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m-CONVEX FUNCTIONS OF HIGHER ORDER

TEODORO LARA W, NELSON MERENTES, EDGAR ROSALES

Abstract. In this research we introduce the concept of m-convex function of
higher order by means of the so called m-divided difference; elementary prop-
erties of this type of functions are exhibited and some examples are provided.

1. Introduction

The concept of m-convex function, 0 < m < 1, was introduced in [2} [13]
and since then many properties, especially inequalities and algebraic proper-
ties have been obtained for them (|8]). This concept has evolved and nowadays
there are many generalizations of it, examples of both, analytic and numer-
ics, are also available, among these new stuff we ought to mention, strongly
m~convex functions, approximate m-convex functions and Jensen m-convex
functions; interested readers may consult for instance [7, [8,[9]. In this work we
introduce the concepts of m-difference operator and m-divided difference in a
similar manner to difference operator and divided difference respectively ([6]),
and from here the concept of m-convexity of higher order is set for functions
f:[0,b] — R. Our research is based and motivated basically by the works of
Popoviciu ([12]) and more recently in the works of [3] [6, 11] and references
therein.
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We need to set a couple of known definitions and remarks before go over
the matter of our investigation. Along this work and unless otherwise is said,
the real number m will be in [0, 1].

DEFINITION 1.1. Let D be any nonempty set of R. D is said to be m-convex
if, for all z and y in D and all ¢ in the interval [0, 1], the point tx + (1 — t)my
also belongs to D.

In the following, D always will be the interval [0,b] which, of course, is
M-CONVeX.

DEFINITION 1.2 (|I3]). A function f: [0,b] — R is called m-convez, if for
any x, y € [0,b] and ¢ € [0, 1] we have

ftz+m(l=t)y) <tf(x) +m(l —1)f(y).

REMARK 1.3. It is important to point out that the above definition is
equivalent to f(mtz + (1 —t)y) < mtf(z) + (1 —t)f(y), with 2,y and t as
before.

The incoming result is very similar to the one given in [I0, Proposi-
tion 1.1.1] (see also the references therein); the proof also goes in a similar
fashion.

PROPOSITION 1.4. Let f: [0,b] — R. The following statements are equiv-
alent:

(1) f is m-conver.
(2) f(msz+ty) <msf(x)+tf(y), z, y €[0,b];s,t € (0,1) and s+t = 1.
(3) If z,y,2 € [0,b], x < z < g,

(y —z)mf(x) + (z —mz) f(y) + (mz —y)f(z) = 0.

Following ideas given in [0] and [II] we set the following

DEFINITION 1.5. Consider the function r: N — NU {0} given by

r—2 ifz#1,
r(z) = .
0 ifx =1,
and, for a fixed k € N, let xg, k41, ..,Zktn—1 be n points in [0,b]. If m €

[0, 1], we say that these points are m-ordered if they verify

mr(j)xj < mr(jﬂ)xjH with j=k,....,k+n—2.
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The m-divided difference, [xg, Tk+1,- -, Tktn—1; f]m, of order n of a real val-
ued function f defined on [0, b] at the m-ordered points zj, Tgi1, .-\ Thtn—1,
is given by

(255 flm = m"®) f(2y),
and for n > 2

[Thtts s Thpn—15 flm = [Ths oo Thgn—2} flm
mr(k_‘—n_l)xkﬁ»nfl _ mr(k)xk '

[mkv ce 7xk+n—1;f]m =

The case m = 1 corresponds to the classical definition of divided difference
(L5, 6)).

It is clear that known properties of divided differences of functions hold
true for m-divided difference of functions defined here; in the incoming section
we list some of them.

2. Properties of m-divided differences

Here we show a couple of results involving the foregoing concept of m-
divided difference; basically a way of writing it, as a sum and also in terms of
some determinants.

