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Let / C R be a nonvoid interval throughout this talk.
For a given two-variable mean M : 2 := {(x,y) € P | x <y} = R,
we consider the class of functions 7 : | — R satisfying the inequality

1(M(x,y)) < LMD ) MOD) X

= = f(y) x,yel x<y.

Such functions will be called M-convex.
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Let / C R be a nonvoid interval throughout this talk.
For a given two-variable mean M : 2 := {(x,y) € P | x <y} = R,
we consider the class of functions 7 : | — R satisfying the inequality

= = y) x,yel x<y.

Such functions will be called M-convex.

In the particular case when M is of the form
M(X7y):AT(X7y) = tX+(1—t)y X7}/GR
for some t €]0, 1[, then the notion of M-convexity reduces to
fitx+ (1 -y) <tf()+ (0 -Dfly)  xyel x<y,

which could be called asymmetric t-convexity. We speak about
(symmetric) t-convexity if
fltx + (1 —t)y) <tf(xX)+ (1 =Dfy) x,yel
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Among the many implications related to (symmetric) t-convexity
properties we mention the following ones:

@ If fis Jensen convex then it is Q-convex, i.e., t-convex for all
t €[0,1] N Q (Kuczma [6]);

D
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properties we mention the following ones:

@ If fis Jensen convex then it is Q-convex, i.e., t-convex for all
t €[0,1] N Q (Kuczma [6]);

@ If fis t-convex for some t €]0,1[, then it is Jensen convex
(Daréczy—Pales [1]);
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Among the many implications related to (symmetric) t-convexity
properties we mention the following ones:

@ If fis Jensen convex then it is Q-convex, i.e., t-convex for all
t €[0,1] N Q (Kuczma [6]);

@ If fis t-convex for some t €]0,1[, then it is Jensen convex
(Daréczy—Pales [1]);

© If fis t-convex for some t €]0, 1[, then, by a result of Kuhn [7],
there exists a subfield K of R such that

{s €]0,1[| f is s-convex} =]0,1[NK.

© Conversely, if K is a subfield of R, then there exists a function
f: I — R such that the above equality holds (Ger [2]).
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Among the many implications related to (symmetric) t-convexity
properties we mention the following ones:

@ If fis Jensen convex then it is Q-convex, i.e., t-convex for all
t €[0,1] N Q (Kuczma [6]);

@ If fis t-convex for some t €]0,1[, then it is Jensen convex
(Daréczy—Pales [1]);

© If fis t-convex for some t €]0, 1[, then, by a result of Kuhn [7],
there exists a subfield K of R such that

{s €]0,1[| f is s-convex} =]0,1[NK.

© Conversely, if K is a subfield of R, then there exists a function
f: I — R such that the above equality holds (Ger [2]).

For generalizations in terms of (&, b)-convex functions, see the paper
by Kominek [5]. For more general results in terms of higher-order 12
convexity notions refer to the paper by Gilanyi and Pales [3].
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In 2014, for every transcendental number t €]0, 1], Lewicki and Olbrys
[8] constructed a function f : | — R such that

{ fltx + (1 — t)y) < tf(x) + (1 — Hf(y)

F(1 = t)x + ty) > (1 — )f(x) + th(y) (x,y el x<y).

ASSL,

F
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In 2014, for every transcendental number t €]0, 1], Lewicki and Olbrys
[8] constructed a function f : | — R such that

{KN+U—4W%<WH+U—%VW)
(x,yel,x<y).
f(1—-tx+ty) > —bFf(x)+ tf(y)

Hint: Let f = d, where d : R — R is an algebraic derivation which is
positive at t. Then, for all x, y € R,
tHx)+ (1 = f(y) —f(tx+ (1 = t)y)
= td(x) + (1 = t)d(y) — d(tx + (1 = t)y) = d(t)(y — x).

o
NSSEL

Zs. Péles (University of Debrecen) Results and problems related to convexity Ger—Kominek 70 Workshop 4/17



In 2014, for every transcendental number t €]0, 1], Lewicki and Olbrys
[8] constructed a function f : | — R such that
{KN+U—4W%<WM+U—4VW)

f(1 = )x + ty) > (1 — Df(x) + tf(y) (x,y el, x<y).

