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FIBONACCI SUMS MODULO 5

KUNLE ADEGOKE, ROBERT FRONTCZAK, TARAS GOY

Abstract. We develop closed form expressions for various finite binomial Fi-
bonacci and Lucas sums depending on the modulo 5 nature of the upper sum-
mation limit. Our expressions are inferred from some trigonometric identities.

1. Preliminaries

As usual, the Fibonacci numbers F},, and the Lucas numbers L,, are defined,
for n € Z, by the following recurrence relations for n > 2:

Fon=F, 1+ F, 2 Fy=0, F1 =1,
L?’L = Ln,1 + Ln727 LO = 27 Ll 1.
For negative subscripts we have F_,, = (—=1)""'F,, and L_,, = (—=1)"L,,.

Throughout this paper, we denote the golden ratio by a = 1+—2‘/5 and
write § = 155 =

—é. The Fibonacci and Lucas numbers possess the explicit
formulas (Binet formulas)

n __ An
FHZM, L,=a"+p" necZ.
a—p

Received: 01.12.2023. Accepted: 10.05.2024. Published online: 07.06.2024.
(2020) Mathematics Subject Classification: 11B39, 11B37.

Key words and phrases: Fibonacci number, Lucas number, Bernoulli polynomial,
Chebyshev polynomial, trigonometric identity, binomial sum.
(©2024 The Author(s).

This is an Open Access article distributed under the terms of the Creative Commons Attribution License
CC BY (http://creativecommons.org/licenses/by/4.0/).


https://orcid.org/0000-0002-6212-3095
http://creativecommons.org/licenses/by/4.0/

2 Kunle Adegoke, Robert Frontczak, Taras Goy

The sequences {F), },>0 and {Ly, },,>0 are indexed in the On-Line Encyclo-
pedia of Integer Sequences [17] as entries A000045 and A000032, respectively.
For more information we refer to Koshy [12] and Vajda [I8] who have written
excellent books dealing with Fibonacci and Lucas numbers.

There exists a countless number of binomial sums involving Fibonacci and
Lucas numbers. For some new articles in this field we refer to the papers
11, 5, 2, 6.

In this paper, we introduce closed form expressions for finite Fibonacci and
Lucas sums involving different kinds of binomial coefficients and depending
on the modulo 5 nature of the upper summation limit. Our expressions are
derived from various trigonometric identities, particularly utilizing Waring
formulas and Chebyshev polynomials of the first and second kinds. We also
present some series involving Bernoulli polynomials.

We note that some of our results were announced without proofs in [4].

2. Fibonacci sums modulo 5 from the sin nx and cos nx expansions

We begin with a known lemma [9, 1.331(3) and 1.331(1)].

LEMMA 2.1. If n is a positive integer, then

Ln/2] k—1

-1 —k-1

(2.1) E ()Tn <n ko1 >2”_2k_1 cos" 2z = 2" L cos™ & — cos n,
k=1

Ln=1)/2] n—k—1 sinnx
(2.2) E (—1)* < )2”2k1 cos" ATl = T

k sin x
k=0

LEMMA 2.2. If n is an integer, then

(=)™, ifn=0 (mod 5),
(2.3) cos (%) =< (-1)"ta/2, ifn=1o0r4 (mod?5),
(-1)""13/2, ifn=2o0r3 (mod5),
1, ifn=0 (mod b),
(2.4) cos (271{) =¢—-8/2, ifn=1o0r4 (mod}5),

—a/2, ifn=2o0r3 (mod}5).
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PROOF. Relations stated in (2.3]) can be proved easily by elementary meth-
ods. For instance, they follow by applying the addition theorem for the cosine
function

cos(a + b) = cosacosb —sinasinb

combined with the special values

cos (E) 2 cos (2—7T) __5 cos (3—77) _b cos (4—7T) -2
5/ 2 5/ 2 5/ 2 5/ 2
Relations stated in (2.4) follow directly from ({2.3]). O

In our first main results we state Lucas (Fibonacci) identities involving
binomial coefficient and additional parameter.

