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CHARACTERIZATIONS OF ROTUNDITY AND
SMOOTHNESS BY APPROXIMATE ORTHOGONALITIES

ToMASsZ STYPULA, PAWEL. WOJCIK

Abstract. In this paper we consider the approximate orthogonalities in real
normed spaces. Using the notion of approximate orthogonalities in real normed
spaces, we provide some new characterizations of rotundity and smoothness of
dual spaces.

1. Introduction

Let (X,]|| - ||) be a real normed space. A well-known theorem states
that if X* is rotund, then X is smooth. The aim of this paper is to extend this
theorem and to bring some results concerning the approximate orthogonalities.

We define two mappings p/,,p : X x X = R:

t 2 _ 2 t _
o Bt el =Ll _ ety = el

/ o
P+ ($7y) Rt 2t t—0+ t

This mappings are called norm derivatives. Convexity of the norm yields that
the above definitions are meaningful. Now, we recall their useful properties
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(the proofs can be found in [I] and [4]):

(ndl) Voyex Voer © Pi(w,ax+y) = allz)® + pl(z,y);
(nd2) Viyex Yazo:  prlaz,y) = apl(z,y) = pl(z,ay);
(nd2’) Viyex Ya<o: prlam,y) = apt(z,y) = pl(z,ay);
(nd3) Vayex : 10k (z )| < llz-lyll;

(nd4) Veex : plhle,z) = ||z|

Moreover, mappings p/, , p__ are continuous with respect to the second variable,
but not necessarily with respect to the first one.
Due to G. Lumer [7] and J.R. Giles [6] in every real normed space (X, ||-||),

there exists a mapping [-|-] : X x X — R satisfying the following properties:
(sip1) Vayeex Vo geR oz + Bylz] = alz]z] + Blylz];

(sip2) Veyex VoeR :  [#lay] = afzlyl;

(sip3) Vaogex o |lzlyl| < ll=l-llyl;

(sip4) Voex : [zla] = ||z,

Such a mapping is called a semi-inner product (s.i.p.) in X (generating the
norm || -||). There may exist infinitely many different semi-inner products in
X. There is a unique one if and only if X is smooth (i.e., there is a unique
supporting hyperplane at each point of the unit sphere Sx). If X is an inner
product space, the only s.i.p. on X is the inner product itself.

If [-]] is a given semi inner product in X, then

(1.1) p_(x,y) < lylo] < pl(zy),  wy€X.

It is known that X is smooth if and only if p/, (z,y) = p_(z,y) = [y|=] for all
z,y € X.

Let X* denote the set of all linear and continuous functions from X into
the field R. Suppose that z is a point on the unit sphere Sx and fix the semi-
inner product [-|-]. Then the mapping ¢, (-) := [-|x] is a supporting functional
at the point z. Conversely, every supporting functional at the point x € Sx
can be written in this form (cf. [4]).

Applying (1.1) we obtain

(1.2)  pl(x,) < pul-) < pl(x,-) for all supporting functional ¢, at z.
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There are also connections between norm derivatives and the semi-inner
products. Namely, the following result holds (cf. [4]).

THEOREM 1.1. Let (X, || -||) be a real normed space and S, the set of all
s.i.p. on X which generate the norm || - ||. Then

Pl (2, y) = sup{pz(y) : @ is a supporting functional}

-on{(i] e}

p_(x,y) = inf {p.(y) : vz is a supporting functional}

—int { o] ] e s

for all vectors x, y in X.
Assume that m € Sx. Let us consider the set
Fm :={p € X*: ¢ is a supporting functional at the point m} .

Using ((1.2)), we have
(13) Ve ueer,, Yyex [ (y) —w(y)] < plp(m,y) — pl(m,y).

In a normed space with a given semi inner product [-|-] a semi-orthogonality
and an approzimate semi-orthogonality (e-semi-orthogonality, with ¢ € [0,1))
of vectors x and y is naturally defined by:

rly e [yla] =0; ey o | yle]| < elle]l-lyll

The notions of a p4.,p_ -orthogonality and an approzimate py,p_-orthogonality
(with € € [0,1)) were defined in |2, [3] as follows:

Loy 1o pi(r,y) =0, els y e |pl(z )] <ellz-llyl,

zl, y & p(z,y)=0, 1y e |pl(x,y)| < ezl [yl

P
If (X,(-|-)) is a real inner product space, then (y|z) = [y|z] = p/.(z,y) for
arbitrary z,y € X. Hence we have L = 1, =1, =1, and I = I =
1= =1
P+ p—"
We may consider the condition V, yex 15y = x15y and to shorten the

notation we write 15, C 15 (for 15,15 € {15, , 15 ,1}).

