) \ ¢TI, where ¢ € Sp,(F), and T is a congruent subgroup of the form
H xTy(b,c).

Lemma 8.1. A set of representatives for the left cosets (P™ N (T'¢Y) \ (T is given by
()\7 07 0)77 A€ Ml,n(o)a v E PN CFO(bv C)C_l \ CFO(ba C)-

Proof. First note that (T' = ((H xTo(b,¢)) = Hx(To(b, c) and, similarly, P"N¢T¢ ! =
P"N(H x(Ty(b,c)¢1), which is nothing else than the set (HFNH ) x (PN¢To(b, ¢)¢1).
Now, since

(PN ¢To(b, )¢~ H = H(P N ¢To(b, )¢,
a set of representatives for the cosets is given by a product of representatives for (Hj
H)\ H and for (P N ¢To(b,c)¢71) \ ¢To(b,c). This is precisely the statement of the
lemma. ]

Now recall the expression (11) for an Eisenstein series of Siegel type:

E(z5) =y N(@(@))* > xh16(z)**|1s7,
ez YEQ¢
where Q¢ = (P N ¢To(b, )¢\ ¢To(b, ¢).
We set E¢(z,s) := Zvng x[V]8(2)°7#/2|; s7. Clearly, the analytic continuation of

E(z,s) and its set of possible poles would follow by establishing such a result for
all the E¢(z,s), as ( € Z.

If we write v = hg and z = (7, w), then
Ec(z,s) = > X162 2 hsy = > X[ Jks(y,2) " o(gr) /2.
YEQ YEQ
Further, by Lemma 8.1,
Ec(z,5) = Y xloli(g, )" 8(g7)* 2 ea(—tr (S[w](cyT + dg) ' ¢y))
9€Q¢
Z ea(2tr (NSw(cym +dy) ™) +tr (S[Ng - 7)).
)\EMl’n(O)
For a lattice L in M, (F') we define the Jacobi theta series
Os..(2) = Og(r,w) ==Y ea(2tr (ASw) + tr (S[A]7)).
AeL

Recall (Lemma 4.2) that the elements ¢ may be selected in the form diag[1,—1, a¢, 1n—1, ac_l].
In particular, for an element g € Q¢ of the form g = (g1,

1o
cgT +dg = (cc(g17) +d¢)(cg, T+ dg,) = ( ' agl) (e +dygy)

and

g T=Cq T= (171_1%)(91'7)(1”_1 ac)'



44 THANASIS BOUGANIS AND JOLANTA MARZEC

That is, we may write

Z ea(2tr ( t)‘S“)(CgT + dg)_l) +tr (S[A]g- 7)) = ®S7Aa< (91 T w(cy, T+ d!]l)_l)7
)\EMZ’TL(O)

Tpe
where Aa( = M; ,,(0) (1"—1 ac) and g = (g1. Moreover, because ¢, = ( ! agl) Cqy

ea(tr (S[w](cyT + dg>_lcg)) = ea(tr (Swl(cg, 7 + dg1)_lcgl))-

Hence,

Ec(z,5) = Y xloli(g, )" 8(g7)* P ea(—tr (S[w](co,™ + dg,) " ¢01))Os 0, (912)-
9€Q¢

We now set 'Y := Sp,,(F) N DY where D? := D[b=},b], if [ is even, and DY :=
D[b~1,b)N D[20~1,20] if | is odd. For y € 'Y, 7 € H? let j(~y,7)"/? := h(y,7), where h
is the half-integral factor of automorphy as defined for example in [24, page 180]. Then
for [ odd and v € I'? we have

3, T = h(y,7)j (v, )2
Therefore it makes sense to define
O5Aa (250727 = h(y,7) " g9 (7, Z)_1@S,Aa< (v2), ~ver?

In fact, for a sufficiently deep subgroup I';. of finite index in I'g(b,¢)) N D? we have
that (see [24])

O5,80. (281291 = ¥5(91)Os5,8, (2), forall g1 € T,

where 15 is the Hecke character of F' corresponding to the extension F(det(2S5)Y?)/F
if [ is odd, and to the extension F((—1)"*det(25)'/?)/F if [ is even.

Moreover, for every g € Q¢ such that g = (g1, g1 € I'o(b, ¢), we have
X[91i (g, 7) 7" 6(g7)* 2 ea(—tr (STw](co, T + dgy) " eg))Osa,, (912)
= Neyglac)'*ps(ac)olgli(g, 7) " Pa(g7)* (O a, (2)]50/291);
where ¢ := x1g, and we have used the fact that
3(g.7) = 3(Cg1,7) = §(¢ g1 - T)i(91,7) = Npjglae) (g1, 7).