THEOREM 2.3. If n is a positive integer and t is any integer, then

LW”@J%*<n—k—1

b1 )Ln—2k+t

Lyt — (=1)"2L;,  ifn=0 (mod 5),
=< Lyt +(=1)"Liyq, ifn=1o0r4 (mod}5),
Lyyt — (=1)"Li—y, ifn=2o0r3 (mod?5),

W”M—Uk1<n—k—1

E_1 )Fn—2k+t

Foit— (=1)"2F;, ifn=0 (mod}5),
=< Fot+(=1)"Fiy1, ifn=1o0r4 (mod}5),
Foie— (=1)"F—q, ifn=2o0r3 (mod?5).

PROOF. Set z = 7/5 in (2.1) and use (2.3]) and the fact that
(2.5) 20" = L, + F,\/5, 28" =L, —F./5
for any integer r. U

We proceed with some corollaries.
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COROLLARY 2.4. Ifn s a positive integer, then

ln/2] (1R fn—k—1 —2F,, ifn=0 (mod}5),
nzk< E_1 )F%: —F,_1, ifn=1o0r4 (mod5),
k=1

Foy1, ifn=2o0r3 (mod}5),

[n/2] k—1
(-1) n—k—1
n g 7\ r_1 Fo_opts = Frgs,

0, fn=0 (mod}5),
0=< -1, ifn=1o0r4 (mod5),
1, ifn=2o0r3 (modbh).

COROLLARY 2.5. Ifn s a positive integer, then

[n/2] E—1
-1 n—k—1
n E <]i< E—1 )LnZkl

Lp1—(—1)"3, ifn=2o0r3 (modbH),
"\ Loy + (=12, otherwise,

[n/2] E—1
-1 n—k—1
n g ()i ]1 < b1 )Ln—2k+1

Lyt +(—1)"3, ifn=1o0r4 (mod}5),
"\ Lpsr — (=1)"2,  otherwise,

1n/2) ;o kq
(—1)* 1 fn—k—1
ny k g1 I

L,—(-1)"4, ifn=0 (mod}5),
"\ Lo+ (=), otherwise.

LEMMA 2.6. If n is an integer, then

0, ifn=0 (mod 5),
/Al ifn=1o0r4 (mod 5),
DHAla, ifn=2o0r3 (mod5),

sin (nmw/5)

(26) sin (7/5) E:
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' 0, ifn=0 (mod 5),
(2.7) m = (=D)/Bl ifn=1o0r4 (mod5),
(—)/5B, ifn=20r3 (mod?5).

From Lemma [2.6] we can deduce the following Lucas and Fibonacci bino-
mial identities modulo 5.

THEOREM 2.7. If n is a positive integer and t is any integer, then
ln/2]

@9 (") oo

(—)L+DBIL, - ifn =0 0r3 (mod 5),
= (=)LDABIL L ifn=10r2 (mod 5),

0, ifn=4 (mod 5),
2 g
29 S (", )P
()LD, ifn=00r3 (mod5),
= (-)"5FL,  ifn=1o0r2 (mod5),
0, ifn=4 (modb).
PROOF. Set z = /5 in (2.2), use (2.6), and simplify. O

A variant of the Lucas and Fibonacci sums with even subscripts is stated
as the next corollary.

COROLLARY 2.8. Ifn is a positive integer, then

(—1)L+0/5l ifn=0 or3 (mod}5),
[n/2] N
Z (—1)”"“( i )Lgk: ()LD L ifn =1 0or2 (mod 5),
k=0 0 ifn=4 (modb),
—DLe+D/5l R ifn=0o0r3 (mod?5),
~DLFDAIHE, 0 ifn=10r2 (mod 5),
, ifn=4 (mod 5).

)

L:Zj(l)”’“ (n ; k) Py — E
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COROLLARY 2.9. Ifn s a positive integer, then

an/zj (1)k<nk>F 2k41 = 0, =4 (mod5),
P k noEh (—=D)L+D/5] - otherwise,
[n/2]

kz:% (1" (n ; k) Frnok—s =0,

where

5= 0, ifn=0o0r3 (mod)H),
|1, ifn=10r2 (mod5).

3. Fibonacci sums modulo 5 from Waring formulas

This section is based on utilizing the following trigonometric identities
with the use of Waring formulas.

