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Report of Meeting

The Twenty-fourth Debrecen—Katowice Winter Seminar
on Functional Equations and Inequalities
Hajduszoboszlé (Hungary), February 6 — 9, 2025

The Twenty-fourth Debrecen—Katowice Winter Seminar on Functional
Equations and Inequalities was held in Hotel Aurum, Hajduszoboszl6, Hun-
gary, from February 6 to February 9, 2025. It was organized by the Department
of Analysis of the Institute of Mathematics of the University of Debrecen.

13 participants came from the University of Debrecen (Hungary), 5 from
the University of Silesia in Katowice (Poland), 2 from the University of Miskolc
(Hungary) and 1 from the University of Rzeszéw (Poland),

Professor Zsolt Pales opened the Seminar and welcomed the participants
to Hajdtszoboszlo.

The scientific talks presented at the Seminar focused on the following
topics: functional equations in a single variable and in several variables; alter-
native equations; functional equations on different algebraic structures; equa-
tions and inequalities for integrals, applications in risk management; func-
tional equations and inequalities related to various types of means; genera-
lized monotonicity and convexity; characterizations of differential operators;
new methods in fractal approximation and linear programming and their com-
puter implementation; summability in Walsh—Fourier analysis. Interesting dis-
cussions were generated by the talks.

The program included two Problems and Remarks sessions and a festive
dinner.

The closing address was given by Professor Maciej Sablik. His invitation to
the Twenty-fifth Katowice-Debrecen Winter Seminar on Functional Equations
and Inequalities in 2026 in Poland was gratefully accepted.

Summaries of the talks in alphabetical order of the authors follow in Sec-
tion 1, problems and remarks in chronological order in Section 2, and the list
of participants in the final section.
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1. Abstracts of talks

MIHALY BESSENYEL: Approximation of fractals via Kantorovich iteration
(Joint work with Balint Szabo)

The Kantorovich process provides an alternative method to approximate
fractals even in those cases when Hutchinson’s approach does not work. In
the talk, we present examples for such situations, the implementation of the
approximations, and some facts about computational complexity.

ZOLTAN BOROS: Non-zero additive solutions for some alternative equations
(Joint work with Rayene Menzer)

Z. Kominek, L. Reich and J. Schwaiger [I] proved, for various particular
choices of D C R?, that any additive function f: R — R fulfilling

(1) f(z)f(y) =0 forevery (z,y)€ D

has to be equal to zero identically. For instance, their investigations covered
the cases when D is the unit circle as well as when D is a one parameter
family generated by a pair of ordinary polynomials. 20 years later P. Kutas [2]
established the existence of a not identically zero additive function f: R — R
fulfilling when

D={(r,y) eR*|zy=1}.

In our presentation, we discuss a couple of generalizations of this example.
Some of these generalizations are mentioned by P. Kutas in his cited paper
as direct applications of his arguments. Another generalization is suggested
in the talk as a result of a slightly modified argument.

REFERENCES

[1] Z. Kominek, L. Reich, and J. Schwaiger, On additive functions fulfilling some additional
condition, Osterreich. Akad. Wiss. Math.-Natur. KI. Sitzungsber. IT 207 (1998), 35-42.

[2] P. Kutas, Algebraic conditions for additive functions over the reals and over finite fields,
Aequationes Math. 92 (2018), no. 3, 563-575.

GYORGY GAT: Problems and recent results in the theory of summability
of Walsh-Fourier series

Let f fo x)dz be the kth Walsh-Fourier coefficient of the in-
tegrable functlon f. Let T =(t w);"}:o be a doubly infinite triangular matrix

of nonnegative numbers, where ZZ;& ti,n—1 = 1 for every natural number n.
Define the nth matrix transform mean determined by the matrix 7' of the
Fourier series of f as

)= 3 b1 Si().

k=0
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We mention some well-known summation methods of this type:

— The Cesaro (or (C, «)) summation,
— The Riesz summation,
— The Weierstrass summation.

A much-studied question is whether various summation methods can be
used to reconstruct an integrable function. And, if so, in what sense? In this
presentation we mention some of the problems and recent achievements [1I, 2]
in this area. In addition to the Walsh system, we also discuss the trigonometric
case.

REFERENCES

[1] I. Blahota and G. Gat, Approzimation by subsequences of matriz transform means of
some two-dimensional rectangle Walsh-Fourier series, J. Fourier Anal. Appl. 30 (2024),
no. 5, Paper No. 51, 35 pp.