P
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THEOREM 1.2. Let X be a real normed space and let € € [0,1). Then the
following conditions are equivalent

(a) pr+ c 5 (b) fp+ DILA (c _Le =15 () plp = p_
(d) L5, L5 (o) L, D15 (f) J_E =15 (k) X is smooth.
(g) 15, c L& (h) 15, DL (i) J_E _

The proof of this result was given in 2] in the case of ¢ = 0. In [3, Theorem
3.3] Chmieliniski and the second author proved that (a),(b),(c) and (j),(k) are
mutually equivalent. The lacking links (d)<(e)< ... < (i)< (k) were given in
[8, Theorem 1]. By Theorem the condition L, C L, (or 15, C 15 )
yields the smoothness of the norm. The natural question is: What about real
normed linear spaces which satisfy 1, C 15 or L, C J_EM? We explore
such questions in the next section. Namely, we will prove that the length of
the segments on the unit sphere Sy« affects the property 1, C 15 in X.

2. Main results

Assume that X is a real normed space such that dim X > 2. The
following conditions are equivalent:

i) L,, c L5, (i) L, 15
Indeed, suppose that 1, C 15, holds and let x 1, y. Applying (nd2’) we
get —v 1, y. Hence —z 15, y. Applying again (nd2’) we get z 15, y. The proof
of the reverse is the same.

Let Sx, Sx+ denote unit spheres in X, X*, respectively. We introduce a
geometric constant £7(X),

£°(X) := inf {e €0,1]: 1, C15 }
Using we may rewrite the above as
EP(X) =nf {e €[0,1]: Vo yesy (P4 (z,y) =0 = [p_(z,y) <e)}.
Hence

EP(X) =sup {|p"(z,y)| : x,y € Sx, ¢ (x,y) =0}
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and also
e(X)=mt{€(0,1]: 1, <1}
=sup {|p/ (z,y)| 1 2,y € Sx, p__(z,y) =0} .
A normed space (X, || - ||) is rotund or strictly convez if

Vapesyx convia,b}CSx = a=b.
We consider a second constant R(X) defined as follows
R(X) :=sup{|la — b : conv{a,b} CSx}.

We have, of course, 0 < £°(X) <1 and 0 < R(X) < 2. In particular spaces
the upper bounds of £7(X) and R(X) are attained (see Example|2.5]). On the
o

other hand, these constants can be arbitrary small (see Example . Observe
that,

X is smooth & £°(X) = 0; X is rotund & R(X) = 0.

The first statement follows from Theorem and the second is obvious.
It is known (cf. [5]) that for any normed space X, if X* is rotund, then X
is smooth, which can be written as

(2.1) R(X*")=0 = &°(X)=0
which is a motivation for our results.

LEMMA 2.1. Let ., 1, be supporting functionals at a point x € Sx. Then
conv{s, Yo} C Fa.

PROOF. Fix A € [0, 1]. It is easy to verify that || Ap, + (1 — )| < 1. On
the other hand we have A\p, () + (1 —=A), () = 1, thus [ A, + (1 =M, || =1
and hence \p, + (1 — N\, € F,. O

LEMMA 2.2. Assume that X is reflexive. Let a*,b* € Sx«. Suppose that
conv{a*,b*} C Sx-. Then, there is m € Sx such that conv{a*,b*} C F,,.
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PROOF. By the assumptions, [a*|| = |[b*|] = 1 and [|3a* + $b*|| = 1.
Since X is reflexive, the functional %a* + %b* attains its norm. Therefore,
1a*(m) 4+ $b*(m) = 1 for some m € Sx. Suppose that a*(m) < 1. This

implies that b*(m) > 1 which is a contradiction to ||b*|] = 1. Therefore,
a*(m) = b*(m) = 1, and consequently a*,b* € F,,. Applying Lemma we
get conv{a*,b*} C F,p. O

Now, we are ready to present a generalization of the statement (2.1). The
main results of this section are given in the two following theorems.

THEOREM 2.3. For an arbitrary real normed space X we have
(2.2) EP(X) < R(X™).
Proor. We have to show that
EP(X) <sup{|lu” — w*| : conv{u™, w*} C Sx+}.
Assume, contrary to our claim, that
(2.3)  u"—w*|| <e, < EP(X) for all segments conv{u*,w*} C Sx~.