Hint: Let f = d, where d : R — R is an algebraic derivation which is
positive at t. Then, for all x, y € R,
tHx)+ (1 = f(y) —f(tx+ (1 = t)y)
= td(x) + (1 = t)d(y) — d(tx + (1 — t)y) = d(t)(y — X).

Therefore, for a transcendental t €10, 1], the notions of asymmetric
and symmetric t-convexity properties are different from each other.

1
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In 2014, for every transcendental number t €]0, 1], Lewicki and Olbrys
[8] constructed a function f : | — R such that

{KN+U—4W%<WM+U—4VW)

f(1 = )x + ty) > (1 — Df(x) + tf(y) (x,y el, x<y).

Hint: Let f = d, where d : R — R is an algebraic derivation which is
positive at t. Then, for all x, y € R,
tHx)+ (1 = f(y) —f(tx+ (1 = t)y)
= td(x) + (1 = t)d(y) — d(tx + (1 — t)y) = d(t)(y — X).

Therefore, for a transcendental t €10, 1], the notions of asymmetric
and symmetric t-convexity properties are different from each other.

It is unknown if these two properties are equivalent to each other for
rational, or more generally, for algebraic t €]0,1]. D

The particular case t = % also has not been clarified yet.
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If you cannot solve a problem then generalize it! I

i
l/
«Or «Fr «=r «E» 12N G4



Descendants of n-tuples of means (Kiss—Pales [4])

Given an n > 2 member sequence of two-variable means
My,...,M,: 2 — R, the i element of an increasing sequence

Ni,....Np: I§_—> R of two-variable means such that, for all (x, y) € I%,

N1(Xay) = M1(Xv NZ(va))a
Ni(x,y) = Mi(Ni—1(x,y), Nipa(x,y))  (1€{2,...,n—1}),
N,,(X,y) = Mn(Nn—1 (va)vy)

hold, is called the /™ descendant of the n-tuple (M, ..., Mp).
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Descendants of n-tuples of means (Kiss—Pales [4])

Given an n > 2 member sequence of two-variable means
My,...,M,: 2 — R, the i element of an increasing sequence

Ni,....Np: I§_—> R of two-variable means such that, for all (x, y) € I%,

N1(Xay) = M1(Xv NZ(va))a
Ni(x,y) = Mi(Ni—1(x,y), Nipa(x,y))  (1€{2,...,n—1}),
N,,(X,y) = Mn(Nn—1 (va)vy)

hold, is called the /™ descendant of the n-tuple (M, ..., Mp).

Observe that the above system of equations states that, for (x, y) € /f ,
the vector (Ni(x,y), ..., Na(x,y)) € [x, y]Z is a fixed point of the
mapping ¢(x,y) : [x, ]2 — R" defined by

‘P(x,y)(t1 gocoyg tn) = (M1 (X7 t2)7 ©0o0g Mi(ti—1 ) t/+1)a 0coog MN(tﬂ—‘])y))‘
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The existence of the descendants is proved by using the following fixed
point theorem which is a useful consequence of the so-called
Halper—Bergman Fixed Point Theorem:

Theorem ([4])

Letcy,...,cme R"and v1,...,vm € R and assume that the
polyhedron K C R" defined by

K:={xeR"|(ck,x) < ke{l,...,m}}

is bounded. Let f : K — R" be a continuous function with the following
property

(Ck, F(X)) < vk forall x € Kandforallk € {1,...,m}
such that (¢, X) = k.

Then the set of fixed points of f is a nonempty compact subset of K.
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Corollary ([4])
Given an n > 2, for any sequence of continuous two-variable means

My, ...
Ny, ...