In particular, if we set Q’C := (T, we obtain

E¢(z,8) = NF/Q(G)Z/%/JS(%) Z XD(Ee(r,s — 1/4)Os,p, (2))|s75
’VGFQC\Fo(b,C)

where E¢(7,s) = deQg lgli(g. T)_(k_l/z)é(gT)s_k/2+l/4 is a symplectic Eisenstein se-

ries of Siegel type of weight k — [/2. Since the above sum is finite, it follows that the
series E¢(z,s) has poles at most at the same places where E¢(7,s — [/4) may have.
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Hence our focus now moves to detect the poles of the series E¢(7,s). Series of this form
appear as summands of the classical (i.e. symplectic) Siegel Eisenstein series of some
(perhaps half-integral) weight k& and character y, namely

E(r,x,s) = E(r,8) = »_ N(a(¢)* Y xa(r)* ™,

ez ’YERC

where

Be(r,x,8) = Bc(r,8) == > X[V6(7)" 2 |y.
YER,

The analytic properties of E(7, s) are well known, and thus we may use them to derive
similar properties for E¢(7,s).

We will use discrete Fourier analysis on the class group CI(F) of F. Recall that
CIU(F) = A;/F*U, where U = FX T], 0. Moreover, we may pick the representatives
a(¢) for CI(F') in such a way that the (’s form the set of representatives for the set Z
(see [22, Lemma 3.2]).

Note that for any character y and any character ¢ of CI(F),

E(r,x,s) = > w(QON(a(0))* Y xMo(r)* 2y =Y (N (a(()** Ec(r, ),

cez YER, cez

that is, for every character ¢; of CI(F),

(1, x%i, 8) sz 2SEC(T s), 1=1,2,...,c(F),

(ez

where cl(F) denotes the cardinality of CI(F'). Since the characters 1; are linearly
independent over the group CI(F'), we can solve the linear system of equations with
respect to the unknowns N (a(¢))**E¢(7,s). In particular, the analytic properties of
E¢(7,s) can be read off from the ones of E(7, x4, ), =1,2,...,cl(F). Hence, since

Be(s) = Nepg@? S (Be(rs — /10, (2)
WEFQC\Fo(b,C))

we see that the analytic properties of E can be obtained from those of E(T, xt;, s) for

the various 1;’s. To do that we will employ the following theorem of Shimura [24] on
the analytic properties of symplectic Siegel type Eisenstein series, where

Lp(s) := 7"~ 1/4Hr —j/2).

Theorem 8.2 (Shimura, Theorem 16.11 in [24]). For a weight k € %Za we define

vea
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where
(T (s+ 2 — [242]) Tu(s+ %) ifn/2<he€Z nec2Z,
Tp(s+2) ifn/2 <h€Z, nec2Z+1,
Dopir(s + M) T2 T(2s — i) if0<h<n/2 hez,
V(s h) = D (s+ 5t — [240=2]) T, (s + h/2)  ifn/2<h&Z, ne2l+1
2 1 n ) )
Cn(s+h/2) ifn/2<heZ, ne?2Z,
(Dona(s + BT A T@s —i— ) if0<h<n/2, h¢Z

We also set E(s) := G(s)A} (s, X)E(z, x, s), where

. Le(25, %) 17 Le(4s — 26,2 if k € 72,
ke(8:X) = § Hln+1)/2] R .
L5 L(4s—2i+1,x%) if k& 72
The function E(s) has a meromorphic continuation to the whole of C and is entire if

X2 # 1. If x* = 1, we distinguish two cases:
(1) if x> =1 and ¢ # 0. Set m := maxyea{ky,}. Then if m > n/2, the function &(s)

has no poles except for a possible simple pole at s = (n + 2)/4, which occurs
only if 2|ky| — n € 4Z for every v such that 2|ky| > n. If m < n/2, then £ has
possible poles, which are all simple, in the set

g . {j/2:5€Z,[(n+3)/2]<j<n+1-—m} if k € 72,

R 2+ )4 jeZ1+nj2)<j<n+1/2—m} ifk¢ZA

(2) if x> =1, c=o0, and k € Z2. In this case each pole, which is simple, belongs to

the set of poles described in (1) or to
2 . . .
S = {j/2:5 € 2.0 < j < [n/2]},

where j = 0 is unnecessary if x # 1.

We can now state a theorem regarding the analytic properties of the Eisenstein series
E(z,x,s), which extends a previous theorem due to Heim [12, Theorem 4.1]. Recall
that g is the Hecke character of F' corresponding to the extension F(det(25)Y/2)/F if
I is odd, and to the extension F((—1)*det(25)'/2)/F if | is even.

