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Abstract. In this paper, we investigate the general solution and Hyers—Ulam—
Rassias stability of a new mixed type of additive and quintic functional equa-
tion of the form

fBz+y) —5f2x+y) + f(2r —y) + 10f(z +y) — 5f(z —y)
=10f(y) + 4f(2z) — 8f(x)

in the set of real numbers.

1. Introduction

In 1940, Ulam [I7] raised the following question. Under what conditions
does there exist an additive mapping near an approximately addition map-
ping? The case of approximately additive functions was solved by Hyers [7]
under the assumption that for ¢ > 0 and f: E; — F> with

If(@+y) = flz) = fly)ll <e
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for all x,y € Fj, then there exist a unique additive mapping T: E; — Es
such that || f(z) — T'(z)|| < e for all x € E;, where E; is a normed space and
FEs is a Banach space.

In 1978, a generalized version of the theorem of Hyers for approximately
linear mapping was given by Th.M. Rassias [15]. He proved that for a mapping
f: E1 — E5 for which f(tx) is continuous in ¢ € R and for each fixed x € F,
there exist constant € > 0 and p € [0, 1) with

(L.1) 1f(z+y) = f(=) = @I < e(ll]” + lyl”)

for all z,y € E1, then there exist a unique linear mapping T': E; — FEs such
that

2e

1) - Tl < 5

[Eds

for all x € E;. A number of mathematicians were attracted by the result of
Th.M. Rassias (see also [1], [3], [6], [11], [8], [9], [I0] and [16]). The stability
concept that was introduced and investigated by Rassias is called the Hyers—
Ulam—Rassias stability.

In 1982-1989, J.M. Rassias [13| [14] replaced the sum appeared in right
hand side of the equation by the product of powers of norms.

In [18], Xu et al. obtained the general solution and investigated the Ulam
stability problem for the following quintic functional equation

flx+3y) = 5f(x+2y) +10f(x +y) —10f(z) +5f(x —y) — f(z —2y)
=120f(y)

in quasi-S-normed spaces via fixed point method. This method which is dif-
ferent from the “direct method”, initiated by Hyers in [7], had been applied
by Cadariu and Radu for the first time. In other words, they employed this
fixed point method to the investigation of the Cauchy functional equation [5]
and for the quadratic functional equation [4].

In [12], Park et al. introduced the following new form of quintic functional
equations

(12) fBz+y)=5fQ2z+y)+ f(2x —y) +10f(z +y) = 5f(z —y)
=10f(y) + f(3z) = 3f (2z) — 27f ().
They applied the fixed point method to establish the Hyers—Ulam stability

of the orthogonally quintic functional equation (1.2)) in Banach spaces and in
non-Archimedean Banach spaces (see also [2]).
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In this paper, we prove the general solution and Hyers—Ulam—Rassias sta-
bility of the new mixed additive and quintic functional equation of the form

(1.3) fBx+y)—5f2x+y)+ f(2x —y) +10f(z +y) - 5f(z —y)
=10f(y) +4f(2z) — 8f(x)

in real numbers. It is easily verified that the function f(z) = ax® + Sz is a
solution of the functional equation (|1.3)).

2. Main Results

Throughout this paper, we denote the set of real number by R. Before
proceeding the proof of main results in this section, we shall need the following
lemma.

LEMMA 2.1. The only nonzero solution f: R — R such that f(x) = g(z)+
h(z) admitting a finite limit of the quotient % and % at zero, of the

equation (1.3)) is of the form g(x) = ax and h(z) = ba® for all x € R.

PROOF. Putting y = 0 in ([1.3)), we have

(2.1) fBz) —8f(2z) + 13f(z) =0
for all x € R. Replacing (z,y) by (z,z) in and using (2.1, we get
(2.2) f(4z) — 34f(2z) + 64f(z) =0

for all z € R. Setting g(z) = f(2z) — 32f(z) in (2.2), we obtain

(2.3) 9(2z) = 2g(x)
for all z € R. The relation (2.3]) implies that
x

T n—oo =

2n

for some a € R. Note that a cannot be zero, otherwise, we will have g = 0.

