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ON MERSENNE NUMBERS AND THEIR
BIHYPERBOLIC GENERALIZATIONS

DoRroTA BROD, ANETTA SZYNAL-LIANA

Abstract. In this paper, we introduce Mersenne and Mersenne—Lucas bihy-
perbolic numbers, i.e. bihyperbolic numbers whose coefficients are consecutive
Mersenne and Mersenne—Lucas numbers. Moreover, we study one parameter
generalizations of Mersenne and Mersenne—Lucas bihyperbolic numbers. We
present some properties of these numbers and relations between them.

1. Introduction and preliminary results

Let n > 0 be an integer. The nth Mersenne number M, and the nth
Mersenne—Lucas number H,, are defined recursively by

M, =3M,_1—2M,_5, for n > 2 with My =0, M; =1
and

H,=3H,_1—2H,_», for n > 2 with Hy =2, H, = 3,
respectively. Note that Mersenne-Lucas numbers are also called as Fermat

numbers. The Binet type formulas of these sequences have the form M, =
2" —land H, =2"+1,s0 H, = M, + 2.
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Mersenne sequence has been studied in many papers, see for example |2,
3, 6L [7, [9]. In the literature, we can find some generalizations of Mersenne
numbers, see [4, [10]. In [8], Ochalik and Wloch introduced the generalized
Mersenne numbers as follows. Let k > 3 be a fixed integer. For any integer
n > 0 let M(k,n) be the nth generalized Mersenne number defined by the
second order linear recurrence relation of the form

(1.1) M(k,n) = kM(k,n — 1) — (k — )M (k,n — 2)

for n > 2 with M (k,0) =0 and M (k,1) = 1.

For n = 0,1,2,3,4,... the generalized Mersenne numbers are 0,1, k,
k? —k+1,k% — 2k% + 2k, . ... Moreover, M (3,n) = M,

By analogy, we define the generalized Mersenne-Lucas numbers in the
following way. Let k& > 3 be a fixed integer. For any integer n > 0 let H(k,n)
be the nth generalized Mersenne—Lucas number defined by

(1.2) H(k,n)=kH(k,n—1)—(k—1)H(k,n—2)

for n > 2 with H(k,0) =2 and H(k,1) = 3.
Then the first few terms of the generalized Mersenne—Lucas sequence are
2,3, k+2,k? —k+3,k%—2k?+2k+2,.... It is easily seen that H(3,n) = H,.

PROPOSITION 1.1. Let k > 3 be a fized integer. For any integer n > 0 we
have H(k,n) = M(k,n) + 2.

PROOF. (By induction on n.) If n = 0 then My =0, Hy = 2. If n =1
then M; = 1, H; = 3. Now assume that for any n > 0, we have H(k,n) =
M(k,n)+2and H(k,n+1) = M(k,n+1)+2. We shall show that H(k,n+2) =
M(k,n + 2) 4 2. Applying the induction’s hypothesis we obtain

H(k,n+2)=kH(k,n+1)— (k—1)H(k,n)
=k(Mk,n+1)+2)—(k—1)(M(k,n) +2)
=kM(k,n+1)— (k—1)M(k,n) +2
= M(k,n+2)+ 2,

and by the induction’s rule the formula follows. ([l

Some identities, properties, combinatorial interpretations and matrix gen-
erators of M (k,n) were given in [§] and [II]. In the next part of the paper we
use the following results.
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THEOREM 1.2 ([8]). Let n > 0, k > 3 be integers. Then

(1.3) M(k,n) = 5 ((k=1)" = 1).

THEOREM 1.3 ([8]). Let n >0, k > 3 be integers. Then
(1.4) M(k,n+1)— M(k,n) = (k—1)".

THEOREM 1.4 ([11]). Let n >0, k > 3 be integers. Then
(1.5) M(k,n+1)=(k—1)M(k,n)+ 1.

Using the fact that H(k,n) = M(k,n)+ 2, we can give some properties of
generalized Mersenne—Lucas numbers.

COROLLARY 1.5. Letn >0, k > 3 be integers. Then

(k=1)"42k-5

(1.6) H(k,n) 5 :
(1.7) H(k,n+1) — H(k,n) = (k — 1)
and

(1.8) H(k,n+1) = (k—1)H(k,n) — 2k + 5.