Theorem 8.3. With notation as above, let
E(5) = Gr_tyan(s — L/AAL_ o (s — 14, x05) Bz, x, 5).

The function € has a meromorphic continuation to the whole of C, and its poles are
caused by the functions

AZ_Z/Q,C(S —1/4,xv¥s) i
KL o= xds) =

These poles may appear only when F has class number larger than one and supp(c) #
supp(cond(xs)). More precisely:

(1) Assume that x*¥? # 1 for alli=1,...,cl(F). Then E(s) has no extra poles.

cl(F).
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(2) Assume that there exist 1; such that sziz = 1. Then we consider the following
cases.

(a) ¢ # 0. Set m := maxyea{ky — /2}. If m > n/2, then the function E(s)

has no extra poles except for a possible simple pole at s = (n+2)/4, which

occurs only if 2|k, — /2| —n € 4Z for every v such that 2|k, — /2] > n.

If m < n/2, then all possible poles of & are simple and belong to the set

(1)
Skfl/2'
(b) ¢ =0, and k—1/2 € Z2. In this case each extra pole is simple and belongs
to the set described in (a) or to

Sy =1/2:7€2,0<j < [n/2]},

where j = 0 is unnecessary if x¥ # 1.

Before we proceed to the proof of the theorem we recall the following fact regarding
zeros of Dirichlet series. For a Hecke character ¢ of F and an integral ideal ¢ we
considered the series

Le(s,9) := [ [(1 = ()N (@) ") L(s,9)

qle

with functional equation

[T +t)/2)L(s, ) = W(wh,9) [[T((1 = s+ ) /2) L(1 = 5,%)),

vea veEa
where W (1), s) is a non-vanishing holomorphic function, and ¢, € {0,1} is the infinite
type of the character. It is well known that if ¢ # 1, then L(s, 1) # 0 for Re(s) > 1,
and [],ca I'((s + ky)/2)L(s,1) is entire. If o) = 1, then this function is meromorphic
with simple poles at s =0 and s = 1, and L(s, %) # 0 for Re(s) > 1.

The absolute convergence and the functional equation imply that if two non-trivial
characters 11 and 19 have the same infinite type, then the zeros of L(s, 1) and L(s, 1)
as well as their orders are the same at the integers of the real axis. Namely, for any
0 <me€Z, L(—m,p1) = L(—m,12) = 0 if and only if there exists v € a such that
Y1(xy) = Ya(zy) = sgn(zy)™. Moreover, the order of the zero equals precisely the
number of places where this is happening. In particular, the function

Lc(sawl) _ H (1 - wl(q)N(q)_s) L(Sﬂ/fl)
Le(s, 12) (1 —tha(a)N(a)~%) | L(s,2)

qle

may have poles only at the integers where Hq‘ c % has poles.

If the characters ¢ = 1 and 1o have trivial type at infinity, then the same argument
as above shows that the function
L (S ) 1/}1)

Lt(sa 1/}2)

may have poles at the integers where the function [] (17w1(q)N(q):z) has poles. How-

ep a5 qle (1—¢2()N(9)~%) .
ever, this time there may be an additional zero also at s = 0. This is because at this
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point the order of vanishing of L(s, 1) is smaller by one from the order of vanishing of

L(S, 1/)2)

Proof of Theorem 8.5. First note that since 1);’s are the characters of CI(F') = A} /F*U,
where U = F ], 0, their signature is trivial, that is, ;. (z) =1 for all z € F}. In
particular, the characters x1g and x¥g;, i = 1,...,cl(F), have the same signature
at infinity. The discussion above implies that the functions A}, , (s —1/2,x1s) and
AZ_I/Q’C(S — 1/2, x¥s1);) have the same zeros on the integers at the real line, and the

ratio

Az_z/g,c(s — /4, x¥s)
AZ4/27¢(3 — /4, x¥sv;)

may have poles in cases indicated in the theorem. However, then (Theorem 8.2) the
series

Azfl/zyc(s —1/4,xs)
Azfl/ch(S - l/27 Xsthi

does not have any more poles unless ngbf = 1 for some %, in which case the poles are
as described in the theorem. O

)gk—l/ln(s = UA)NE 1. (5 = 1/4, xsi) E(T, x¥ivbs, s — 1/4)

Remark 8.4. The analytic properties of Jacobi Eisenstein series presented in Theorem
8.3 were obtained from the well-studied symplectic Eisenstein series via establishing
the link between these two kinds of Eisenstein series. However, perhaps one could also
try to use the results of Arakawa in [2] on the Fourier coefficients of Jacobi Eisenstein
series.