[2] G. Gat, Almost everywhere divergence of Cesaro means of subsequences of partial sums
of trigonometric Fourier series, Math. Ann. 389 (2024), no. 4, 4199-4231.

ATTILA GILANYT: Bernstein—Doetsch theorem for (M, N)-convex functions
(Joint work with Zsolt Péales)

One of the fundamental results of the classical theory of convex func-
tions is the Bernstein—Doetsch theorem ([1]) which states that if a real-valued
Jensen-convex function defined on an open interval is locally bounded above
at a point in its domain, then it is continuous. In this talk, we present a
generalization of this theorem for (M, N)-convex functions, calling a func-
tion f: I — J (M,N)-convex (cf., e.g., [3]) if it satisfies the inequality
f(M(x,y)) < N(f(x), f(y)) for all x,y € I, where I and J are open intervals,
M and N are suitable means on I and J, respectively. Our statement contains
Tomasz Zgraja’s result on (M, M)-convex functions (cf. [4]) as a special case.
It also generalizes the main theorem presented in [2].

REFERENCES

[1] F. Bernstein and G. Doetsch, Zur Theorie der konvezen Funktionen, Math. Ann. 76
(1915), no. 4, 514-526.

[2] A. Gilanyi and Z. Pales, Bernstein—Doetsch and Sierpiriski theorems for (M, N)-convex
functions, Talk, 11*" International Conference on Functional Equations and Inequalities,
Stefan Banach International Mathematical Center, Bedlewo, Poland, September 17-23,
2006.

[3] C. Niculescu and L.-E. Persson, Convex Functions and Their Applications, CMS Books
in Mathematics, Springer, New York, 2006.

[4] T. Zgraja, Continuity of functions which are convex with respect to means, Publ. Math.
Debrecen 63 (2003), no. 3, 401-411.

RICHARD GRUNWALD: Comparison of Gini means with fized number of
variables (Joint work with Zsolt Pales)

Let us recall the definition of the n-variable Gini mean corresponding to
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the pair parameters (p,q) € R?:

p =
x1+...+xp pP—q .
(x‘f+---+m%) NP7 4
2 In(zy) + - + 2P In(x )
exp( : (:U%+...+:c£ (")> fr=q

(x1,..., 2, € Ry).

Let us consider the global comparison problem of Gini means with fixed num-
ber of variables on a subinterval I of Ry, i.e., the following inequality

(1) GItl(z1,...,2) < G (21, ..., 20),

where n € N,n > 2 is fixed, (p,q), (r,5) € R? and z1,...,2, € I.
Given a nonempty subinterval I of Ry and n € N, we introduce the sets

Tn(I) :={((r,5), (p,q)) € R? x R? | ([T holds for all zy,...,z, € I},

Too(I) = (| Tn(d).

In the talk, apart from a limiting case, we characterize the elements of T',, (1)
via a conditional minimum problem. Then we formulate a conjecture for the
aforementioned limiting case.

REFERENCES

[1] Z. Daréczy and L. Losonczi, Uber den Vergleich von Mittelwerten, Publ. Math. Debrecen
17 (1970), 289-297.

[2] Z. Pales, Inequalities for sums of powers, J. Math. Anal. Appl. 131 (1988), no. 1, 265—
270.

[3] Z. Pales, On comparison of homogeneous means, Ann. Univ. Sci. Budapest. E6tvos Sect.
Math. 32 (1989), 261-266.

[4] Z. Pales, Comparison of two variable homogeneous means, in: W. Walter (ed.), General
Inequalities. 6, Internat. Ser. Numer. Math., 103, Birkhduser Verlag, Basel, 1992, pp.
59-70.

ESzZTER GSELMANN: A characterization of second-order differential oper-
ators (Joint work with Wlodzimierz Fechner)

An easy computation shows that if f, g, h € C2(£2), then we have

q2 d2 d2 d?
0 z(g-h) = f750-h) —g75(f-h)=h 5 (f-9)
2 2 2

d d d
g ht fhe—gtg-h——sf=0.
+/ gdxz +/ dengg dz? 0
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As a generalization of the Leibniz rule, usually the identity

a2 a2 d . d a2 ,
@(f‘g)—@f'g‘FQaf'@g‘f‘f'@g (f,gE(?(Q))

is considered. In some sense, the disadvantage of the latter identity, compared
to identity (1)), is that it includes not only the second-order, but also the
first-order differential operator.