Suppose that z € Sx. Let ¢, and 1, be two supporting functionals at the

point z. Using Lemma [2.1] we get conv{ep,, ¥, } C Sx=«. It follows from (2.3)
that

(2:4) Yyesx  |px(y) = ha(y)] < eo.

Now, fix y € Sx. Passing to the supremum over ¢, € F, and passing
to the infimum over ¢, € F, (see and Theorem , we can obtain
o' (z,y) — p_(z,y)| < e, (for all z,y € Sx). Now, for arbitrary z,y € X,
putting i, 4y in place of @, y in the above inequality and applying (nd2),
we get

(2.5) Vogex |p4(@,y) = pL(z,9)] < eollz]|-lyll-

It follows from 1) that 1,, C L% . Thus we have £(X) < ¢,, a contradic-
tion to £, < £(X). The proof is complete. O

The inequality (2.2]) can be sharp, we will see it in Example
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THEOREM 2.4. Let X be a reflexive Banach space. Then
R(X™) <28°(X).
PROOF. Define By := {¢ € [0,1] : 1, C I } and fix ¢ € Ey. Fix

z,y € X \ {0}. Notice that, due to (ndl), we have L, (—pllﬁiﬂﬁ;y)ery).

Therefore x 15, (— H(ﬁzy)x + y) and hence

oo e )| <t | Ee |

1P (z,y)]
< elle]l (ann Tyl

=elp (2, )| + ellz]|- |yl

<ellzll-llyll + ell=ll-lyll = 2ell[l- lyll,

by (nd3)). Thus we obtain

(2.6) Vawex |0 (z,y) — p(z,y)| < 2¢|z]|-|yl|.

Now, we show that ||a* — b*|| < 2¢ for all segments conv{a*,b*} C Sx-.
Fix a segment conv{a*,b*} C Sx-. Applying Lemma there is a vector
m € Sx such that a*,b* € F,,. Thus, we get

Vyesy la*(y) = b"(y)| < | (m,y) — pl_(m,y)| < 2,

where the first inequality follows from (1.3]) and the second from (2.6)). Passing
to the supremum over y € Sx we get ||a* — b*|| < 2e. Finally, passing to
infimum over € € E; we get |la* — b*|| < 2£°(X) and the result follows. [

From Theorem [2.4) we get a sufficient condition for X to be a nonreflexive
Banach space. Namely, if R(X™*) > 2£°(X), then X is not reflexive. In the

next example we show that the estimate in Theorem is sharp.

ExAMPLE 2.5. Consider the space V := 3% = (R?, || - ||oo) With the norm
|(z1, 22)|| 0o := max{|z1|, |x2|}. Let (1,1),(—1,0) € V. It is easy to check that

(1,1)L,,(-1,0) and p'((1,1),(~1,0)) = —

In particular, this shows that L,, ¢ 15, for all € € [0,1). Therefore (V) =
1. On the other hand, we have V* = (I3°)* = I3 where I} = (R?, || - ||1) with
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the norm ||(z1,22)||1 := |z1| + |z2|. For the vectors (1,0), (0,1) € V* we have
conv{(1,0),(0,1)} C Sy- and [|(1,0)— (0, 1)|| = 2, thus R(V*) = 2. Therefore
R(V*) =2E7(V).

The reflexivity is necessary to obtain the inequality R(X*) < 2£°(X).
Indeed, there exists a smooth nonreflexive Banach space Y such that the
space Y* is not rotund (see [0]). Thus R(Y*) > 0 and £°(Y) = 0. Hence
R(Y™) >2E°(Y).

Finally, the rotundity of X* can be characterized as follows. Combining
Theorems [2.3] and [2.4] we obtain the following corollary.

COROLLARY 2.6. For an arbitrary reflevive Banach space X we have
(2.7) EP(X) < R(X™) <28°(X).

Hence,
(i) if X is reflexive, X* is rotund if and only if X is smooth;
(ii) if X is reflexive, X* is smooth if and only if X is rotund.

PrOOF. It follows from (2.7)) that (i) holds. Using (2.7)) for X* we have
EP(X™) <R(X) < 2E°(X*) and we can easily obtain (ii). O

EXAMPLE 2.7. Fix ¢ € (0,1) and consider the space Y := R? with the
norm defined by its unit ball

2
KZ:{<LU1,LU2)€R21 i4ai<1 A |x1\§\/1—<§> }

It is easy to check that R(Y') = e. Since dim Y < oo, then there exists a space
X such that X* =Y. Thus we have R(X*) = e. According to Corollary
we have § < £7(X) <e.
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