9. ANALYTIC CONTINUATION OF THE STANDARD L-FUNCTION

We are now ready to establish two main theorems regarding the analytic properties of
the standard L-function and the Klingen-type Jacobi Eisenstein series. The approach
taken here can be regarded as an extension from the symplectic to the Jacobi setting
of the method utilized in [22].

We keep the notation introduced at the beginning of section 7 and additionally we
define groups

D' :={(\pr)z € Clo,b7 b Db c,be] : (az — 1n)y € My (e,) for every vle},
I =G (F)nD'
and
R(e,¢) := {diag[q,q] : ¢ € Q(e), gy € My(c,) for every vle™'c}.
For diag[q, q] € R(e,¢) and f € Mﬁs(l",q/)), in a manner similar to f|7} ., we define
(27) NUgs =) ve(det(ag)) ™" flusB,
BeB

where B C G™(F) is such that G"(F) N Ddiag[g,q|D’ = [Igep I'B. As in section
7, if we write f|U, ., for the adelic Jacobi form associated to f|U,, (with g = 1) and
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Ddiag[q, q)D’ = HBGB D3 with B C Gy, then

(£]Ug,0) (= Z Ye(det(ag).) " (zB71), r € G"(A).
BeB

For the rest of this section we assume that 0 # f € S} ¢(T',%) is an eigenfunction of
Ty(a) for every a with eigenvalues A(a). Note that Ty (a) # 0 only if a is coprime to e.
We start with a version of [22, Lemma 6.2] for Hecke operators in our Jacobi setting.

Lemma 9.1. Let h be an element of A} such that its corresponding ideal is ¢ e and

hy = 1 for v { e tc. Then Upry = T, yUn1, . for every r € Q(e). Moreover, for
f € M g(T, ) we have f|Th1, 4 # 0 only if f|Up1, .y # 0.

Proof. To prove the first statement it suffices to show that
—1x = —1
D(h lrhr)D,:D(rr)D'D<h I hln)D/'
This may be done place by place. As we established in (25),
T d db
o) pes Lo (* )
d,b,u

at each place v|c, where d € GLy,(0,)\GLy(04)ryGLy(0,), b € Sym,, (b, 1) /'dSym, (b, 1)d
and pu € My ,(by1)d™t /M (b, 1). Using the same argument and a double coset decom-

position for symplectlc groups, we get
hy'7y . di diby
DU < thU> DU = |_| Dv(07U170) dl ’
dy,b1,01

where d; € GL,(0,)\GLy(0,)hy7,GLy(0,), b1 € Sym, (b5 te,)/d1Sym,(b;1)d; and
v € My, (b )d /My, (b;h). In particular, if we take r = 1, and a coset decom-
position over ds, by, va, then we can take do = h,1, and it is easy to see that the
set

{(O,M,O) (Jd;i ) (0 U270) (h;lln };zilll:?) D, 2, b, b27d}

= {(0, jt + v2d~1,0) (’%7167 hv’ldgl'f;h%w) 11, V2, b, by, d}

represents D,\(D (777, ) D"), for each vlc.
To prove the second statement we use Proposition 3.4. We recall that the Siegel-Jacobi

modular form f and its adelic counterpart are related by f(y) = Ji s(y,%0) " f(y - %0),
for every y € Ga. Moreover, recall that the symmetric space H, ; is contained in

{y - 19 : y € G4 of the form (A, i, 0) (ngq)}_

For an « of the form (0,v,0) (hﬂl f;ﬂ ), with v5 = 0, by = 0, and y € G(A) such

that y, = (0,0,0)12, and y, as above, we have
ya~ = (A 1,0)(0, ~hwq,0) (" "D )

=\ pu—hvig, —hA\g'v — hv'g™)) <hq( th+f~)h K ),
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and thus by the expansion (6),

f(yofl) = Z c(t,m;hg, Nep(tr (to — tqb'q))ep(tr ('r(Ao — M\gblg + u — hv'y))) =

t,r

Zc(t,r;hq,)\) Hev(tr(—tqvbvtqv)) Hev (tr ('r(—hoty 'q))) | €a(tr (to+r(Ao+pu))).