THEOREM 2.1. For any n > 2, the following equality holds

n r (i) .
[ZL‘l,...,In;f]m:Z i f(xl)

S s (7O = mrWay)
PRrROOF. The proof runs by induction; for n = 2,

. _ [z2; flm — 715 flm N f(z2) — f(21)
[x17x27 f]m - mr(2)x2 — mr(l)xl - Ty — 11 ’

while

22 mr® f(x;) B f(@1)
=1 Hj:l,j;éi (mr(l)xi - mT(J)xj) Hj:Lj;él (mr(l)xl - TTI,T(J)J,‘]')
- f(z2)

Hj:l,j;éQ (m¢(2)l‘2 - mr(j)xj)
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f(x1) n f(x2)
r1 — X9 To — X1

_ faa) = S

T2 — X1

Thus, the result holds for n = 2.
Assume now that it is true for n. Then,

. _ [mzv'-'v"pn-i-l;f]m_[xl""’xn;f]m
[1'17 ey T4l f]m = mr(n+1)xn+l —mrWay
% mr@ f () < m™ @ f(x;)

S Dy —mrOay) o Tl (Vi = mOay)

an(n-‘rl)xnJrl —x

So,
(mr(n+1)mn+1 - $1> [5(71, A I f]m
Y e 0 1
n+l ] i n+1 ;
J +2 i (mT(Z)aji — mr(])g;j) Hj:2,j;£n+1 (mT(n+1)mn+1 _ mr(j)xj)
_ m™ 1) f (1) < mr ) f ()

[l (mrWey —mrOaz) - T (O —mr D)

- 1 1 r(2
Z{ wr —— , . m ()f(xi)
=2

i Oz = mr D) Ty s (m Oy —mrDay)

m" ) f(z, ) f(@1)

+ , :
152 g (MO D2y = mr@zg) - Ty o (21 = m70a)

Zn: r(n-‘rl)x il — 371) r(z)f(xl)

i—2 nﬂ,g;ﬁz (mr@Wz; —mrUa;)

(m" "D, — 2)m" ) f(2,40)

H;’L:Ql,j;én+l(mr(n+1)xn+1 —mr @Dz (mr Dz, — 31)

(1 —m™ Dz, 1) f(21)

[T e (@1 = mr D) (21 — mr Dz, )

+




m-convex functions of higher order 245

Therefore,
[1‘1, s T4l f]m
_ f(z1) g mT(i)f(ﬂUi)
e Tz T D o r(i) r(j)
Hj:l,j;ﬁl(xl —m'Dx;) 5 Hj:l,j;si(m z; —m" ;)
T m D f (@)
H?;rll,j;én+1(mT(n+1)xn+l — mr(j)xj)
5 m O ()
- n+1 . . .
= I (O = mrO)ay)
And the result takes place for all natural n > 2. O

Again, by following ideas from [6], for a function f: [0,b] — R and m-
ordered points z1,...,x, € [0,b], we set U(z1,...,m"™xz,; f) to be the de-
terminant

U(zxy,... ,mT(")xn; f)

1 1 x3 CE?f_z f(x1)
L x a3 wy? f(z2)
_ |1 mas m2x? m”_ng_Q mf(xs3) 7
1 m ™, m2g2 o= 2Ar(gn=2 () ()
and V(xq,... ,m’"(”)xn) the classical Vandermonde determinant
1 x x? e aht
1 T2 x5 e xhy !
Vixy,... ,mr(")mn) =1 mrs m?z3 T mn—1$§—1
1 m"™g, mgr(")x% e m(”’l)r(”)a}zfl
n
= H (m™ Dy —m" D).
i,j=1

>3
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Note that V(xy,...,m"™x,) > 0 because of the manner in picking up the
points. We have the following

THEOREM 2.2. Let f: [0,b] — R be an arbitrary function. Then, for any
me-ordered points x1,...,x, € [0,0] (n > 2) we have

Uzy,...,m ™z,; f)
V(zy,...,m Mg,

[xlu'”axn;f]m:

PROOF. It runs by induction on n; for n = 2, the result is clear since

Ctanaa )= | T ) s
L1, 2L25)) = = J\Z2)— J{T1
1 f(x2)
and
1 T
V(l’l,xg) = =T — 1.
1 T2
Suppose it holds for n. Then
e s flm = [, T flm
[$1,...7$n+17f]m = m’”(”+1)xn+1 —
_ 1 U(za,...,m" Dz, 05 f) B U(xy,...,m" Mz, f)
m g, — x| V(zg,...,m" Dy, 1) V(zy,...,mr(Mg,)