Let k be a fixed nonnegative integer and 2 C R be a nonempty and open
set. In this talk, we study operators D: C¥(Q2) — €(Q) that fulfil

(2) D(f-g-h)—fD(g-h)—gD(f-h)—hD(f-g)
+f-gD(h)+ f-hD(g)+g-hD(f) =0

for all f, g, h € C*(Q2). We emphasize that unless stated otherwise, the operator
D is not assumed to be linear. As we can observe, turns out to be suitable
for characterizing second-order linear differential operators in function spaces.

MEHAK IQBAL: A functional equation for monomial functions (Joint work
with Eszter Gselmann)

Let K be a field of characteristic zero, F C K be a subfield, n be a positive
integer and k be in K. Let further f: F — K be a generalized monomial of
degree n. In this talk, we focus on the functional equation

f@®)=r-a"f(z)  (z€F)

for the unknown generalized monomial f. The presented results extend the
classical cases n = 1,2, that is, the cases of additive and quadratic functions,
respectively.

T1BOR Kiss: On continuously differentiable solutions of a functional equa-
tion (Joint work with Péter Toth)

The general solution of the composite functional equation

F(x—;y) + fi(2) + fa(y) = G(g1(z) + 92(v)), vyel

was known if the functions involved are continuously differentiable and the
derivatives of g; and g, are nowhere zero. In the talk we are going to demon-
strate how to eliminate this latter condition and solve the equation in question
under continuous differentiability assumption.

REFERENCES

[1] A. Jarai, Gy. Maksa, and Z. Pales, On Cauchy-differences that are also quasisums, Publ.
Math. Debrecen 65 (2004), no. 3—4, 381-398.

[2] T. Kiss, Regular solutions of a functional equation derived from the invariance problem
of Matkowski means, Aequationes Math. 96 (2022), no. 5, 1089-1124.
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[3] T. Kiss, A Pexider equation containing the aritmetic mean, Aequationes Math. 98
(2024), no. 2, 579-589.
[4] P. Toth, Measurable solutions of an alternative functional equation, submitted in 2024.

JubpiT MAKO: Approxzimate Jensen convezity

In the talk, some new results concerning approximate Jensen convexity
are presented. Let X be a normed space, D C X be a convex set, and ¢ > 0.
A function f: D — R is (¢, «)-Jensen convex, if for all z,y € D

r+y
F(557) < ef @) +ef ) +alllz = yl)-
We investigate the (¢, a)-Jensen convex functions in different concepts and
answer questions: How can we strengthen this inequality? Is the above in-
equality superstable? How from a Hermite-Hadamard type inequality can we
get a (¢, a)-Jensen convex function? We also obtain Bernstein—Doetsch type
results.

MAGDALENA MAMCARZ: Inequalities for generalized convex functions with
the use of the Hesselager theorem

We observe that the theorem of Hesselager [2] may be used to obtain new
proofs of Hermite-Hadamard inequalities for functions that are convex with
respect to a Chebyshev system. Such inequalities were proved by Bessenyei
and Péles [I] for integrals with density function. In our approach, the first
function from the system involved must be constant but the main theorem is
valid for the integral with respect to any measure. Additionally, we present
examples of inequalities that follow from Hesselager’s theorem but are not of
the Hermite—-Hadamard type.

REFERENCES

[1] M. Bessenyei and Z. Pales, Hadamard-type inequalities for generalized convex functions,
Math. Inequal. Appl. 6 (2003), no. 3, 379-392.

[2] O. Hesselager, Extensions of Ohlin’s lemma with applications to optimal reinsurance
structures, Insurance Math. Econom. 13 (1993), no. 1, 83-97.

RAYENE MENZER: An alternative equation for polynomial functions on
hyperbolas (Joint work with Zoltan Boros)

In our presentation, we establish the following result:

THEOREM. Let m denote a non-zero real number. Suppose that f, g: R —
R are generalized polynomials and f(x)g(y) = 0 for all solutions of the equa-
tion

(1) z? —my? = 1.

Then f or g is identically equal to zero.
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This research is motivated by analogous investigations in [4] for one addi-
tive function f fulfilling f(x)f(y) = 0 under such constraints, by our previous
results in [2] and [3], when we considered one generalized monomial f or a
generalized polynomial of degree two, for some rational number m, as well as
by similar investigations by Z. Boros, W. Fechner in [I] for one real general-
ized polynomial in the particular case m = —1 (when our algebraic constraint
describes the unit circle).