LEmMA 3.1. If n is a positive integer, then

(3.1) Z (_1)kn ﬁ 2 (n ; k) 2n =21 o™ 2k g = cosna,

(n /2 n n—k
_1\(n—1)/2—k - n—2k—1 : n—2k
(3.2) kZ:O (-1) p— ( i )2 sin" " x

=sinnz, n odd,

n/2
—k
(3.3) g (—1)”/27’“L]f (n i )2”%1 sin" %% & = cosnz, n even.
n —
k=0

ProOOF. Consider the Waring formula

[n/2] n n—k
> (-1F ( i )(1’1 + 1) M (1 mo)* = 2 + 2h
=0
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Let i be the imaginary unit. The choice x; = €®/2, x5 = ¢~ /2 produces
(3.1)), while the choice z1 = €'*/(2i), x5 = —e~*®/(2i) gives x1 + x5 = sinx,

x129 = 1/4, and

x?—i—x?-{

(—=1)(»=D/221="ginng, if n is odd,

(—1)"/221=" cos n, if n is even,

and hence (3.2)) and (3.3). O
LEMMA 3.2. If n is a positive integer, then
Ln/2] .
n—=Fk\_,_ _ sin((n + 1)x)
3.4 -1 k on 2k n—2k >\t )L
3 3 0" e 2 SHEERS,
(n—-1)/2 .
Z (71)(7171)/2716 (n - k’) gn—2k g, n—2k . _ sin((n + 1)35)’ n odd,
Pt k cosx
Uz n—k cos((n + 1)x)
Z (—1)”/2_k( >2n_2k sin"" =" 2y even.
P k cos

PROOF. Similar to the proof of Lemma[3.I] We use the dual to the Waring

formula
[n/2] n+1 n+1
—k _
S (-1 (” >(x1 t22)" (g ag)t = T2
0 k r1 — X2

THEOREM 3.3. Ifn is

a positive integer and t is any integer, then

In/2] 2F;, ifn=0 (modb5),
Z (—1)”_kn ﬁ - (n ; k> Fooptt =4 —Fiy1, ifn=1o0r4 (mod}5),
k=0 F_q, ifn=2or3 (mod5),
1n/2) 2L, ifn=0 (mod 5),
Z (—1)”7]“” i k (n ; k) Ly_oktt =< —Lty1, ifn=1o0r4 (mod?),
k=0 Li—y, ifn=2o0r3 (mod}h).
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ProOOF. We apply equation (3.1)). Inserting 2 = 7 /5 and x = 37/5, respec-
tively, and keeping in mind the trigonometric identity cos 3z = 4 cos® x—3 cos x
we end with

|n/2] 20ét, ifn=0 (mod 5),
r n o (n—k &
Z (=)™~ k:( i )a”_2 =0 _attl ifn=1or4 (mod}5),
n—
k=0 a7t ifn=2o0r3 (mod5),
and

In/2] ek
_1\n—k n—2k-+t
Syt k( A )ﬁ

28, ifn=0 (mod 5),
=41 —pa®-3a), fn=1lor4 (mod5),
—B4(B* —36), ifn=2o0r3 (mod5).

To complete the proof simplify the terms in brackets and combine according
the Binet formulas. O

From Theorem [3.3] we can immediately obtain the following finite binomial
sums.

COROLLARY 3.4. Ifn is a positive integer, then

ifn=0 (mod5),

Ln/2] n o In—k ’
Z (_1)nkn—k< L )ank = —1, an =1o0r4 (mod 5),
k=0 1, ifn=2o0r3 (modbH),

Lnfu)nk n (”—’f)Ln%:{4, ifn=0 (mod5),

o n—k k —1, otherwise,

and

0, n=2o0r3 (mod}H),
2, ifn=0,2 or3 (mod}5),

—3, otherwise.

1n/2) e 2, ifn=0 (mod}5),
Z (—1)"71‘”_ k( i )Fn+12k =<¢—-1, ifn=1o0r4 (mod}5),
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REMARK. Identities (2.8) and (2.9) in Theorem can also be obtained
straightforwardly by evaluating the trigonometric identity (3.4) at x = 7/5

and = = 37 /5, respectively, while using and ( .

4. Fibonacci sums modulo 5 from Chebyshev polynomials

For any integer n > 0, the Chebyshev polynomials {7},(z)},>0 of the first
kind are defined by the second-order recurrence relation [16]

Thi1(x) =22T,(x) — Th—1(x), n>2, To(x)=1 Ti(z)=ur,

while the Chebyshev polynomials {U,(z)},>0 of the second kind are de-
fined by

Uni1(x) = 22U, () — Up—1(z), n>2, Up(x)=1, Ui(x)="2x.