t,r vlc vlc

Hence,

f|Thln,1/) ch Z t r; hQ> Hev(tr (_thbv th + tr(_hvl/v th)))

vle
ea(tr (to + r(\o + ),

where b € [],. Symn (b B /h2Sym, (b, 1), and v € [Toje Min(by Yhyt/My,(b,1). That
is, if we write c(f|Th1,,¢;t, 7, A) for the (¢,r)-coefficient of f|T}1,, 4, we have

c(f|Th1n,w; t,r;q, )‘) = wc(hc)n Z H ev(tr (_tQUbv t‘]v + tr(_hvVv th)))

b,v vle

Therefore, if

en(tr (‘gtgh™2Sym,(6™1))) =1 and eh(tr(tqter,n(bfl))) =1,
then

c(f|Th1, w3t 730, A) = N (e )" e (he) et 5 hg, ),

otherwise ¢(f|Th1,, 4:t, 759, A) = 0.
Arguing exactly in the same way we can also conclude that if both

en(tr (‘gtgh™2Symn,(b71¢))) =1 and en(tr(‘grM;,(671))) =1,
then

C(f[Un1,pitm3 4, A) = N(e™ )" D20 (he)e(t, v hg, A),

otherwise c(f|Up1, 4;t,75¢,A) = 0, where we write c(f|Un1,, 4;t, 759, A) for the (t,7)-
coefficient of £|Up1,, 4

Hence, if f|Up1, » = 0, then c(f|Up1, y;t,7;¢,A) = 0 for all ¢,7. In particular, if
for a pair t,r both epn(tr (‘gtgh2Sym, (67 c))) = 1 and en(tr (‘grM;,(b71))) = 1,
then ¢(t,r;hq, \) = 0 and hence also ¢(f|Th1,, 4;t,75¢,A) = 0. If on the other hand
for a pair t,r either ep(tr( qtqh_25’ymn(b_ ¢))) # 1 or ep(tr (‘grM;,(671))) # 1,
then also either eh(tr( tqtqgh=2Sym,,(b=1))) # 1 (since Sym,,(b~1c) C Sym,(b~1) ) or
en(tr (‘g'rM;,(671))) # 1, which also implies that c(f|Th1, 4;t,7;¢, A) = 0. Therefore
£|Th1,,.4 = 0. U

We now fix uniformizers m, € 0, for every finite place v in the support of e. Then for a

fractional ideal t we pick t € Aﬁ, such that t is the ideal corresponding to the idele ¢,

and at every place v|e we have t, = Word“( ) , where ord,(-) is the usual valuation at the

place v. Further, we set 7 := 1ydiag[t™ 1n7 t1,] and define an isomorphism

I M7 o(D ) = MR g(77' D7), f|I(z) == ¢({")f(zm") (z € G"(A)).
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Lemma 9.2. The map I; has the following properties:

(1) it is independent of the choice of t,
(2) it commutes with the operators T, and Uy y,
(3) (f|1)¢ = f¢|I, where f is the Siegel-Jacobi form corresponding to f.

Proof. (1) If ¢’ € A} is another idele that corresponds to the ideal t, then t = ¢/l
for some I € [],cy, 0

YA (zr™h) = (1)) f (zdiag[t' 1, t' 11, ]diag[l1,, 17 1,]15)
= ("™ (xdiagt'l,, ' 1,]15),
where we have used the fact that diag[i1,,l='1,] € D since I, = 1 if v]e.
(2) This follows from direct computation, e.g. in case of T} y:
771 Ddiag[F, 7| D = Ddiag[F, 7| Der 1,
where
={(\pr)re Ot~ tb Db tet®, bet™2): (az — 1)y € My (ey) for vle}.

(3) By strong approximation we may write 7 = vyd for some v € G(F) and d € D.
We moreover notice that since T has no Heisenberg part we may take v =
v € G(F) = G(F), and d € D < D. Furthermore, for e := diag[l,, —1,],
eTe ! = eye lede ! as elements of G(F). Note that ede ! € D and eTe™! = .
Clearly, without loss of generality we may assume that 1) = 1. Then (f|[)¢ =
(fle.sv)¢ = fClesevet = f¢|I;, where for the second equality we have used
Proposition 7.9.

O

Let x be a Hecke character as in subsection 4.1 and assume that x = 1) on th o
Then S,?,S(D,w) =& s(D, x) since the nebentype depends only on the finite places
that divide ¢ and is trivial on places that divide e (det(ay) = 1 mod e, for hg € D).