Now, setting h(z) = f(2z) — 2f(x) in (2.2)), we get

(2.4) h(2z) = 32h(x)
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for all x € R. It follows from (2.4) that

5

M = lim " (%>
x5 n—o0

=b

Z_
2n

for some b € R, as claimed. Clearly, b cannot vanishes. This completes the
proof. ([

From now on, we use the abbreviation for the given mapping f: R — R
as follows:

D,f(z,y) = fBz +y) —5f(2z +vy) + f2z —y) + 10f (z + )
—5f(x —y) —10f(y) —4f(2z) + 8f(z).

THEOREM 2.2. Let ¢: R x R — [0,00) be a mapping such that
(2.5) i igz5(23.1: 27y) < o0
=0 2

for all z,y € R in which x € {x,0} and y € {x,—x}. Suppose that a mapping
f: R — R with f(0) =0 satisfies the inequality

(2.6) Dy f(z,y)| < ¢(x,y)

for all x,y € R. Then the limit

(2.7) A(x) = lim i{f(2"+1x) —32f(2"2)}

n—oo 2N

exists for all x € R and the mapping A: R — R is a unique additive mapping
satisfying

(2.8) F(22) — 32f(2) — A(x)] < ZW“)

for all x € R where

(29) Y(w) = 6(z,2) + (0, ) + 59(x, ).
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PrOOF. Replacing (z,y) by (0,z) in (2.6), we get

(210) 7(@) + f(-2)] < 16(0,2)

for all = € R. Letting z = y in (2-6), we have

(2.11) |[f(4x) = 5f(3z) + 6 (22) — f(2)] < o(x, x)

for all z € R. Substituting (z,y) by (z, —z) in (2.6), we obtain
(2.12) | = 8/(2x) + f(3x) + 3f(2) = 10f(=x)| < ¢(x, —x)
for all € R. It follows from (2.10)—(2.12) that

(213)  |f(4z) — 34F(22) + 64f (x)| < %s(o, 2) + ¢z, x) + 56(x, 1)

for all x € R. Let g: R — R be a mapping defined by g(z) := f(2x) — 32f(x)
and let

25

7¢(07 J,‘) + (b(x? .1’) + 5([5(33‘, _37)

(2.14) b(@) = -

for all x € R. In other words, (2.13) means

(2.15) l9(22) — 29(2)| < ¥(x)
for all x € R. By (12.5)), we see that
(2.16 |
16) 2% 5 (2
=

for all x € R. Interchanging = into 2"z in (2.15) and dividing both sides of

(£-15) by 271, we get

1 1
+1

1 n
< G ¥(2"a)
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for all z € R and all non-negative integers n. We have

n

1 1 1
n+1 m 1+1
2n+1g( T) — mg(2 r)| < E 2j+19(2] T) — jg(%ﬂ)
Jj=m
11
_ _ J
(2.18) <3 § 5 ¥(2'x)
Jj=m

for all x € R and all non-negative integers n and m with n > m. Therefore
we conclude from (2.16)) and (2.18) that the sequence { 2%5}(2"3;)} is a Cauchy

sequence in R for all x € R. Thus, the sequence {2% g(2"x)} is convergent to
the mapping A: R — R. Indeed,

(2.19) A(z) := lim —9(2” )

7’Z*>OO

for all x € R. Letting m = 0 and allowing n — oo in (2.18)), we get
<33

2
j=0

for all z € R. Using ([2.14) in (2.20), we arrive at the result (2.8]). It follows

from ([2.5)), (2.6) and (2.7) that

1 1
: n n < 3 n n
(2.21) |DgA(z,y)] —nhm —2n|DqA(2 x,2"y)| nhm —2n¢(2 x,2"y)

(2.20) lg(x) —

M\H

for all 2,y € R. Therefore the mapping A satisfies (1.3). By Lemma we see
that the mapping A is additive. To prove the uniqueness of A, let T: R — R
be another additive mapping satisfying (2.8). We have

[ee]

A 27 Z 2 ¢ (2", 2" y) = Jim. 'Z+1 5 ® (22,27y) =0
j=n

for all z,y € R for which z € {z,0} and y € {z,—=x}. It follows the above
relation and ([2.8)) that
)~ T(@)] = lim o lg(2") — 7(2"2)]