The Chebyshev polynomials possess the representations

T (z) = anm <27;) (@2 — 1)kgn—2k,

k=0

U _ ks n+1 2 _ q)kyn—2k

k=0

and have the exact Binet-like formulas

T.(x) = (<x VDD 4 - VIR,
( T+ \/7)"+1 (x — /a2 — 1)n+1> .

Un(z) = 2\/3327

The properties of Chebyshev polynomials of the first and second kinds have
been studied extensively in the literature. The reader can find in the recent
papers [7, 8, [I1], 14, 15, 19] additional information about them, especially
about their products, convolutions, power sums as well as their connections
to Fibonacci numbers and polynomials.
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LEMMA 4.1. For all x € C and a positive integer n, we have the following
identities:

(4.1) nz - _:j k: <n + Z) sin?¥ (g) = cosnx,

(4.2) nz - : : (n + :) cos?¥ (g) = cosnz.

PROOF. Identities (4.1) and (4.2)) are consequences of the identity
- k
(43) Z (”* L) ¥ = @ T

derived in [3]. O

LEMMA 4.2. If n is a non-negative integer, then

1, ifn=0 (mod 5),

Tn(_ %) =4q—a/2, ifn=1o0r4 (mod5),
—B8/2, ifn=2o0r3 (mod}5),
1, ifn=0 (mod b),

Tn(— g) ={_8/2, ifn=1or4 (mod5),
—a/2, ifn=2o0r3 (modb5).

PROOF. Evaluate the identity T),(cosz) = cosnz at x = 47/5 and = =
27/5, in turn. O

THEOREM 4.3. If n is a positive integer and t is any integer, then

Wz n (n+2k1

4.4 _ 5% Fopoy s
(44) ;n—i—%—l n—2k—|—1> Akl
In/2] 7Lt, an =0 (mOd 5),

n n+2k\ _, o
-3 () e = L2 in=1ora (o)
= —L;1/2, ifn=2or3 (mod?5),
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Wz n (n+2k—1

(4.5) Z nrok 1 >5k1L2k+t1

1 n—2k+1
/2l ok — I, ifn=0 (mod5),
k _ o
- kZ_O n+2kz<n—2k>5 Fopye = Fiy1/2,  ifn=1o0r4 (mod5),

—Fi1/2, ifn=2o0r3 (mod?5).

PROOF. Using z = —«/2 and © = —/3/2, in turn, in (4.3)) with the upper
sign gives, in view of Lemma [4.2)

" n n+k> k K1y ki -+t
(VB)* (=1 haktt — ghHr)
];)n—l—k(n—kz
—(Aa! + ), ifn=0 (mod5),
= Attt + gt /20  ifn=1or4 (mod5),

—(Ma!f7 4 pth /2, ifn=2o0r3 (mod 5),

from which (4.4) and (4.5) now follow upon setting A = 1 and A = —1, in

turn, and using the Binet formulas and the summation identity

[n/2] [n/2]

Sfi=> fy+ Y, fr O
=0

§=0 j=1
We observe the following special cases of the prior result.

COROLLARY 4.4. Ifn is a positive integer, then

("Zm n_(n2k—1) _L"Z/“ n_(n+2k g
£ n+2k—1\n—2k+1 2’“+5*1_k:0n+2k n — 2k 2k+o)

where
0, ifn=0 (modb5),
d=<-1, ifn=1o0r4 (mod}5),
1 ifn=2o0r3 (mod?5).

)
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THEOREM 4.5. If n is a positive integer and t is any integer, then

. Ly, ifn=0 (mod b5),
Z nik<n+:>l’2k+t: Li1/2, ifn=1o0r4 (mod5),
k=0 —Li11/2, ifn=2o0r3 (mod}?),

N F, ifn=0 (mod 5),

Z (—1)n7kn Z : (Z J_F :) Forie = Fi_1/2, ifn=1o0r4 (mod5),
k=0 —Fiy1/2, ifn=2o0r3 (mod?5).

PROOF. Set z = 7/5 in (4.1 and use (2.3) and the fact that sin(7/10) =

—[(3/2 to obtain

B, ifn=0 (mod 5),

n—l—k

o
i{ng
(=)

\

from which the results follow by ([2.5).

k
- (n+ >62’“” Bt=1/2, ifn=1lord (mod5),
—B/2) ifn=20r3 (mod5),

0

Using Theorem [£.5] we have the following binomial Fibonacci identities

modulo 5.