Moreover, the Hecke operators are related via:

Oc/9) (@) (@) Ty (a) = x* (@) D), (/)" (€7 ¢) " Untp = Unty s
where a’ := [ a,. Put 7 := 1pdiag[f _11n,91 | with € as in Lemma 5.3. Then the

set Y, is equal to the set (7-'DR(e,c)D'T), at every place v. Put
Alg) == (G"(F)nT'Dr)\ ( N G” ( 'D(1,) D/T)v> .
veEh
For f eS¢ g(IT',9) such that f|T(a) a)f and for D defined as in (20) we have:
(28, f1T6) = > £/(&) X" (¢3( ))Xc(det(as))fl(flfb)!k,sE(Z)
ey
= > Z N(det(g)o)~*x" (] J(det(a)0)o)xc(det(ag)) ™ (f126)Ix,sB(=)
g€ R(e) BEA(q o

Lemgaﬁ)l nsZN ( ‘Ib)|T( )Uhln,x(z)
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= "SZN (/) (@9 (@ )N@) f|Un1, n Lo (2).-

Joining the above formula for D(z, s, f|Iy) together with (21), after setting f¢|Iy for f
there, we obtain

N (be™"¢)*xn ()" (=1)"C "2 vol(A) < (Ely,sp)(diaglz1, 22], ), (f|To) (22) >
= vecs k(s = k/2)E(21, 5 (flUn1,x o) kst ) D N (@)™ (x/9) " () (@) A(a),

where we have used the fact that (f¢[Ip)¢ = f|p.

After multiplying both sides of the above equation with Gy._;/2 (s — l/él)AZJr;?2 (s—

l/4,xs) with notation as in Theorem 8.3 and setting £(z,s) = Gip_i/2n4m(s —
l/4)AZ+l’72 (s =1/4,x¢s)E(z, s), we obtain
N (Be 1625y (6) (= 1) M/ Duol(A) < (€l sp) (dinglz1, 2], 8), (f]T6)(22) >

= vecs k(s — k/2)Gk_1/2.n1m(s — /A E (21, 8; (f|Un1, xTo) k575 ")

A (s = 1/4 xbs) ZN (/) ()0 (@) A(a),
where we recall that

AT (s aps) o= 4 (25 — 1/2, x0s) TIT ™/ Le(ds — 11— 2i,x%) if 1 € 22,
k12,65 XS EZ A [l D2 p g g 95 11 42) if | ¢ 27.
By the discussion in subsection 7.3, we have that

S0 2 = n—1/2) Y N(a) > (x/$) ()" ()M (a) = Ly(2s —n — 1/2, £, x4 ")

with 4 (x1p™ 1,25 —n —1/2) = [Tp,0=1 €p(x, 25 —n —1/2), where

" Lp(4s — 1 —2i, x> if | € 27,
£o(x,25) = Gp(x,2s —n—1/2) an1 »l , ) o
1o, Ly(4s — 1 — 20+ 1,x?) ifl ¢ 2Z.

That is, we obtain
N(be™ o) xp (0) (= 1) Duol(A) < (E]y,sp)(diag[z1, 22], 5), (f|Ip)(22) >
= vecsk(s — k/2)Gx_1/2.n4m (s — U4 E(21, 83 (f1Un1, d6) 6,570 )

(28) -G(x,25 —n —1/2) ' Ly(2s —n —1/2,,x07))
{ (25 = 1/2, xbs) T Lo(4s — 1 - 2i,x2) if 1 € 22,
1 mtD2IL (4s — 1 — 20 4 1,52) it ¢ 27,
where we have set
(29) G(x,2s—n—1/2) = ] Gp(x,25—n—1/2).
(byo)=1

In particular, if m = n, we obtain

N(be L)\, () 7 (— 1) %/ Dol (A) < (E|r.s5p)(diag[z1, 2], 5), (f¢|Ip)(22) >
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(30) = wvecsk(s = k/2)Gh1y2.20(s — L/A)(F1Un1, xT6) lk,sm, G (x, 25 —n —1/2) 7"
Le(2s — 1/2, xvg), if 1 € 2Z,

‘Lw(QS—n—l/2,f7X¢1){1 if 127

We are now ready to prove our first main theorem regarding the analytic properties of
the function Ly (s, f, x), which should be seen as an extension of the Theorem 6.1 in
[22] to the Siegel-Jacobi setting.

Theorem 9.3. Let f € SI?,S(D7¢) be a Hecke eigenform of index S which satisfies
the M; condition for every prime p 1 c. Moreover, let ¢ be a Hecke character of F of

conductor f, such that ¢,(x) = sgn(za)k. Write ¢ for the product of all primes ideals p
in the support of ¢~ ¢ such that f|T,1,,0 = 0. Then the function

LC(S + nv(bwwS)a Zf l e 2Z7

szi(sv f7 d)) = La(S, k)LT/):F(Sv f7 ¢) ' {1 Zf l g 27,

where

La(s, k) := csp((s +n— k) /24 1/4)Gy_1722n((s +n)/2)
has a meromorphic continuation to the whole complex plane. More precisely, the poles
are exactly the poles of the Eisenstein series E((s+mn+1/2)/2) as described in Theorem
8.3 plus the poles of the function G(x, s+ n).