Now, developing the determinants U according to the last column, we get

U(za,... ,m’”(”H)an;f)
n+1 . . . .
:Z(—1)”+Z+1mr(’)f(xi)V(:c2, . ,mr(l_l)a:i_l,mr(”l)xiﬂ, . ,mr("+1)xn+1)
=2
and

U(zxy,... .m Mg, f)

= Z(_l)n+imr(i)f(xi)v(xlu s 7mr(i71)xi717 mr(i+1)mi+17 s 7m7"(n)xn)'
=1
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Moreover,
+ .
V(xy,... ,mr("ﬂ)xnﬂ) = V(zg,...,m" " g H ( Ty — xl)
= (mr(”ﬂ)xnﬂ — ml) V(xa,... ,m (g H < T(])x — iL‘l)
and
Vixy,... ,mr(""'l)mnﬂ) =V(xy,... ,mr(")xn) H ( T(”H)xn_ﬂ T(j)a:j>
j=1
= (mT("H)aan — xl) Vixy,... ,m”(")xn) H <m "+1)xn+1 m" )y )
Jj=2
Therefore,
1
[xla oy 41 f]m - mr("+1)xn+1 —
+1
S 0 Of @)V (g, Dm0 gm0 )
i=2
X
V(zy,...,m @D, )

(mr D2y g — 21) [Ty (mr Wz — 24)
Z(—l)”+i+1mr(i)f(xi)‘/(x1 m" Vg om g mm M)
i=1

+
V(zy,... ,mr(n+1)$n+1)
(mr(n+1)xn+1 _ ml) H;}ZQ(mr(n+1)xn+1 _ mr(j)xj)
1 n+1
_ -1 n+i+1,_r(7) ;
Vi(zy,...,mr D, ) [;( ) S )
x V(xg,...,m m" =y, 1, m’”(iﬂ)a:iﬂ, . ,mr("H) H :U — 1)
—‘rZ(—1)n+i+1mr(i)f($i)V($1, B 7mr i— 1) 1, mT(H_l)l' s mr(n)xn)
i=1

XH(

Jj=2

m" g — mr(j)xj)] )
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Actually, since for i = 2,...,n

r(i+1)

i—1 1 1 ‘
Vixy,... .m0 g m Tt 1y - ,m" (Tt )xn+1)(mr("+ ng1 — mr(z):ci)

r(n)

_ r(i—1 r(i+1
—V(wl,...,m( i, m™ g m Tn)

n
x [T " Dz = m D) (m W,y — 1),

Jj=2
and
i—1 i+1 1 ;
V(xy,... ,m Vg, om0t )xi+1, co,mr )xn+1)(mr(’)xi — 1)

_ r(i—1 r(i+1 r(n+1
=V(xg,...,m ( )xi—lam ( )$i+17---,m ( )xn+1)

n
x [[m™ Py —20)(m™ gy — 21),

j=2
we can write
1 ntl . .
[T1,. . Tngt; flm = Vier om0, ) {;(—1)"+z+1mr(z)f(xi)

a ‘ O
x V(zy,... om0 Vg, mT(ZH)miH, .. ,m”(”ﬂ)xnﬂ ( ! )

mr (g, Ly — 1y
n

+Z(—1)n+i+1mr(i)f($i)v($1a S amr(i_l)xi—lamr(i+1)xi+17 cee ,mr(nﬂ)ﬂinﬂ)
i=1

X

(mr g, — mr(%i)]

mT(”+1)xn+1 —x

1
C V(x,...,mr Dz, )

[(71)”+2f(x1)V(a:2, . ,mT(”“)an)

n

+Z(—1)”+i+1!mr(i)f(:ni)V(xl, om0y O g ,m’"(”ﬂ)xnﬂ)
i=2
+m" Y (g )V (2, .. ,mr(”)xn)}
n+1 ' '
z(*l)nﬂﬂmr(z)f(ivi)v(ﬁh e 7mr(zfl)xifl7mr(i+1)$i+1, e ’mr(n+1)xn+1)

=1

V(zy,...,m g, 1)
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Thus,
Uzy,...,m" ™ g, 0 f)
[1'1> ooy Tp+1s f]m = V(I‘l, .” ’mr(n+1)xn+1) .
Hence, the result is true for all n > 2. O

3. m-convexity of higher order

In the last section, we use the divided differences of functions to define
the concept of m-convex function of higher order and show some of their
properties.