,Mp - I% — R, there exits an increasing sequence
N, I% — R of two-variable means such that, for all (x, y) € I%,

N1(X7y) = M1(X7 NZ(va))a
Ni(va) = M,‘(N,‘,1(X,y),N,‘+1(X,}/)) (l € {27 s, M= 1})7
Nn(va) = Mn(Nn—1(X7}/)=Y)'
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Corollary ([4])

Given an n > 2, for any sequence of continuous two-variable means
M, ..., M, : 2 — R, there exits an increasing sequence

Ni,....Np: l%_—> R of two-variable means such that, for all (x, y) € I%,

N1(X7y) = M1(X7 NZ(va))a
Ni(va) = M,‘(N,‘,1(X,y),N,‘+1(X,y)) (l € {27 s N = 1})7
Mn(Nn—1(X7y)7y)'

5
X

=,
I

Proof

For x < yinllet K :=[x, y]Z and apply the fixed point theorem to the
mapping ¢(x.y) : [X, ¥12 — R” defined by

iy (s tn) = (My(X, ), ..., Mi(ti—q, 1), - - Mn(th—1, ).
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Theorem ([4])

Letn>2, My,...,M,: I2 — R be a sequence of continuous
two-variable strict means, and let Ny,..., N, : 2 — R be a strictly
increasing sequence of the descendants of (M, ..., My).

Assume that f : | — R is convex with respect to each of the means

My, ..., Mn. Then fis also convex with respect to each of the means
N1 goe ey Nn
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Theorem ([4])

Letn>2, My,...,M,: I2 — R be a sequence of continuous
two-variable strict means, and let Ny, ..., N, : /2 — R be a strictly
increasing sequence of the descendants of (M, ..., My).

Assume that f : | — R is convex with respect to each of the means

My, ..., Mn. Then fis also convex with respect to each of the means
N1 goe ey Nn

v

The proof of this theorem is based on the following inequality related to
second-order divided differences.

Lemma (Chain inequality, Nikodem—Pales [10])

Letf:H—R,n>2and xp < Xy < --- < Xp < Xp11 be elements of H.
Then, for all k € {1,..., n}, we have
min [Xi_1, Xi, Xiv1; f] < [X0, Xk, Xne1; ] < max [xi_q1, X;, Xj1; f].
1§i§n[l 15 Ay Aj41 ]_[07 ks An+1 ]_1§i§n[l 15 Ay Aj41 ]
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Proof of the Theorem
Let (x,y) € 2 and define

Xp = X, xi:=Ni(x,y), ..., Xn:=Np(x,y), Xni1 =Y.
Then, xo < Xy < -+ < Xp < Xp1 and, for i € {1,..., n}, we have that
Xi = Mi(Xi—1, Xi11).
Thus, by the M;-convexity of f,
[Xi—1, Xi, Xit1; ] = [Xi—1, Mi(Xi—1, Xi41), Xip1: f] > 0.
Using the Chain Inequality, for all k € {1,..., n}, it follows that
[X0, Xk, Xn; f] > 0O,

i.e.,

[x, Nk(x,y),y: f] = 0.
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Remark

In general, the descendants of some given means are not uniquely
determined. For instance, let n > 2, and let M; := max, M, := min and
M;:= A forie{2,...,n— 1} over the interval R. Then, for

2

(x,y) € RZ, the fixed point equation (t, ..., ) = ©(x)(t, -, ) is
equivalent to

_ ti + 13 tho+ 1ty
(t1,...,tn)—<t2, 2 ) 2 7tn—1)-
An easy computation shows that this equality is satisfied if and only if
ty = --- = t,. Therefore, the fixed point set of this map is given by
{(t,...,th) | 1 =--- =ty € [x, y]} =diag[x, y]".
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Remark

In general, the descendants of some given means are not uniquely
determined. For instance, let n > 2, and let M; := max, M, := min and
M; = A% forie {2,...,n— 1} over the interval R. Then, for

(x,y) € RZ, the fixed point equation (t, ..., ) = ©(x)(t, -, ) is
equivalent to

t + ¢ fh—o + 1t
(t,...,th) = (tg, 12 3,..., n 22 n,tn_1).

An easy computation shows that this equality is satisfied if and only if
ty = --- = ty. Therefore, the fixed point set of this map is given by

{(t,-.. tn) [ 1 =+ =ty € [x, y]} =diag[x, y]".