Proof. The theorem follows now from equation (30) and Theorem 8.3 arguing similarly
to the proof of [22, Theorem 6.1]. Assume first that f,|e, which is equivalent to ¢, (o)) =
1 (i.e. ¢, is unramified) for all v that do not divide ¢ and that f4|c. Then we can use
the equation (30) with x := ¢1). We obtain the statement of the theorem by observing
that the function Ly (s, f, ¢) may be obtained by changing e to e Hv\x ¢, and employing
Lemma 9.1. This guarantees that the equation (30) is not trivial (0=0) and hence we
can read off the analytic properties of Ly (s, f, #) from those of £.

We also give the proof of the general case by repeating the idea which was used to show
[22, Theorem 6.1]. Set ¢ := ¢Nf, and decompose ¢ = %e! with (¢, ¢!) = 1, such that
¢ = ¢ for every v|erfs, and ¢J = o, otherwise. Then if D" denotes the group D with
¢?,¢% in place of c and ¢, f € Sg7S(D0,1p) = S,?’S(DO,X). In particular, we can apply
the argument of the previous paragraph with x := ¢ and the group D° to conclude
the proof. [l

Remark 9.4. The proof above indicates the significance of considering in the whole
paper the case of a non-trivial ideal e. Indeed, let us consider a cusp form f €

Z}S(D[b_l, be], 1), that is with ¢ = o, and assume for simplicity that p is trivial.
Moreover, consider a Hecke character ¢ whose conductor f4 - again, for simplicity - is
prime to ¢. Then ¢ = cf, and ¢* = §,, and thus we need to consider non-trivial ¢ even
if we start with a form of trivial one.

Now we can also prove a theorem regarding the analytic continuation of the Klingen-
type Jacobi Eisenstein series attached to a form f in the case of ¢ = .

Theorem 9.5. Let f € S,?’S(I‘) be a Hecke eigenform with T' = D N G where we
take ¢ = ¢ (i.e., in particular b = 1) and let x be a Hecke character of F such that
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Xa(z) = sgn, (z)*. Then the Klingen-type Eisenstein series
g(z’ CH X) = CS,k(S - k/2)gk—l/2,n+m(s - l/4)A(Sv /s X)E(Z’ s; [, X)v

where

A(s, f.x):=L(2s—n—1/2, f,x){ (25 = 12, x9) [LEY P Lelds = 1= 203), 1€ 22,

[T md VR L (s — 1 — 20 4+ 1,x%), 1 ¢ 27,

has a meromorphic continuation to the entire complex plane.

Proof. We need to rewrite the equation (28). First note that since ¢ = ¢, we have
Unt,x = 1. Now we extend an argument in [23, page 569] to the Slegel Jacobi case.
Observe that for every finite place v we have Y, = n,,D,R,(c)D,n,*. Further, con-
sider the isomorphism

Sp (D) =2 Spg(D), £ £l sm,,

where D := C[b=!,0,b6=!]D[bc,b"'¢c]. Note that since ¢ = ¢ we do not have any
nebentype (i.e. ¢ = ) NOW note that for any g € R(c)

n,DgDn;t = DgD,

and hence we can conclude that (f|Ty)|r.sn, = (f\hsnn)]if;, where T; denotes the

Hecke operator defined with respect to the group D. Putting all these observations
together we see that the equation (28) can be also written as

G(x,2s —n — 1/2)N(be ™ ¢) 2™ xn (0) ™ (—1)"C=*/2yol(A)
< (E|k,sp)(diag[z1, 22], 5), (fr,5|M,)  (22) >
(31) = veCs k(5 — k/2)Gk—1/2,n4m(s — 1/4)A(s, f,x)E (21, 5; f),

where, recall, G(x,2s —n —1/2) is meromorphic on C. In particular, we can extend the
Klingen-type Eisenstein series to the whole of C with respect to variable s by using the
analytic properties of the Siegel-type Eisenstein series. Moreover, we can read off the
various poles from this expression. O

REFERENCES

[1] A.N. Andrianov, V.L. Kalinin, On the analytic properties of standard zeta functions of Siegel
modular forms, Mat. Sb. 106 (148) (1978) 323-339; English transl. Math. USSR Sb. 35 (1979),
1-17.

[2] T. Arakawa, Siegel’s formula for Jacobi forms, Internat. J. Math., 4 (5) (1993), 689-719.

[3] T. Arakawa, Jacobi Eisenstein Series and a Basis Problem for Jacobi Forms, Comment. Math.
Univ. St. Paul. 43 (1994), no. 2, 181-216.

[4] S. Bécherer, Uber die Fourier-Jacobi-Entwicklung Siegelscher Eisensteinreihen, Math. Z. 183
(1983), 21-46.