The Mersenne numbers and their generalizations have applications also in
the theory of hypercomplex numbers. In [5], Dagdemir and Bilgici introduced
and studied Mersenne quaternions, Gaussian Mersenne numbers and gener-
alized Mersenne quaternions. In [II], the authors considered the Mersenne
hybrid numbers and generalized Mersenne hybrid numbers. In this paper, we
use the Mersenne, Mersenne—Lucas numbers and their generalizations in the
theory of bihyperbolic numbers.

Hyperbolic numbers are two dimensional number system. Hyperbolic imagi-
nary unit, so-called unipotent, is an element h # +1 such that h? = 1. Bihy-
perbolic numbers are a generalization of hyperbolic numbers. Let Hy be the
set of bihyperbolic numbers ¢ of the form

¢ =z +x1j1 + T2j2 + 373,
where xg,z1, 22,23 € R and j1, j2, js3 ¢ R are operators such that

(1.9) j = j3 =45 = 1, jije = joj1 = Ja, J1js = jaji = Jo, Jojs = jaja = j1.
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From the above rules the multiplication of bihyperbolic numbers can be made
analogously to the multiplication of algebraic expressions. The addition and
the subtraction of bihyperbolic numbers is done by adding and subtracting
corresponding terms and hence their coefficients. The addition and multipli-
cation on Hy are commutative and associative, (Hs,+,-) is a commutative
ring. For the algebraic properties of bihyperbolic numbers, see [1].

Let n > 0 be an integer. The nth bihyperbolic Mersenne number BhM,,
and the nth bihyperbolic Mersenne-Lucas number BhH,, are defined by

Bth = Mn + Mn-‘rljl + Mn+2j2 + Mn+3j37

BhH, = H, + Hpy151 + Hyq2j2 + Hyy3]3,

respectively, where M, is the nth Mersenne number, H,, is the nth Mersenne—
Lucas number and ji, j2, j3 are units which satisfy .

The nth generalized bihyperbolic Mersenne number BhM} we define in
the following way

(1.10) BRMF = M(k,n) + M(k,n + 1)j1 + M(k,n +2)js + M (k,n + 3)js,

where M (k,n) denotes the nth generalized Mersenne number, defined by ((1.1)).
By analogy, the nth bihyperbolic Mersenne-Lucas number BhH? is defined by

(1.11) BhHY = H(k,n) + H(k,n+ 1)j1 + H(k,n + 2)j2 + H(k,n + 3)j3,

where H(k,n) denotes the nth generalized Mersenne—Lucas number, defined
by (L.2). For k = 3 we have BhM = BhM,, and BhH? = BhH,.

Using the above definitions, we can write initial generalized bihyperbolic
Mersenne numbers

BRMY = ji + kjs + (k* — k + 1) 33,
(1.12)
BhMY =1+ kji + (K =k + 1)ja + (K* = 2k? + 2k) s,

generalized bihyperbolic Mersenne-Lucas numbers

BhHEY =24 351 4 (k + 2)j2 + (k% — k + 3)Js,
(1.13)
BhHY =3+ (k+2)j1 + (K — k + 3)j2 + (K* — 2k + 2k + 2) s,

bihyperbolic Mersenne numbers
BhMy = ji + 3j2 + 733,
BhMy =1+ 351 + Tj2 + 1573,
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and bihyperbolic Mersenne-Lucas numbers
BhHy = 2 + 3j1 + 5j2 + 9,
BhHy =3+ 5j1 + 9j2 + 17J3.

2. Main results

In this section, we present some properties of the generalized bihyperbolic
Mersenne and Mersenne—Lucas numbers.

THEOREM 2.1. Let n > 0, k > 3 be integers. Then
BhM},, = kBhM}, | — (k — 1) BhM},
where BAM} and BhMF are defined by (1.12)).

PRrROOF. By formulas and we get
kBhMF | — (k- 1)BhME
=k(M(k,n+1)+ M(k,n+2)j1 + M(k,n+ 3)ja + M(k,n +4)js)

— (k= 1) (M(k,n) + M(k,n 4 1)j1 + M(k,n + 2)ja + M (k,n + 3)j3)
=kM(k,n+1) — (k—1)M(k,n)

+ (kM (k,n+2) — (k= DM (k,n + 1)) j,

+ (kM (k,n+3) — (k—1)M(k,n+2)) jo

+ (kM (k,n+4) — (k— 1)M(k,n+3)) js
=M(k,n+2)+Mk,n+3)j1+ME,n+4)js+ M(k,n+5)js
= BhM} . O

In the same way, using (1.11)) and (1.2]), we can prove the next theorem.
THEOREM 2.2. Letn >0, k > 3 be integers. Then
BhHY, , = kBhHE | — (k—1)BhH,

where BRHE and BhHY are defined by (1.13).
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THEOREM 2.3. Let n >0, k > 3 be integers. Then
BhMr’fH = (k= 1)BhM} + 1+ j1 + jo + jjs,
where BhMY is defined by (1.12)).