REFERENCES

[1] Z. Boros and W. Fechner, An alternative equation for polynomial functions, Aequa-
tiones Math. 89 (2015), no 1, 17-22.

[2] Z. Boros and R. Menzer, An alternative equation for generalized monomials, Aequa-
tiones Math. 97 (2023), no. 1, 113-120.

[3] Z. Boros and R. Menzer, An alternative equation for generalized polynomials of degree
two, Ann. Math. Sil. 38 (2024), no. 2, 214-220.

[4] Z.Kominek, L. Reich, and J. Schwaiger, On additive functions fulfilling some additional
condition, Osterreich. Akad. Wiss. Math.-Natur. K1. Sitzungsber. IT 207 (1998), 35-42.

GERGO NAGY: On the o-balancing property of generalized quasi-arithmetic
means of n variables (Joint work with Tibor Kiss)

We say that a mean M : I? — R is balanced if
MM (2, M(z,y)), M(M(z,y),y)) = M(z,y)

holds for all x,y € I. In the 1930s, Aumann proved that the balancing property
characterizes quasi-arithmetic means among analytic or Cauchy means. In the
talk, we are going to extend the above concept to the n > 2 variable case, and
investigate it in the class of generalized quasi-arithmetic means. Our related
result is analogous to Aumann’s statement.

REFERENCES

[1] G. Aumann, Vollkommene Funktionalmittel und gewisse Kegelschnitteigenschaften,
J. Reine Angew. Math. 176 (1937), 49-55.

[2] T. Kiss, On the balancing property of Matkowski means, Aequationes Math. 95 (2021),
no. 1, 75-89.

[3] T. Kiss and G. Nagy, On the o-balancing property of multivariate generalized quasi-
arithmetic means, Math. Inequal. Appl. 27 (2024), no. 4, 1009-1019.

ANDRZEJ OLBRYS: On some version of separation theorem

Let X be an abelian group, let f, g: X -2 R, g < fandw: X x X —- R
be given functions satisfying condition:

ag(z,y) Sw(@,y) < ag(z,y), =,y€X,
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where a: X x X — R stands for a Cauchy’s difference of the function k: X —
R, i.e.

ar(z,y) == k(z +y) — k(z) — k(y).

In our talk, we discuss sufficient conditions that guarantee the existence of a
function h: X — R such that g(z) < h(z) < f(x), x € X, and

w(Ivy):ah(x7y)7 CC,yEX
REFERENCES

[1] Z. Gajda and Z. Kominek, On separations theorems for subadditive and superadditive
functionals, Studia Math. 100 (1991), no. 1, 25-38.

[2] P. Kranz, Additive functionals on abelian semigroup, Comment. Math. Prace Mat. 16
(1972), 239-246.

ZsoLT PALES: On the equality of generalized Bajraktarevié means under
first-order differentiability assumptions (Joint work with Amr Zakaria)

In the talk, we consider the equality problem of generalized Bajraktarevié¢
means, i.e., we are going to solve the functional equation

* -1 pl(xl)f(ml)++pn(xn)f(mn)
®) ( pi(z1) + -+ polrn) >
_ g—l <Q1 (xl)g(xl) + o+ Qn(xn)g(xn)>’

qi(z1) + -+ qulTn)

which holds for all x = (z1,...,2,) € I", where n > 2, I is a nonempty
open real interval, the unknown functions f,g: I — R are strictly mono-
tone, and the vector-valued weight functions p = (p1,...,pn): I — R} and
q = (q1,---,qn): I — R are also unknown. This equality problem in the
symmetric two-variable case (i.e., when n = 2 and p; = p2, g1 = ¢2) was
solved under sixth-order regularity assumptions by Losonczi [2]. In [3] the
same conclusion was established assuming only first-order differentiability. In
[I] the nonsymmetric case was considered. Assuming third-order differentiabil-
ity of f, g and the first-order differentiability of at least three of the functions
P,y ..,Pn, it was proved that (ED holds if and only if there exist four constants
a,b,c,d € R with ad # bc such that

_af+b
g - Cf + d)
The goal is to verify the same conclusion under first-order differentiability
conditions.

cf +d >0, and g = (cf+d)pe (L e{l,...,n}).
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[1] R. Griinwald and Z. Pales, On the equality problem of generalized Bagraktarevié means,
Aequationes Math. 94 (2020), no. 4, 651-677.