DEFINITION 3.1. Let m € [0,1] and n € N be fixed numbers. A function
f:10,b] = R is called m-convex of order n if

(3.1) [Z15- s Tng1; flm >0
for all m-ordered points z1,...,z, 1 € [0,b)].

REMARK 3.2. Note that if n = 2 Theorem [2.1]implies that condition (3.1
is equivalent to

f(z1) f(z2) n mf(r3) >0,

(x1 — x2)(x1 — mag)  (x2 —x1)(xe —masz)  (mxs —x1)(mes — x2) —

or
mas T2 To — T
f(z2) < f(x1) +m f(x3).
mr3 — T mr3 — T
By putting ¢t = % it follows that
To— T
1—t=—"2""1 and xo =txy +m(l —t)xs;
mrs — I

thus,
f(twy +m(l —t)wz) <tf(zy) +m(1 —t)f(x3),

implying that f is an m-convex function. In other words, the m-convexity of
order 2, is precisely the usual m-convexity.
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REMARK 3.3. If n = 2, Theorem [2.2] implies

Lm f(z1)

L @ f(z2)

[x1, 22, 235 flm = Uz, w2, mas; f) _ 1 maz mf(rs)
V(z1, z2, ma3) 1 2 22
1z x5

2,.2
1 mzs moz3

That is, the m-convexity of f is determined for the nonnegativity of the above
quotient. This fact is known from [I, Theorem 1]. Even more, Theorem [2.2
generalizes the above-cited result to m-convexity of higher order.

REMARK 3.4. Constant functions are 1-convex of any order n.
In the case of m-convexity it is known ([I 9]) that if a function f is m-
convex then it is also n-convex for any 0 < n < m. For a similar result in

higher order it is necessary to consider some additional hypothesis.

PROPOSITION 3.5. Let my,mg € (0,1] with my < mg, and f: [0,0] — R
be a function such that

(3.2) f(x) = Mf(x) for all X € ]0,1].
If f is ma-convex of order n, then f is my-convex of order n as well.

PROOF. Let x1,...,2,+1 be mi-ordered points in [0, b]. By Theorem

U(xh s ,mI(”+1)xn+1; f)
[.’El,...,fl?nJrl;f]ml = r(n+1) .
V(zg,...,my Tpnt1)
But
+1
U(x'l?"'?m;(n )$n+1;f)
1 1 x? :v?_l f(z1)
1 9 x3 a;;H f(x2)
— 1 mix3 m%x% m?_lxg_l my f(x3)
+1 2r(n+1 “Dr(n41) n_1 +1
- N ) P S M { COR)
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1 n v o yr f(y)
1 Y2 v3 T f(y2)
—|1 mays m3y3 my~yy maf(ys) |
+1 2r(n+1 —Dr(n+1) n— +1
Loy Wy my g2 m T e Y )
where y; = (m1/ms2)"Wz;, 5 =1,...,n+ 1; and the last column is obtained
by using the additional hypothesis on f. ' '

Now, since 1, ...,Zy+1 are mi-ordered, m;(J)mj < m;(JH):ij with j =
1,...,n, which in turn implies m;(j)yj < mg(]Jrl)yjH, also points y1, ..., Yn+1 €
[0, b] are mo-ordered, U(x, ... ,m;(nﬂ)mnH; ) =U(y,... ,mg(n+1)yn+1; f)
and V(zy,...,m " Va) = Vg, ...,my" Py, 1), Therefore,

[xh sy T4, f]m1 = [yl; ceey Ynt1s f]WL2 Z 07

and the last inequality is a consequence of the mo-convexity of order n of f. [

REMARK 3.6. The condition can not be omitted in Proposition
Note that, according to Remark the function f:[0,8] — R given by
f(x) = —1 is 1-convex of order 3. Nonetheless, f is not %—COHVQX of order 3;
indeed, if we consider the %—ordered points of the interval [0,8] as z; = 0,
xro=1,23 =3,24 =7, then

U(0,1,2,1

1 —7;:——<0.
P V(01,31

0,1,3,7: f] J)e) 281

PROPOSITION 3.7. If f,g: [0,b] — R are m-convex functions of order n,
then f+ g and af, a0 > 0 are m-convex functions of order n as well.
PROOF. Let x1,...,2,4+1 be m-ordered points in [0, b], by Theorem