Remark

In general, the descendants of some given means cannot easily be
computed. A class of means, where there is some hope for explicit
formulae is the class of generalized quasi-arithmetic means.
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The class of Matkowski means (Matkowski [9])

We say that a function M : | x I — R is a generalized weighted
quasi-arithmetic mean or a Matkowski mean if there exist continuous,
strictly increasing functions f, g : I — R, such that, for all x, y € /, we
have

M(x,y) = (f+ ) 1 (f(x) + g(¥)) =: My, (X, ).
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The class of Matkowski means (Matkowski [9])

We say that a function M : | x I — R is a generalized weighted
quasi-arithmetic mean or a Matkowski mean if there exist continuous,
strictly increasing functions f, g : I — R, such that, for all x, y € /, we
have

M(x,y) = (f+ )7 (f(x) + g(y)) =: My g(x, ).

If h: I — R is a continuous, strictly increasing function and t €]0, 1],
then My, (11 is @ weighted quasi-arithmetic mean.

~5
NS
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Descendants of a chain of Matkowski means ([4])

Letn>2andf,...,fy,91,...,9n : | — R be continuous, strictly
increasing functlons For (x,y) € I2, define Pxy) - X Y12 — R by

Py by t) =My g (X, B), . My gltiza, tiv1), -, My, g(ta1,¥))-
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Descendants of a chain of Matkowski means ([4])

Letn>2andf,...,fy,91,...,9n : | — R be continuous, strictly
increasing functlons For (x,y) € I2, define Pxy) - X Y12 — R by

Py by t) =My g (X, B), . My gltiza, tiv1), -, My, g(ta1,¥))-

Then, for (x, y) € I2, the fixed point set ®(x,y) Of the mapping ¢, ) is
nonempty and compact. Furthermore, ¢, , is a singleton if

a:=Lip [fio(fii1+9i-1)"'] <400 (i€{2,....n}),
bi:=Lip[gio (fiy1+gix1) '] <+oo  (ie{1,...,n—1}),
and if the constants wy, ..., w,_4 defined by w_; := wy := 1 and

Wi = Wiy — aiibwio  (ie{1,...,n—-1}).

are positive.
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Descendants of a chain of Matkowski means ([4])

Letn>2,p,q,hi,...,hy_1: | = R be continuous, strictly increasing
functions. Set further hg := h, := 0, and assume that, for some
j€{1,...,n}, the sequence of means M;,..., M, : lé — I'is defined by

Mp+h,71,h,(x,y)) ifi€{1,...,j—1},

Mi(x,y) = { Mpsn_y,qen(X,y) ifi=],
My, qem(X,y),y) ifie{j+1,...,n}
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Descendants of a chain of Matkowski means ([4])

Letn>2,p,q,hi,...,hy_1: | = R be continuous, strictly increasing

functions. Set further hg := h, := 0, and assume that, for some

j€{1,...,n}, the sequence of means M;,..., M, : lé — I'is defined by

Mp+hl 1,h (Xy)) If,€{177j_1}7
Mi(va): Mp+hj_1,q+hj(xay) IfI:j>
Mh,»,1,q+h,~(xv}/)a}/) |fl€{j—|—1,,n}
Then, for all i € {1,..., n}, the i'" descendant N; of (My, ..., M,) is
given by
Mp,h[(xaNi+1(X7y)) Ifl€{177j_1}7
Ni(Xay): MP,Q(X7y) |f[:j7
Mh, 1,9 (Ni—1(X7y)7y) |fl€{[—|—1,,n}
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Descendants of a chain of weighted quasi-arithmetic means ([4])

Letn>2,t,...,t,€]0,1[, and let h: | — R be a continuous, strictly
increasing function. Let (My, ..., M) : lg — R be defined by

Mi(X,}’) = Ml‘,-h,(1—f,-)h(xvy)a i€ {1,...,”}, (Xv.y) € l%
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Descendants of a chain of weighted quasi-arithmetic means ([4])

Letn>2,t,...,t,€]0,1[, and let h: | — R be a continuous, strictly
increasing function. Let (My, ..., M) : l% — R be defined by