[2] L. Losonczi, Equality of two variable weighted means: reduction to differential equations,
Aequationes Math. 58 (1999), no. 3, 223-241.
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PATRYK RELA: The Orlicz risk measure under uncertainty

Let (Q,F) is a measurable space and p: F — [0, 1] is a capacity, that is
a monotone set function, satisfying p(0) = 0 and p(Q2) = 1. The risk is repre-
sented by the F-measurable function X : Q — [0, 00) such that u({X > t}) =
0 for some t € R. The Orlicz risk measure under uncertainty for the risk X is
defined as the solution 7(, o ¢)[X,z] of the equation

(1) E,{@( (X_:””_x)}ﬂa,

T (,0,0) [X 2]

where o € [0,1) is a given parameter, + € R is fixed real number and
®: [0,00) = [0,00) is a normalized Young function, that is a strictly increas-
ing, convex function ®: [0,00) — [0,00) satisfying ®(0) = 0, ®(1) = 1 and
lim, o ®(2) = co0. E, is the Choquet integral with respect to the capacity
1, defined by

B X = /OOOM (X > k}) dk.

The aim of this talk is to prove the existence and uniquenes of the Orlicz risk
measure defined by and to characterize its several important properties.

REFERENCES

[1] F. Bellini and E. Rosazza Gianin, On Haezendonck risk measures, J. Bank. Finance 32
(2008), no. 6, 986-994.

[2] Y. Feng and Y. Dong, Set-valued Haezendonck-Goovaerts risk measure and its proper-
ties, Discrete Dyn. Nat. Soc. 2017, Art. ID 5320908, 7 pp.

[3] M.J. Goovaerts, R. Kaas, J. Dhaene, and Q. Tang, Some new classes of consistent risk
measures, Insurance Math. Econom. 34 (2004), no. 3, 505-516.

[4] J. Haezendonck and M. Goovaerts, A new premsum calculation principle based on Orlicz
norms, Insurance Math. Econom. 1 (1982), no. 1, 41-53.

MACIEJ SABLIK: Portfolio selection based on a fuzzy measure (Joint work
with Timothy Nadhomi and Chisom P. Okeke)

Effective portfolio risk management is a critical component for both in-
vestors and fund managers to achieve their financial objectives while navigat-
ing asset selection. This paper explores the application of non-additive fuzzy
measures as an alternative to traditional risk metrics like standard deviation.
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We briefly discuss the limitations of Modern Portfolio Theory (MPT) and its
reliance on normal distribution assumptions. To address these limitations, we
introduce non-additive fuzzy measures, which do not assume specific probabil-
ity distributions. This approach accommodates imprecision and uncertainty
in financial markets, providing a more comprehensive understanding of port-
folio risk. By considering diversification and asset characteristic dependencies,
non-additive fuzzy measures offer a promising avenue for more accurate risk
analysis and informed investment decisions.

LASzLO SZEKELYHIDIL: On the powers of mazimal ideals in Fourier algebras

The Fourier algebra of a locally compact abelian group plays a basic role
in abstract harmonic analysis. In particular, the maximal ideals of this algebra
are the corner stones of spectral analysis and synthesis. In this work we present
some useful descriptions of the powers of maximal ideals in the Fourier algebra
of R™. Our descriptions are related to the Weierstrass Preparation Theorem.
One possible form of this theorem can be formulated in the following way:

Let n be a positive integer and m a nonnegative integer. Let zy be in
C, further let po = (po1, P02, -, Pon) be in C™. Assume that f is a complex
valued analytic function in a neighborhood of (zg, pg), and zg is an m-multiple
root of the equation f(z,pg) = 0, that is,

aff(zo’po):()v k:()v]-v"'vm_]-v a{nf(z(]apo)#o

Then there exists a neighborhood of (zg,pg) in which f can be expressed in
the form

f(zp) =1(z—20)™ + am-1(p)(z — 20)™ " + am—2(p)(z — 20)™*
+ -+ ao(p)]b(z,p),

where a;(po) = 0, the functions a;,b (i = 0,1,...,m — 1) are analytic and
uniquely determined by f, further b(zg,po) # 0.