COROLLARY 4.6. Ifn is a positive integer, then

"L (—1)F <n+kz>
E F2k+5 :07
Pt n+k\n—=k

where
0, ifn=0 (mod 5),
0=41, ifn=1o0r4 (mod}5),
-1, ifn=2o0r3 (modb?5).

)

LEMMA 4.7. If x is a complex variable and n is a positive integer, then

- n+k x 2sinnx
4.6 )k . 2k—2 (7) _
(46) Z n—|—k( k) - 2 sinz

k=1

- 45k m+k T 2sin nx
4.7 n k 2k—2 (7) —_ )
(47) Z:: n+k ( k:) cos 2 sinx
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PRrROOF. Identities (4.6) and (4.7) come from the following identities de-

rived in [3]:

n k n
Z(_l)nfkﬂ (n t :) (1 ¥ m)k*l — (:Fl)nflUnil(x)’

— n+k
-~ 4k m+k

_1 n—k Qk—l — e .
kzl( ) n—!—k‘(n—k)w Uen-1(7)

THEOREM 4.8. If n is a positive integer and n is any integer, then

- E (n+k
-1 k—1_ " L
> Hk(n_k) -

k=1

0, ifn=0 (mod 5),
(=D)/5IL, 5/2, ifn=1o0r4 (mod}5),
(—)l/AIHL /20 ifn=2o0r3 (mod5),

- k n+k
-1 k—1_ " F
kz::( ) n—+k <n — k‘> 2kt

—_

0, ifn=0 (mod 5),
= (-1)/PE /2, ifn=1o0or4 (mod5),
(—1)/BIHE, /2, ifn=2o0r3 (mod 5).

PROOF. Set x = 7/5 and = = 37/5, respectively, in (4.6), and use ([2.6)

and .

O

REMARK. Theorem can also be proved using (4.7)). Using the trigono-
metric identities sin 2z = 2sin z cos x and cos 3z = 4 cos® x — 3 cos x and work-

ing with # = 27/5 and = = 67/5, respectively, we end with

= 1k [(n+k
22(—1)k 1M<nk>L2k—1+t

k=1

0, ifn=0 (mod5),

= (~1)/Sl(attt — g3 138071 ifn=1or4 (mod 5),
(-5l (—at + g4 —381%2), ifn=20r3 (mod 5),
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n+k

. .k +k
2v5) (-1t (Z_k>F2k—1+t

0, ifn=0 (mod5),
= (DAl (ot 4 pt=3 —3pt71), ifn=1or4 (mod5),
(-1l (—at — g4 4 351%2), ifn=20r3 (mod 5).

To get Theorem [4.8 simplify the terms in brackets and replace ¢t by ¢ + 1.
Applying Theorem yields the following two corollaries.

COROLLARY 4.9. Ifn is a positive integer, then

- n+k
F _ p—
SV g (D Faes =0

where
5 2, ifn=1o0r4 (mod}5),
|1, fn=20r3 (mod5).

)

COROLLARY 4.10. Ifn is a positive integer and t is any integer, then we

have:
If n =0 (mod 5), then

L(n=1)/2] n
pfn—Fk—1 n+k
> (-1 < i > n—2k+t = 2; T <n i) Lok

k=0
[(n—1)/2] n
— k-1 k n+k
—)E(" Froopay =25 (=1)F1 F
> (T Eee = e i (T e

ifn=1 or4 (mod 5), then

L(n=1)/2]

n—k—1 n+k
T A 21 (A L
k=0

[(n—1)/2] n
n—k—1 n+k
2 (_1)k< 2 ) no2hrt = QZ )k+1n+k( k)FQ’“‘”t’

k=0
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ifn=2 or3 (mod 5), then

[(n—1)/2] n
Z n—k—1 Z k' (n+k
k=0 (_1)k< k )Ln_2k+t 7 kfl(_l)k k <TL — k‘) Latrree,

[(n—1)/2] n
n—k—1 k n+k
E (_1)k< 3 )Fn2k+t =2 E (—1)kn s <n _ k) Fopq14e.
k=1

k=0

ProoOF. Compare Theorem [4.8 with Theorem O

LEMMA 4.11. If n is a non-negative integer, then

n

(4.8) Z (_1>n7k4k (TL + k) cos2k ¢ — M

n—k sinx
k=0

PROOF. Evaluate the identity [3]

n

Z yi—kgk <” i :) 2 — U, ()

=0

at x = cosz. O

LEMMA 4.12. If n is an integer, then

;

1, ifn=0 (mod 5),
Q, ifn=1 (mod 5),

sin ((2n + 1)7/5) B L
sin(r/5) =10, ifn=2 (mod 5),
—a, ifn=3 (mod}H),
-1, ifn=4 (mod}5)

From Lemmas and we can deduce the following Fibonacci and
Lucas binomial identities modulo 5.