1 1
< — lim —¢((2"z) =0

2P n—oo 2N

for all z € R. So A =T. Hence the theorem is proved. O
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The upcoming result is a different form of Theorem 2.2

THEOREM 2.3. Let ¢: R x R — [0,00) be a mapping such that

oo

(2.22) > 20 (G5 ) <o

7=0

for all z,y € R in which x € {z,0} and y € {x,—x}. Suppose that a mapping
f: R — R with f(0) =0 satisfies the inequality

(2.23) Dy f (2, 9)| < ¢(z,y)

for all x,y € R. Then the limit

(2.24) A(z) = lim 2" {f (%) —32/ (2%)}

exists for all x € R and the mapping A: R — R is a unique additive mapping
satisfying

(2.25) |f(22) — 32 (x) — A(z)| < Z2n ¥ (571

for all x € R where ¢¥(x) is defined in (2.9)).
PROOF. Similar to the proof of Theorem we have
(2:26) |9(22) — 29(x)| < ¢ (x)

for all z € R, in which ¢g: R — R is a mapping defined by g(x) := f(2z) —
32f(z) and ¢(x) is defined in (2.9)). It follows ([2.22) that

[e @]

(2.27) Y 2y (2J+1) < 00

7=0

for all z € R. Replacing by 5% in (2.26) and multiply both sides of ([2.26)

by 2™, we get
n+1 € __on i n €
2 g(2n+1) 2 g(2n>‘§2 w<2n+1>

(2.28)
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for all z € R and all non-negative integers n. We have

it () -2 ()] < 5 (55) -2 )
(2.29) < i 2y (;H)

for all x € R and all non-negative integers n and m with n > m. It follows from
(2.27) and (2.29) that for each z € R the sequence {2"g (3%)} is a Cauchy.
Hence, the mentioned sequence converges for all z € R. So one can define the
mapping A: R — R by

(2.30) Azx) = nlgr;o 2%g (2%)

for all x € X. Putting m = 0 and tending n to infinity in (2.29), we obtain

9la) — A@)] < 320 (527)
=0

for all z € R. Therefore, the inequality (2.25) hold. The rest of the proof is
same as the proof of Theorem [2:2] O

The following corollaries are the direct consequences of Theorems and

concerning the stability of (1.3]).

COROLLARY 2.4. Let A be a nonnegative real number with A # 1 and let
f: R —= R be a function satisfies the functional equation

Dy f(z,y)] < e(jz]* + |y

for some € > 0 and for all z,y € R. If g: R — R is a mapping defined by
g(x) == f(2x)—32f(x), then there exists a unique additive function A: R — R
such that

49w|217| 5 A< 1,
(2.31) lg(z) — A(z)] < \
1955550, A> 1,

for all x € R.
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ProoF. In Theorem [2.2)and Theorem take ¢(z,y) = e(|z|* +|y|*) for
all z,y € R. By equation (2.8) and (2.25]), we obtain the desired result. [

COROLLARY 2.5. Letr and s be nonnegative real numbers with A\ := r+s #
1 and let f: R — R be a function satisfies the functional equation

Dy f(x,y)| < ezl |yl°

for some € > 0 and for all x,y € R. If g: R — R is a mapping defined by
g(x) == f(2x)—32f(x), then there exists a unique additive function A: R — R
such that

G|zt A< 1,

2—2*
(2.32) 9a) — A@)| <320
mslr]t, A >1,
for all x € R.

PROOF. The result follows from the equations (2.8]) and (2.25)) by defining
o(z,y) = ¢lz|" |y[*. O

COROLLARY 2.6. Letr and s be nonnegative real numbers with A\ := r+s #
1 and let f: R — R be a function satisfying the functional equation

A A r s
Dof @y < e (jal + Iyl + ol o)
for some € > 0 and for all x,y € R. If g: R — R is a mapping defined by

g(x) := f(2x)—32f(x), then there exists a unique additive function A: R — R
such that

6le |x|>\7 A<1

> 2N
(2.33) l9(z) — A(z)] < 2(6215;) A
2(2k_2)|x] , A>1,
for all z € R.