ToMASZ SzZOSTOK: Inequalities involving the Choquet integral (Joint work
with Jacek Chudziak)

For an increasing function f, we write the Choquet integral

b oo
(©) / f(@)dp(z) = / u({s € (0,8 f(s) > 2})da

(1 is here a capacity) in the form of a Stieltjes integral. Then, using this repre-
sentation, we study some basic inequalities (like Hermite-Hadamard, Jensen
or Ostrowski).
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NORBERT TOTH: Testing non-solvability of linear programs (Joint work
with Mihély Bessenyei)

It may occur that only the solvability issue of a linear program counts in a
practical application (and the solution itself, if it exists, does not). Motivated
by this phenomena, we suggest an implementable method for testing non-
solvability of linear programs.

PETER TOTH: Generalized inverses of strictly monotone transformations
of the plane

Our talk concerns a problem proposed by Z. Pales during the 60th Inter-
national Symposium on Functional Equations [2]. Let n € N and K C R™ be
a nonempty, convex set. Suppose that the mapping f: K — R" is strictly
monotone, i.e., it fulfills the inequality

(f(x) = fly), z—y)>0

for all z,y € K such that © # y, where (-,-) denotes the standard inner
product on the Euclidean space R™. Observe that for n = 1 this is indeed
equivalent to the strict monotonicity of f on an interval.

The question is: does f have a generalized left inverse function defined on
conv (f(K)) which is monotone? More precisely, does there exist a function
fEY: conv (f(K)) — K such that f(= (f(z)) = z for all € K, moreover

(F V@) — fCV@), u—v) >0

for all u,v € conv (f(K))?

It is known (see [I]) that for n = 1 such a function f(~1) exists and it is
unique. In our talk we consider the case n = 2. We are going to demonstrate
that this generalized inverse does not exist for an arbitrary convex domain
K C R2. However, we show that if K is closed, convex then f(~1) exists and
it is uniquely determined. Our proof is based on a classical convex geometric
theorem of Helly.

REFERENCES

[1] R. Griinwald and Z. Pales, On the equality problem of generalized Bajraktarevié means,
Aequationes Math. 94 (2020), no. 4, 651-677.

[2] Report of Meeting. The 60th International Symposium on Functional Equations, Hotel
Rewita, Koscielisko (Poland), June 9-15, 2024, Aequationes Math. 98 (2024), no. 6,
1689-1712.
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2. Problems and remarks

REMARK. The remark is connected with the inequalities of the Hermite—
Hadamard type satisfied by higher-order convex functions.

Let f: I — R be defined on an open interval ) # I C R. Observe that
if we expand the differences of order n + 1 for an n-convex function f and
make an appropriate rearrangement then, we obtain for x € I,h > 0 such
that t +h el

Ahf(x)zoa
fle+h)—f(z) 20

taking here y = = + h we get

fz) < f(y),
(with < y) for O-convex (i.e. non-decreasing) functions.
Similarly,
Ajf(z) 20,

f(x+2h)—=2f(x+h)+ f(z) >0,
z+y\ _ fl@)+ fy)
() o2

2
for 1-convex (i.e. convex) functions and

Ay f () =
f(x+3h) —3f(x+2h)+3f(x+h)— f(zx) >0,

@3 (T2 <3 (250 + 1w,

(where & < y) for 2-convex functions. As it is well known, the expressions
occurring in the above inequalities may be separated by the integral mean
of f, i.e., the inequalities:

fla )<L () dt < f(y),

f<w+y) /f(t dt< @)+ f(y) f()

@i () < /ft)dts4f(2””;y>+if<y>

are fulfilled for O-convex, 1-convex and 2-convex functions, respectively.
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However, if we carry out the same process for 3-convex functions and get

Apf(z) =0
f(z+4h) —4f(x+3h) +6f(x+2h) —4f(x+h)+ f(z) >0

3 (B50) 4 51 (B8 < g+ 31 (52 + 1)

then it is not true that for all 3—convex functions f, the integral mean

1 Yy
y_x/r F(t) dt

is between the two values from the above inequality.
Thus, the open problem is to find appropriate integral expressions K¢ (z,y)
such that

3 () 5 () s msten < gr + 51 (T52) + )

would be fulfilled, for all z,y € I, z < y, for any 3-convex function f: I — R.
The analogous problem could be investigated for arbitrary n-convex functions
(n > 3) as well.

TOMASZ SZOSTOK

PROBLEM. Let (S,-) be a semigroup and let (G,+) be an abelian group.
Find a general solution w: S x S — G of the functional equation

w(zzayz) - 2w(£7y) = W($y,$y) - (U(.'E,.T) - w(yay) Vﬂf,y €s.

ANDRZEJ OLBRYS
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