Proor. Using and , we have
BhM} ., — (k — 1)BhM}
= M(k,n+1)+ M(k,n+2)j, + M(k,n+3)j2 + M(k,n+4)js
—(k—=1)(M(k,n)+ M(k,n+1)j1 + M(k,n+ 2)jo + M(k,n + 3)j3)
=Mk,n+1)—(k—1)M(k,n)+ (Mk,n+2)—(k—1)M(k,n+1)) 5
+ (M(k,n+3)—(k—1)M(k,n+2)) jo
+ (M(k,n+4)— (k—1)M(k,n+3))Js
=1+j1+j2+ s U
THEOREM 2.4. Let n > 0, k > 3 be integers. Then
BhH) i = (k—1)BhHy + (—=2k +5)(1+ j1 + ja + js) — 2j1 — 4j2 — 6],

where BhHY is defined by (1.13)).

Proor. Using and , we have

BhHE | — (k—1)BhHE

=H(kn+1)+ H(k,n+2)j1 + H(k,n+ 3)j2+ H(k,n+4)j3
—(k—=1)(H(k,n) + H(k,n+1)j1 + H(k,n+2)jo + H(k,n + 3)j3)

=H(k,n+1)—(k—1)H(k,n)+ (H(k,n+2)—(k—1)H(k,n+1)) 51
+ (H(k,n+3) — (k—1)H(k,n+2)) j2
+(H(k,n+4)— (k—1)H(k,n+3))j

= 2k+5+(—2k+3)j51 + (— 2k+1)]2+( 2k — 1) js

= (=2k +5)(1 +j1 +j2 + j3) — 2j1 — 4j2 — 633. U

Next theorems give the Binet formulas for the generalized bihyperbolic
Mersenne and Mersenne—Lucas numbers.
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THEOREM 2.5. Let n >0, k > 3 be integers. Then

k—1)"—1 S
(2.1) BhM} = %(1 + 1+ J2 + Jjs)

+(k=1)" (j1 + kjo + (K* — k + 1)33) .
ProOF. Using (L.4), we have M(k,n + 1) = M(k,n) + (k — 1)", hence
M(k,n+2) = M(k,n+ 1)+ (k—1)"* = M(k,n) + (k — )" + (k — 1)"*!
and M(k,n +3) = M(k,n) + (k —1)" + (k — 1)"** + (k — 1)"*2. Thus
BhME = M(k,n) + M(k,n+ 1)j; + M(k,n + 2)j2 + M (k,n + 3)33
= M(k,n)(1+ j1 + j2 + ja)
+(k=1)"j1 + (k= 1)" + (k = 1)""1) ja
+ ((k—1)"+ (k—1)"™ + (k — 1)"*?) js
= M(k,n)(1+ j1 + j2 + js) + (k= 1)" (j1 + kjo + (k* — k + 1)js) .

Putting M (k,n) = 25 ((k —1)" — 1) (see (L.3)), we obtain the desired for-
mula. O

THEOREM 2.6. Let n > 0, k > 3 be integers. Then

(k—1)"+2k—5
k—2

(2.2) BhH) = (1 +j1 + j2 + j3)

+(k=1)" (j1 + kjo + (K> —k+ 1)j3) .

Proor. Using (1.6)), (1.7) and proceeding analogously as in the proof of
the previous theorem we obtain the desired formula. O

COROLLARY 2.7. Letn > 0 be an integer. For k = 3 we have
BhM,, = (2" — 1)(1 + j1 + j2 + j3) + 2" (j1 + 3j2 + 7j3)
= 2" (14 2j1 + 4j2 + 8j3) — (1 + j1 + j2 + Jj3)
and
BhHy, = (2" + 1) (1 + j1 + j2 + j3) + 2" (j1 + 3j2 + Tjj3)

:2”(14-2]'1+4j2+8j3)+(1+j1+j2+j3).
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For simplicity of notation let A = 1 + j; + jo + j3. Using (L.3)), (1.6)
and (1.12), we can write (2.1) and (2.2]) as

(2.3) BhME = A- M(k,n) + (k — 1)"BhM}
and

(2.4) BhHE = A- H(k,n)+ (k — 1)"BhM},
respectively.