Mi(Xa}/) = Ml‘,-h,(1—f,-)h(xvy)a i€ {1,...,”}, (Xay) € l%

Then, for all i € {1,..., n}, the i'" descendant N; of (My, ..., M,) is
given by Nj(x,y) = Mg, (1-s)n(X,¥), where

5= (iﬁ1ﬁ(fk><i | 13(&)1'

j=i k=1 j=0 k=1

For example, if n = 2, then (after some simplifications),

t bty o

St = —7F7—7F, So=—.
! 1—H+ 4t 2 1-H+Hb I)
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For a real valued function f : | — R consider the set C; defined by
= {t€]0,1[ | for all (x,y) € 2,
fltx + (1 —t)y) < tf(x) + (1 — )f(y)}.

Zs. Péales (University of Debrecen) Results and problems related to convexity Ger—Kominek 70 Workshop 16/17



For a real valued function f : | — R consider the set C; defined by
Cr:={te]o,1[ | forall (x,y) € £,
fltx + (1 —t)y) < tf(x) + (1 — )f(y)}.

Theorem (about assymmetric t-convexity) ([4])
Given a function f : | — R, the following statements hold:
@ ift, 51,5 € Crwith sy < s, then s, + (1—1t)s1 € Cy;
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For a real valued function f : | — R consider the set C; defined by
Cr:={te]o,1[ | forall (x,y) € £,
fltx + (1 —t)y) < tf(x) + (1 — )f(y)}.

Theorem (about assymmetric t-convexity) ([4])

Given a function f : | — R, the following statements hold:
Q@ ift, 51,5, € Cf with 51 < Sp, then ts, + (1 — t)s1 € Cf;
Q ift,se G thentsand 1 — (1 — t)(1 — s) belong to Cf;
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For a real valued function f : | — R consider the set C; defined by
Cr:={te]o,1[ | forall (x,y) € £,
fltx + (1 —t)y) < tf(x) + (1 — )f(y)}.

Theorem (about assymmetric t-convexity) ([4])

Given a function f : | — R, the following statements hold:
Q@ ift, 51,5, € Cf with 51 < Sp, then ts, + (1 — t)s1 € Cf;
Q ift,se G thentsand 1 — (1 — t)(1 — s) belong to Cf;

Q@ ifn>2andty,...,t, € Cthensy,..., s, € G, where
n J b n J t, —1
= ZH1_ H1_ ;
= b : b
J=i k=1 /=0 k=1
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For a real valued function f : | — R consider the set C; defined by
Cr:={te]o,1[ | forall (x,y) € £,
fltx + (1 —t)y) < tf(x) + (1 — )f(y)}.

Theorem (about assymmetric t-convexity) ([4])

Given a function f : | — R, the following statements hold:
Q@ ift, 51,5, € Cf with 51 < Sp, then ts, + (1 — t)s1 € Cf;
Q ift,se G thentsand 1 — (1 — t)(1 — s) belong to Cf;

Q@ ifn>2andty,...,t, € Cthensy,..., s, € G, where
n J b n J t, —1
= ZH1_ H1_ ;
= b : b
J=i k=1 /=0 k=1

© ¢y is dense in the open unit interval, provided that it is not empty.
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Corollary
For a function f : I — R the following statements hold:

Q if%eGfthenre(ﬁ,«forallre@m]OJ[,
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Corollary
For a function f : I — R the following statements hold:

Q if%eGfthenre@,«forallre@m]OJ[,

Qif £ € G for some ¢, m € N with / < mand ¢ # g then, for all
n>2andforallie {1,...,n}, the fraction

. £n+1 _ €i(m _ €)n+1—i
I == o+l (m _ g)n+1

belongs to Cs.
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Corollary
For a function f : | — R the following statements hold:

Q if%eGfthenre(?,«forallre@m]OJ[,

o b . m
Qif = € G for some ¢, m € N with / < mand ¢ # > then, for all
n>2andforallie {1,...,n}, the fraction

. €n+1 _ €i(m _ €)n+1—i
I == o+l (m _ g)n+1

belongs to Cs.

Open problem
Find a complete characterization of the set Cy.
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