U(xla cee 7mr(n+1)xn+1; f + g)

[xla---axn—&-l;f"i_g}m =

V(zy,...,mr+tg, 1)
Uy, ..,m™ ™ gy f) 0 Uz, ., m™ " a5 g)
V(e mrH g, 1) V(z,...,m g, )
= [xla vy Tp41; !ﬂm + [331, ce axn—i-l;g]m

> 0.
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Also,
o miafl, = UG )
Ly-verTnit; m = V(x1,-~-7mr(n+l)x"+1)
_ aU(zy, ... ,m g f)
V(z1,...,m g, )
— ()([LL']_, ey Tpt1; f]m
> 0. -

In [9] it was proved that if f and g are both nonnegative, increasing and
m-convex functions (m-convex of order 2), then the product function, fg, is
m-~convex as well. Nevertheless, in case of higher order, this is not necessarily
true.

EXAMPLE 1. The function f: [0,b] — R, b > 3, given by f(z) = az,a >0
is clearly m-convex of any order n (and any m € [0, 1]), since

U@y, ...,m™ " a5 f)
cee s Tl = =0
[z1, . Tng1; flm V(ml,...,mr(n+l)$n+1)

actually, f is %—convex of order 3. However, the function ¢ = f2 is not %—

convex of order 3. Indeed, if we consider the four %—ordered points ©; =

0,70 = %,$3 = L x4 =31n [0,b],

10°
17 U0, 5 95319 —ga59>
07 o 1n? 37g:| - ( 31 207 439) = 96700 = —39@2 < 0
3710 1 V(03,55 7) 28800

THEOREM 3.8. Let f: (0,+00) — R be an m-convez function of order n.
If f is bounded in a neighborhood of one point p € (0,+00), and the above-
mentioned neighborhood contains some m-ordered collection x1,...,Tn41 of
points of (0,+00), then f is locally bounded.

ProOOF. Consider A C D C (0,+00), where A is an m-ordered collection
of points z1,...,2y41, and D is a neighborhood of p with radius r, such
that |f(u)| < M for all u € D, with M € RT. We must prove that for any
z € (0,400) there exists a neighborhood K on which f is bounded. If z € D,
we pick K as the neighborhood centered at z and radius r — |p — z|, in this
case K C D and f is bounded on K.

If 2 ¢ D, we can choose y € (0,+00) with z = Ap + (1 — )y for some
A € (0,1), hence K = AD + (1 — \)y is a neighborhood of z with radius Ar.
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Now, let v € K. It is clear that if v € D, then |f(v)| < M; so, we can assume
v € K\D. Hence, two possibilities may occur:

(1) y < v < w for all w € A, this happens if z < x for all x € D;

(2) y > v > w for all w € A, which occurs only if z > z for all z € D.

If (1) happens, we consider the points y, v, xs, ..., Z,+1 and because v < o,
these points become m-ordered. Consequently, by the m-convexity of order n

of f and Theorem [2.2]

Uly,v,mxs,...,m" ™Dz, 1 f) -0

V(y, v, mxsy, ... 7m7‘(n+1)xn+1) T

Even more, V(y,v, mxs,...,m" ™Dz, 1) > 0 therefore,
U(yv v, mxs, ... ’mr(n+l)$n+l; f) > 0.

By developing this determinant U according to the last column,

(—=1)"*2V (v, mas, . .. ,mr("ﬂ)xnﬂ)f(y)

+ (_1)n+3V(y7 mxs, ... 7mT(n+l)xn+1)f(v)
n+1
+ Z(_l)n+i+1v(y7 v, mxs, ... amr(i_l)xi—h mr(i+1)xi+17 s 7m7“(n+1)wn+1)
=3
x m"@ f(x;) > 0.

Hence, if n is even,

V (v, oo ,mrnt Dy
(3.3) f(v) < (v, mas,...,m : Tny1)
V(y,maxs,...,m "t Dy, 1)
n+1 . .
+ i(_l)ﬂ»l V(y,v,mxs, ... ’mT(z 1)951._1’mr(erl)gCiJr17 o 7mr(n+1)xn+1)
=3 V(y’ mxs,... )mr(n+1)$n+1)

x m"® f(z;).