Using the Binet formula (2.3)) and identity (|1.3]), we can derive the Catalan
identity for the generalized bihyperbolic Mersenne numbers.

THEOREM 2.8. Letn >0, r >0, k > 3 be integers such that n > r. Then

k
BhMY,,

_ %(lﬁ +2)(k = 1" (1= (k= 1)")* (14 j1 + jz + ja)-

. BhMY_, — (BhM?)?

PrOOF. By formula we get

BhM? ., - BhME_ — (BhMF)®

= (A-M(k,n) + (k—1)"""BhM§) (A M(k,n) + (k — 1)"""BhM})
— (A M(k,n) + (k — 1)"BhME) (A- M(k,n) + (k — 1)"BhMY)

=A-M(k,n) - BbM§ - (k—1)""+ A- M(k,n) - BAM§ - (k — 1)™*"
—2A-M(k,n)- BAMEY - (k —1)"

=A-M(k,n) - BhM§ - (k—1)"" (14 (k—1)*>" —2(k — 1)")

= M(k,n)-A-BhMEF - (k—1)""(1—(k—1)").

Moreover,
A BhME = (1+ j1 + ja + js) (1 + kja + (K* — k +1)ja)
=j1+kjo+ (K —k+1)js + 1+ kjs + (K> —k + 1)j2
s+ k+ (K —k+1)j1+j2+kjr + (K —k+1)

= (E* +2)(1 4 j1 + j2 + 73).
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Hence we get

BhM?, - BhME_ — (BhMF)®

Ek—1)" -1 ) _ .
= %(kz +2)(k—=1)"" (1 — (k- 1>r)2 (L+ j1 + j2 + Js),
which completes the proof. O

In the same way, using (2.4]) and (|L.6]), we obtain the Catalan identity for
the generalized bihyperbolic Mersenne-Lucas numbers.

THEOREM 2.9. Letn >0, r >0, k > 3 be integers such that n > r. Then

BhHE, - BhHF_ — (BhHY)®

= ko 13:_+22k SO R4+ 2) (k= 1" (1= (k= 1)) (14 ji + s + ja).

For r = 1 we obtain Cassini identities for the generalized bihyperbolic
Mersenne and Mersenne—Lucas numbers.

COROLLARY 2.10. Letn > 1, k > 3 be integers. Then
2
BhM}, | - BhM}_, — (BhMY)
= ((k=1)"=1) (k= 1)"""(k = 2)(k* + 2)(1 + j1 + j2 + Js)-
COROLLARY 2.11. Letn > 1, k > 3 be integers. Then
2
BhH},, - BhH)_, — (BhHY)
=((k=1)"+2k=5)(k—1)"" k—2)(k®+2)(1 + j1 + j2 + j3).

For k = 3 we obtain Catalan and Cassini identities for the bihyperbolic
Mersenne and Mersenne—Lucas numbers.

COROLLARY 2.12. Let n > 1 be an integer. Then

BhM, ., - BhM,,_, — (BhM,,)?

_ 11(2n B 1) (27177' _on+l + 2n+r) (1 + 71+ Jo +j3).
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COROLLARY 2.13. Let n > 1 be an integer. Then
BhH, ., - BhH, _, — (BhH,)’
=11(2" + 1) (277" — 2" 4 2"F7) (1 + jy + o + Jia).
COROLLARY 2.14. Let n > 1 be an integer. Then
BhM, 1 - BAM,,_y — (BhM,)* = 11(2" — 1)2" Y (1 + j1 + j2 + js).
COROLLARY 2.15. Let n > 1 be an integer. Then
BhH, 1 - BhH,_1 — (BhH,)? = 11(2" + 1)2" (1 + j1 + jo + Jj3).

Now we give ordinary generating functions for the generalized bihyperbolic
Mersenne and Mersenne—Lucas numbers.