THEOREM 4.13. If n is a non-negative integer and t is any integer, then

Ly, ifn=0 ( )
n Ly, ifn=1 ( )
3 (-t (” * Z) Lokse = {0, ifn=2 (mod 5),
h=0 — L1, ifn=3 ( )

( )

—Lt, an =4
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F;, ifn=0 (mod5),

" ok Fiiq, ifn=1 (mod5),
n

> (= ( k) Foprs =40, ifn=2 (mod5),

k=0 ~Fyy1, ifn=3 (mod5),

—F, ifn=4 (mod b).

PROOF. Set z = 7/5 in (4.8) and use Lemma O

LemMA 4.14 ([10, (41.2.16.1)]). If n is a positive integer and x is any
variable, then

g —1)* 1 1 —1)" n
49 > (=1 —( ) >— .
= cosx — cos(mk/n) 2 \1—cosz 1+coszx sin x sin nx

Further interesting identities involving Fibonacci and Lucas numbers are
stated in the next theorem.

THEOREM 4.15. If n is a positive integer and t is any integer, then

- )1 (Ly—1 + 2Ly cos(rk/n))
; 4 co 82(71']{3/71) —2cos(mk/n) —1
0, ifn=0 (mod 5),
%(Lt+2 +(-D)"Fmy) —2(-1)"n S By, ifn=10r4 (mod 5),

F, ifn=2or3 (modb5),

i Ve (Fi—1 + 2F; cos(mk/n))

— COS2 7r/<:/n —2cos(mk/n) —1

(1) 2 1)L/ 0, ifn=0 (modb5),
2 Lt,l) - Liyy, ifn=1o0r4 (mod5),

Ly, ifn=2o0r3 (mod?b).

1
- _(F
2( t+2 +

PROOF. Set z = /5 and © = 37 /5, in turn, in (4.9) to obtain

- (—1)k 1 (-1)™  4na sin(r/5)
2;a—2cos(7rk:/n) 2—Oz+2+04_ V5 sin(nm/5)
and
. (—1)* 1 (-1)™  4np sin(37/5)
22ﬂ—2cos(7rk:/n)_2—ﬂ+2+,3 V5 sin(3nm/5)’

from which the identities follow. O
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By setting ¢ = 0 and ¢ = 1 in Theorem [£.15] we obtain the following.

COROLLARY 4.16. If n is a positive integer, then

" (=1)F 1 (4cos(nk/n) — 1)
2—21 4 cos?(mk/n) — 2 cos(nk/n) — 1

:3+(1)"_2(_1)Ln/5jn'{0, ifn=0,20r3 (mod5),

2 1, otherwise,

- (=)
; 4 cos?(mk/n) — 2cos(mk/n) — 1
0, ifn=0 (mod}5),
5—(=1)" 2(=1)ln/5] ) (
= o — 5 n-<1, ifn=1o0r4 (mod}5),
2, ifn=2o0r3 (mod}5),

—1)kLcos?(mk/2n)
40052 (mk/n) — 2cos(mk/n) — 1

NE

k=1

2 2 1, otherwise,

1 (=1)ln/5] . {0, ifn=0 (mod 5),

- (—1)*=cos(mk/n)
4 cos?(mk/n) — 2cos(mk/n) — 1

k=1
0, ifn=0 (mod5),
54 (=1 (=1)lv/5) ‘
— o — : n-<¢3, ifn=1or4 (mod?5),
1, ifn=2o0r3 (modb5).

5. Some additional observations

We close this paper with some additional observations leading to possibly
new series representations of the constant « involving Bernoulli polynomials.
Recall that Bernoulli polynomials By, (t), n > 0, may be defined by the

_ zn: (Z) By_it*,
k=0
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where B,, is the nth Bernoulli number, defined by the power series

z > zZ"
We have B, (1) = B,,(0) = B, for all n > 2 and By, +; = 0 for all n > 1.