PROOF. Putting ¢(x,y) = e(|z|* +|y|* +|2|” |y|°) and employing Theorem
and Theorem we get the result. O

We have the following theorem which is analogous to Theorem [2.2] The
proof is similar but we bring some parts.
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THEOREM 2.7. Let ¢: R x R — [0,00) be a mapping such that

1 . .
(2.34) E @gb(?a:, 2y) < o0
Jj=0

for all z,y € R and all x € {x,0} and y € {x,—x}. Suppose that a mapping
f: R — R with f(0) = 0 satisfies the inequality

for all x,y € R. Then the limit

(2.36) lim —{f(Q"“ ) —2f(2"x)}

exists for all x € R and the mapping Q: R — R is a unique quintic mapping
satisfying

(2.37) 17(20) ~2f(2) - Qv < o Z v

for all x € R where ¥(2™x) is defined in (2.9)).
PROOF. Similar to the proof of Theorem one can show that
(2.38) |h(2z) — 32h(z)| < ()

for all x € R, where h(x) = f(2z) — 2f(z) and ¥(z) is defined in (2.9)). The
rest of the proof is the same as the proof of Theorem [2.2] O

THEOREM 2.8. Let ¢: R x R — [0,00) be a mapping such that

(2.39) >320 (55 ) <
§=0

for all x,y € R and all x € {x,0} and y € {x,—x}. Suppose that a mapping
f: R — R with f(0) =0 satisfies the inequality

(2.40) Dy f (2, 9)| < ¢(z,y)
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for all x,y € R. Then the limit

(2.41) i 327 {7 (257) —2f (5) }

exists for all x € R and the mapping QQ: R — R is a unique quintic mapping
satisfying

(2.42) 1£(22) — 2f(x) — Q(x)| < Z 32" (5277 )

for all x € R where ¢ (x) is defined in (2.9)).

PROOF. The proof is the same as the proof of Theorem with h(x) =
f(2z) —2f (). O

The following corollaries are the direct consequences of Theorems and
concerning the stability of ([L.3]). Since the proofs are similar to the previous
corollaries, we omit them.

COROLLARY 2.9. Let A be a nonnegative real number with A\ # 5 and let
f: R = R be a function satisfying the functional equation

Dy f (@ y)| < el + [y]*)

for some € > 0 and for all x,y € R. If h: R — R is a mapping defined by
h(z) := f(2z) — 2f(x), then there exists a unique quintic function @Q: R — R
such that

39255x|z*, A <5,

(2.43) h(x) ~ Q)| < i
195552 A > 5,

for all x € R.

COROLLARY 2.10. Let r and s be nonnegative real numbers with \ :=
r+s#5andlet f: R — R be a function satisfying the functional equation

Dy f(z,9)| < e(|z]” yl”)

for some € > 0 and for all x,y € R. If h: R — R is a mapping defined by
h(zx) := f(2x)—32f(x), then there exists a unique additive function Q: R — R
such that



46 Abasalt Bodaghi, Pasupathi Narasimman, Krishnan Ravi, Behrouz Shojaee

sz, A <5,
(2.44) ha) — Q) < { =7

sx35|T]",  A>5,
for all x € R.

COROLLARY 2.11. Let r and s be monnegative real numbers with \ :=
r+s#5andlet f: R — R be a function satisfying the functional equation

A A T s
D f (@, )l < e(lz|” + [yl” + ] [y]")
for some € > 0 and for oll x,y € R. If h: R — R is a mapping defined by

h(z) := f(2x) —2f(x), then there exists a unique additive function @Q: R — R
such that

dsse o <,
(2.45) h@) - Q@) < =20
2(2A_32)|17| , A> 5,
for all x € R.

The upcoming theorems show that the equation (1.3]) is stable under some
mild conditions.