THEOREM 2.16. The generating function for the generalized bihyperbolic
Mersenne number sequence { BhMPF} is

_ BhM{ + (BRM{ — kBhM{)t
N 1—kt+ (k—1)t2

G(1)

PROOF. Assume that the generating function of the generalized bihyper-
bolic Mersenne number sequence { BRM ¥} has the form G(t) = Y77  BRMEt™.
Then

(1 — kt+(k — 1)t*)G(t)
= (1 — kt + (k — 1)t*)(BhM} + BhM{t + BhMSt* 4 ..)
= BhM} + BhMFt + BhMS? + ...
— kBhM}t — kBRMPt? — kBRMSt? — ...
+ (k — 1)BRMJt?* + (k — 1) BAMFt? + (k — 1) BAMSt* 4 ...
= BhME + (BhMT — EBRM),

since BAM* = kBhMF | — (k — 1)BhM?F_, and the coefficients of t" for
n > 2 are equal to zero. Moreover, Bh]\/[é€ = j1 + kjo + (K> — k + 1)j3,
BhMY — kBhM§ =1+ (—k + 1)ja + (—k* + k). O
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THEOREM 2.17. The generating function for the generalized bihyperbolic
Mersenne-Lucas number sequence { BhHY} is

BhHEY + (BhHY — kBhHE)
1 —kt+ (k — 1)t

g(t) =

PROOF. The proof of this theorem is similar to the proof of the previous
theorem. Note only that BhHY = 2 + 351 + (k + 2)ja + (k* — k + 3)j3 and
BhHY — kBhH§ = (3 = 2k) + (2= 2k)j1 + (3 =3k)j2 + 2 —k —k*)js. O

REMARK 2.18. The generating function 7(t) for the bihyperbolic Mersenne
number sequence { BhM,,} is

BhMy + (BhM; — 3BhMy)t
1 — 3t + 2t2 ’

(1) =
where BhMy = j1 + 3j2 + 7j3 and BhM7 — 3BhMy =1 — 2j5 — 673.

REMARK 2.19. The generating function 7(t) for the bihyperbolic Mersenne—
Lucas number sequence { BhH,,} is

. BhHy + (BhHl — 3BhH0)t

t
n(t) 1— 3t + 22 :

where BhHy = 2+37j1+5j2+9j3 and BhH1 —3BhHy = —3—4j1 —6j2 —1073.

At the end, we give the matrix representations of the defined bihyperbolic
numbers.

THEOREM 2.20. Letn > 0, k > 3 be integers. Then

[ BhME  BhMF

BhMPF,, BhMPF,, [k 1]
~ | BhMF BhME —(k—=1) 0| -

BhMF,, BhMF

PROOF. (By induction on n.) If n = 0 then assuming that the matrix to
the power 0 is the identity matrix the result is obvious. Now suppose that for
any n > 0 holds

BhMF , BhMY. | [ BhMy BhMF | |k 1"
BhME, | BhMY ~ | BhMf BhM} —(k—=1) 0| -

We shall show that

[ BhME  BhMFE

k 1 n+1
_{Bth BhMg]'[—(k—l) 0} ’

[BhMj],Z+3 BhM}’:+2
BhMF, ., BhMF,,
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By simple calculations, using induction’s hypothesis we have

BhME BhMF ] [k 11" [k 1

BhM¥ BhME —(k—=1) 0 —(k—1) 0
_ [ BhMEF,, BhMEF, ] [k 1
- _BhMj_f+1 BhMF —(k—1) 0

[ k- BhMF,, (k—l

BhMY,, BhM}_,
| k- BhM,’j

BhM®  BhMF,

) -
1)-
_ [ BhME,, BrME,
| BhMF,, BhM

which completes the proof. ([l
THEOREM 2.21. Letn >0, k > 3 be integers. Then

BhHF ., BhHF | [ BhHY BhHY | [k 1"
BhHEF_, BhHE " | BhH} BhHE —(k—1) 0| -

COROLLARY 2.22. Let n > 0 be an integer. Then

BhM,4> BhM,41 ]| _ [ BhMy BhM; | [ 3 11"
BhM, ., BhM, ~ | BhM; BhM, -2 0| -

COROLLARY 2.23. Let n > 0 be an integer. Then

BhH,+1 BRH, BhH, BhH -2 0

BhH,,» BhH, } _ { BhH, BhH, ] ' [ 31 ]"

Note that multiplication of bihyperbolic numbers is commutative and de-
terminant properties can be used. For example, calculating determinants in
Theorems[2.20H2:2T]and Corollaries[2.22}2.23] we can also obtain Cassini iden-
tities. Using algebraic operations and matrix algebra could give many other
interesting properties of these numbers.
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