The Vandermonde determinants involved in are bounded, since all the
differences between each pair of points corresponding may be estimated by
the radii of D and K, and the distances between y and these neighborhoods.
Moreover, since x; € D for all i € {3,...,n+ 1}, | f(x;)] < M.

If n is odd, we obtain the opposite inequality in ; and thus, f is
bounded from below on K.
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For the boundedness of f on K in the opposite direction (from below
if n is even, and from above if n is odd), we may choose the m-ordered
points v, 2, T3, ..., Tn+1, and by reasoning in a similar manner to the above
arguments, U(v,azg,maf,‘g,...,mr(”+1)$n+1;f) > 0. Whereupon, the desired
boundedness is shown.

For the case (2), if necessary, we can decrease K so that v < my, in this
case m" My < m”(”H)y and because x, < v, points x1,...,Z,_1,v,y become
m~ordered, as well as x1,...,x,,v. Now from the m-convexity of order n of
f, and arguing as before, we obtain

U(xy,... ,m D m My (D f)>0
and
U(zy,... ,mT(”)xn, m”(”“)v; f)>0.
The rest of the proof goes in a similar way to the previous case. (|
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References

[1] S.S. Dragomir, On some new inequalities of Hermite-Hadamard type for m-convex
functions, Tamkang J. Math. 33 (2002), no. 1, 45-55.

[2] S.S. Dragomir and G. Toader, Some inequalities for m-convex functions, Studia Univ.
Babeg-Bolyai Math. 38 (1993), no. 1, 21-28.

[3] R. Ger, Convex functions of higher orders in Euclidean spaces, Ann. Polon. Math. 25
(1972), 293-302.

[4] A. Gilanyi and Z. Pales, On convez functions of higher order, Math. Inequal. Appl. 11
(2008), no. 2, 271-282.

[5] V. Jankovi¢, Divided differences, Teach. Math. 3 (2000), no. 2, 115-119.

[6] M. Kuczma, An Introduction to the Theory of Functional Equations and Inequalities.
Cauchy’s Equation and Jensen’s Inequality, Second edition, Edited by A. Gilanyi,
Birkh&user Verlag, Basel, 2009.

[7] T. Lara, N. Merentes, R. Quintero and E. Rosales, On strongly m-convex functions,
Math. AEterna 5 (2015), no. 3, 521-535.

[8] T. Lara, R. Quintero, E. Rosales and J.L. Sanchez, On a generalization of the class of
Jensen convez functions, Aequationes Math. 90 (2016), no. 3, 569-580.

[9] T. Lara, E. Rosales and J.L. Sanchez, New properties of m-convezr functions, Int.
J. Math. Anal., Ruse 9 (2015), no. 15, 735-742.

[10] N. Merentes and S. Rivas, The Develop of the Concept of Convexr Function, XXVI
Escuela Venezolana de Matematicas, Mérida, Venezuela, 2013 (in Spanish).



m-convex functions of higher order 255

[11] K. Nikodem, T. Rajba and S. Wasowicz, On the classes of higher-order Jensen-
convez functions and Wright-convez functions, J. Math. Anal. Appl. 396 (2012), no. 1,
261-269.

[12] T. Popoviciu, Sur quelques propriétés des fonctions d’une ou de deuzx variables réelles,
Mathematica (Cluj) 8 (1934), 1-85.

[13] G. Toader, Some generalizations of the convexity, in: I. Marusciac et al. (eds.), Pro-
ceedings of the Colloquium on Approximation and Optimization, Univ. Cluj-Napoca,
Cluj-Napoca, 1985, pp. 329-338.

TEODORO LARA NELsON MERENTES

EpGArR RoOSALES ESCUELA DE MATEMATICAS
DEPARTAMENTO DE Fisica Y MATEMATICAS UNIVERSIDAD CENTRAL DE VENEZUELA
UNIVERSIDAD DE LOS ANDES CARACAS

TRrRuJILLO VENEZUELA

VENEZUELA e-mail: nmerucv@gmail.com

e-mail: tlara@ula.ve
e-mail: edgarr@Qula.ve



	1. Introduction
	2. Properties of m-divided differences
	3. m-convexity of higher order
	Acknowledgments.
	References