[5] S. Bocherer, Uber die Funktionalgleichung automorpher L-Funktionen zur Siegelschen Modul-
gruppe. J. Reine Angew. Math. 362 (1985), 146-168.

[6] S. Bocherer, Ein Rationalitidtssatz fiir formale Heckereihen zur Siegelschen Modulgruppe. Abh.
Math. Sem. Univ. Hamburg 56 (1986), 35-47.

[7] S. Bocherer, C.-G. Schmidt, p-adic measures attached to Siegel modular forms. Ann. Inst. Fourier
(Grenoble) 50 (2000), no. 5, 1375-1443.

[8] Th. Bouganis, J. Marzec, On the standard L-function attached to Siegel-Jacobi modular forms of
higher index, available from https://arxiv.org/abs/1706.07287



(9]

[10]
[11]
[12]
[13]

[14]

[15]
[16]
17)
18]
[19]

[20]
21]

22]
23]
[24]
[25]
[26]
[27]

28]

ON THE STANDARD L-FUNCTION ATTACHED TO SIEGEL-JACOBI FORMS 55

Th. Bouganis, J. Marzec, Algebraicity of special L-values attached to Siegel-Jacobi modular
forms, preprint, available from http://www.maths.dur.ac.uk/users/athanasios.bouganis/Jacobi-
algebraic.pdf

M. Eichler, D. Zagier, The theory of Jacobi forms, Progress in Mathematics, volume 55, Springer,
1985.

P. Garrett, Pullbacks of Eisenstein series; applications, Automorphic forms in several variables,
Taniguchi Symposium, Katata, 1983, Birhauser, 1984, 114-137.

B. Heim, Analytic Jacobi Eisenstein series and the Shimura method, Math. Kyoto Univ. 43 (2003),
no. 3, 451-464.

J. Kramer, An arithmetic theory of Jacobi forms in higher dimensions, J. reine angew. Math. 458
(1995), 157-182.

J. Milne, Canonical Models of (Mixed) Shimura Varieties and Automorphic Vector Bundles, Au-
tomorphic forms, Shimura varieties, and L-functions, Vol. I (Ann Arbor, MI, 1988), 283-414,
Perspect. Math., 10, Academic Press, Boston, MA, 1990.

A. Murase, L-functions attached to Jacobi forms of degree n Part I. The basic identity, J. reine
angew. Math. 401 (1989), 122-156.

A. Murase, L-functions attached to Jacobi forms of degree n Part II. Functional Equation, Math.
Ann. 290 (1991), 247-276.

A. Murase and T. Sugano, Whittaker-Shintani functions on the symplectic group of Fourier-Jacobi
type, Compositio Mathematica, 79 (1991), 321-349.

S. Gelbart, I. Piatetski-Shapiro, and S. Rallis, Ezxplicit Constructions of Automorphic L-Functions,
Lecture Notes in Math. 1254, Springer, Berlin, 1987.

G. Shimura, On certain reciprocity-laws for theta functions and modular forms, Acta math. 141
(1978), 35-71.

G. Shimura, On Eisenstein series, Duke Math. J. 50 (1983), 417-476.

G. Shimura, Euler products and Fourier coefficients of automorphic forms on symplectic groups,
Invent. math. 116 (1994), 531-576.

G. Shimura, Eisenstein Series and zeta functions on symplectic groups, Invent. math. 119 (1995),
539-584.

G. Shimura, Euler Products and Eisenstein Series, Conference Board of the Mathematical Sciences
(CBMS), Number 93, AMS, 1996.

G. Shimura, Arithmeticity in the Theory of Automorphic Forms, Mathematical Surveys and Mono-
graphs, AMS, vol 82, 2000.

N.-P. Skoruppa, Developments in the theory of Jacobi forms, Max-Planck-Institut fiir Mathematik,
Bonn, 1989.

N.-P.Skoruppa, D. Zagier, Jacobi forms and a certain space of modular forms, Invent. math. 94,
113-146 (1988)

J. Sturm, The critical values of zeta functions associated to the symplectic group, Duke Math. J.,
volume 48, 2 (1981), 327-350.

C. Ziegler, Jacobi Forms of Higher Degree, Abh. Math. Sem. Univ. Hamburg 59 (1989), 191-224.

DEPARTMENT OF MATHEMATICAL SCIENCES, DURHAM UNIVERSITY, DURHAM, UK.
INSTITUTE OF MATHEMATICS, UNIVERSITY OF SILESIA, KATOWICE, POLAND

E-mail address: athanasios.bouganis@durham.ac.uk, jolanta.marzec@us.edu.pl