THEOREM 5.1. Let m be a non-negative integer. Then

22k+1 7r2k

= om 1
Z(_1)k(2k+ 1)!@32’““(7) ==0"

[ee]

kzzo(—l)k(z;i i35 2k+1< ) =0,
S0 P (5 1) =
(5.1) g(—l)k(;]:]j:i ';r;k Bok+1 (57m ;) (-1)"a,
and
(5.2) ;(—1%(22]:?’37;32%1 (57771 + 2) = (-1)™a.

PROOF. Combine ([2.6) with the representation [13] Eq. (2.5)]

22k+1 142

2

(5.3) si.nxt :Z(—l)k(

o Ty B2kt (
|
sint £~ 2k +1)!

)t%, It] < . O
When m = 0 then from (5.1]) and (5.2]) we get the special series:

e 22k+1 7.[.2k 3
e aa(§) o
kz_%( D arrmia Pee(3) =@

© 22k+1 7T2k

2V G e @ = e
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From Raabe’s formula

a—1
By, (azx) = a" ™! Z B, (m + S)

k=0

we get

Bap1(2) =22 (B%H(l) + Bakta (g))

and

22k+1 7T2k 3
k _
Z( YV ey 25k32k+1(2) -

oo 24k+1 2k

3
Z )k 2k+1)'72r5kB2k+1(§) —a—3=58

=1

But making use of B, (t + 1) — B, (t) = nt"~! we see that

3 2k +1
Bkt (5) =gk
and thus the series turn into
e (_1>k 7T2k o 62
A4 L 2 _1=_=
(5-4) ];1 (2k)! 25k 2 2
and
22 +1
(5.5) Z( 1)* ol 2—5k = /54.

The series and are essentially cosh(im/5) = cos(m/5) = /2 and
cosh(2im/5) = cos(2mw/5) = —(3/2 which we encountered at the beginning of
the paper.

Combining with we have the following theorem. The details of
we leave to the reader.
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THEOREM 5.2. Let m be a non-negative integer. Then

k 22k+1 9k 2k
1)

5m
Z( (2k +1)! 25k B%“( )_( D™

S 1 gy e e (54 1) <o
S )
(5.6) Z( k(j:]r;)'g;;k 2k+1(57m *)I (=1)™g,
and
o i@ k(ﬁzfi) g B (T +2) =00

Finally, we obtain the following special series as a consequence of ([5.6))

and :

22k+1 gk 2k

- 3
D (-1 e Bak+1 (*) =7,
| 95k

2 2k +1)! 25 2
22k+1 9k 2k

k
> (-1 S Baa(2) = 6.
2 (2k+1)! 25k 2i41(2) =

6. Concluding comments

In this paper, we presented new closed forms for some types of finite Fi-
bonacci and Lucas sums involving different kinds of binomial coefficients and
depending on the modulo 5 nature of the upper summation limit. To prove
our results, we applied some trigonometric identities utilizing Waring formulas
and Chebyshev polynomials of the first and second kinds.

Using similar techniques, we can generalize our findings to more common
number sequences. Let us give, for example, a generalization of Theorems
and to the case of the gibonacci (generalized Fibonacci) sequence
defined by the recurrence G, = G,,_1+G,_2, n > 2, with Gg = a and G = b,
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where a and b are arbitrary |12, [I8]. Note that F;, corresponds to the case of
G, when a = 1 and b = 0, while L,, to the case when ¢ = 1 and b = 2. The
following identities modulo 5 hold for positive integer n and any integer ¢:

[n/2] k1
-1 n—k—1
nZ(li( k—1 )Gn_%H

Gn+t - (*1)”2Gt, ifn=0 (mod 5),
=< Gyt + (=1)"Gy4q, ifn=1lor4d (mod}b),
Gryt — (—1)"Gi—1, ifn=2o0r3 (mod?5),

2G4, ifn=0 (mod?5),
[n/2] (—1)"k fn — k
" Z n—k’( k )Gn2k+t =0 -G, ifn=1or4 (mod?),
w0 Gi—1, ifn=2o0r3 (mod?),
n ( ) k k Gt7 1f n=~0 (mod 5)’
_1 n— n+ '
nzm<n_k>G2k+t: Gi1/2, ifn=1or4 (mod}5),
= —Gi41/2, ifn=20r3 (mod5).
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