THEOREM 2.12. Let ¢: R x R — [0,00) be a mapping such that
(2.46) i iqﬁ(%; 27y) < o0
: 25 2y
j:

for all z,y € R in which x € {x,0} and y € {x, —x}. Suppose that a mapping
f: R — R with f(0) = 0 satisfies the inequality

for all x,y € R. Then there exist a unique additive mapping A: R — R and a
unique quintic mapping Q: R — R such that

for all x € R where ¢(x) is defined in (2.9)).
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PRrROOF. By Theorems [2.2] and [2.7] there exist an additive mapping Ay :
R — R and a quintic mapping Qo: R — R such that

f(22) — 32f(x) — Ag(z)] < %Z w(;:w)
n=0

and
1~ 9(2m)
f(22) = 2f(2) — Qo(x)| < 25

for all x € R. Therefore it follows from the above inequalities that

) ~ (s Ao(e) — sl ‘_30! SELCRES . =
n=0

32m
for all z € R. So we obtain (2.48) by letting A(z) = —55A40(2) and Q(z) =
%QQ(I‘) for all z € R. To prove the uniqueness of A and @, let A;,Cy: R - R
be another additive and quintic mappings satisfying (2.48). Put A’ = A — A,
and Q' = @ — Q. Hence,

(249)  [4() + Q)] < 1f(@) — Alw) ~ Q)| + 1(2) ~ A1(z) ~ @)
Y(2"x Y(2
Z t Z o

for all x € R. Since lim,, s 32%¢(2”;C, 2"y) = 0, we have

| /\

(2.50)

lim —]A'(Q" )+ Q' (2"x)| =0
’I’L*)OO
for all z € R. Thus Q' = 0. Now it follows from (2.48) that A" = 0. O

The next theorem is an alternative result of Theorem 2.12]

THEOREM 2.13. Let ¢: R x R — [0,00) be a mapping such that

(2‘51) Z (2]+1’ 2]+1> <
=0
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for all z,y € R in which x € {z,0} and y € {z,—x}. Suppose that a mapping
f: R — R with f(0) =0 satisfies the inequality

for all z,y € R. Then there exist a unique additive mapping A: R — R and a
unique quintic mapping QQ: R — R such that

(253) 1) - A(2) - Q)| < 55 [Z w(2n+l)+i32"w(2f+1)]
n=0

for all x € R where ¢ (x) is defined in (2.9).

PROOF. The proof is similar to the proof of Theorem and the result
follows from Theorems 2.3 and 2.8l O

In the next corollaries, by using Theorems and 2.13] we show that the
equation can be stable when |D,f(x,y)| is controlled by the sum and
product of powers of absolute values. Due to similarity of the proofs with the
previous corollaries, we present them without proof.

COROLLARY 2.14. Let A be a nonnegative real number with A # 1,5 and
let f: R = R be a function satisfying the functional equation

Dy f(2,y)| < e(lz]* + |y

for some ¢ > 0 and for all x,y € R. Then there exist a unique additive
mapping A: R — R and a unique quintic mapping Q: R — R such that

1 A
%5 [4955 5y + 39255 | l2, A<,

f(z) — A(z) — Q(z)] < %[492% 5 + 3925 y}m*, 1< \<5,

% [ 2(2* =) +492(2A 32)} z[*, A>3,
for all x € R.

COROLLARY 2.15. Let v and s be positive numbers with A :=r 4+ s # 1,5
and let f: R — R be a function satisfying the functional equation

Dy f (2,y)| < e(l]” [y[)



Mixed type of additive and quintic functional equations 49

for some ¢ > 0 and for all x,y € R. Then there exist a unique additive
mapping A: R — R and a unique quintic mapping Q: R — R such that

1 61 96 A
*[2(?‘3») ﬁ}!l‘\, A<,

(@)~ A@) - Q) < { & [ 8255 + %] e, 1<A<s,

6e2* 6e2* A
{2*—2 + 2k—32} =], A>5,

for all x € R.

COROLLARY 2.16. Let r and s be positive numbers with A :=r + s # 1,5
and let f: R — R be a function satisfying the functional equation

A A r s
Dy f(@,y) < e(lz|” + [yl” + ] [y]")

for some ¢ > 0 and for all x,y € R. Then there exist a unique additive
mapping A: R — R and a unique quintic mapping Q: R — R such that

1 [ 6e 488¢ A
30 [272* + 3272*} =], A<,

(@) = A@) - Q@) < { 35 [585% + 755 [P, 1<A<s,

A A
L[msQ | _6le2 }m)\’ A> 5,

2022 —2) T 2(2*—32)
for all x € R.
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