1. KRULL VALUATIONS

Let G be an additive and commutative group. A subset S C G is said to be an
ordering of the group G if:

(1) /\51,526581+S2 ES,
(2) Npega€SV—acs,
(3) SN—5={0}, where —-S={a e G: —ae S}

For the given ordering S of the group G we denote:
a<sb&sb—acS.

It is easy to prove that the relation <C G x G is a linear ordering, that is:
(1) /\aGG a Z a,
(2) /\a’bGGaZ bAb>a=a=bh,
(3) Avrocga>bAb>cma>e,
(4) /\a,beGaZ bvb>aVa=b,
such that
(5) Napecca=b=a+c>b+e,

if and only if the set S = {a € G : @ > 0} is an ordering. Moreover, observe that
ordered abelian groups do not have elements of finite order: indeed, suppose that
a € G is an element of order n. We may assume that a > 0. Then 0 = na =
a+a+ ...+ a >0, which is a contradiction. For the ordered group G we define
a projective group G U {co} consistent of the group G with its ordering and a
symbol oo which satisfies the following conditions:

(1) Agega < oo,
(2) Ngega+00=o00+a=oc.

Now we can define a Krull valuation. Let F' be a field and GU{oo} an ordered
projective group called the value group. A function v : F — G U {co} is said to
be the Krull valuation (or simply the valuation) when:

(1) Agepv(a) =00 a=0,
(2) Aaperviab) = v(a) +v(b),
(3) Auper vla+0b) > min{v(a),v(b)}, provided a + b # 0.

Observe that if v : FF — G U {00} is the valuation, then:
v(1) = 0.
Indeed, we have that v(1) = v(1-1) = v(1) + v(1), hence v(1) = 0. Similarly, using
the identity a - a~! = 1 we can show that:
v(a™!) = —v(a).

Next, since 0 = v(1) = v((—=1) - (=1)) = v(—1) + v(—1), we have that v(—1) =0 or
v(—1) is an element of order 2. The second possibility cannot hold, so v(—1) =0
and thus:

Finally, observe that:

v(a) # v(b) = v(a + b) = min{v(a),v(b)}.
1



2

Indeed, suppose that for some a,b € F we have v(a) # v(b). We may assume that
v(a) < v(b). Suppose that v(a + b) # min{v(a),v(b)}. This implies v(a + b) >
min{v(a),v(b)}, in particular v(a + b) > v(a). Thus:

v(a) = v((a+b) —b) > min{v(a + b),v(b)} > v(a)

which is a contradiction.
Next we shall introduce the notion of valuation rings. Let F be a field. A ring
A C F is called the valuation ring if:

NacAvaleA

acF
If the field F' is not given we shall assume that F' is the field of fractions of A.
There is a natural correspondence between valuations and valuation rings which is
described by the two theorems that we shall state.

Theorem 1. Letv: F — G U {oco} be a valuation.

(1) The set:
Ay, ={a € F:v(a) >0}
is a valuation ring. We shall call it the valuation ring associated with
v.
(2) The set:
M, ={a € F :v(a) >0}
is the only mazximal ideal in the ring A,. In particular, A, is a local ring
and F, = A, /M, is a field, which shall be called the bf residue field of v.
(3) The set:
U,={a€ F:v(a)=0}
s a group consistent of all units of the ring A,.

Proof. (1) By the definition of a valuation we can directly check that A, is a ring.
To show that this is a valuation ring fix @« € F and suppose that a ¢ A,. Then
v(a) < 0. This implies that v(a™!) = —v(a) > 0, so a € A,.

(2). Without any difficulty we can verify that M, is an ideal. In order to check
that this is the only maximal ideal it suffices to show that a € M, if and only if
a ¢ U(A,). Suppose that a € M,, that is v(a) > 0. Suppose that there exists
b € A, such that a-b = 1. Then v(b) > 0, but also v(b) = v(a™!) = —v(a) < 0
- a contradiction. Conversely, suppose that for a fixed a € A, we have a ¢ M,,
that is v(a) = 0. Since F is a field, for some b € F we have a -b = 1. Then
0=wv(1) =wv(ab) = v(a) + v(b) = v(b), so b € A,. That means that a € U(4,). (3)
follows immediately from (2). O

This theorem states that for every valuation v we can choose a valuation ring
A,. We will prove that the converse is also true, that is that for any valuation
ring A there is the cannonical valuation v4, whose valuation ring is the same as A.
We need some preliminaries, though. For a given field F' we define a divisibility
relation | C F' x F such that:

(1) Aeer ala,

(2) AapeeralbAblc = alc,

(3) Aup.cer alb = aclbe,

(4) /\a’b’ceF alb A ale = alb — c.



Clearly for a given divisibility relation | in F:

/\ alOA ~ Ola.
acF
Moreover, the family of all divisibility relations in the field F' is in bijective cor-
respondence with the family of all subrings of F'. More precisely, if R C F' is a
subring, then the condition:
absb-ateR
defines a divisibility relation and for the given divisibility relation | C F' x F' the
set:
R={a€F:1lla}
is a subring of F' with the following group of units:
U(R)={a€R:all}.

It is easy to see that R is a valuation ring if and only if the corresponding divisibility
relation | is total, that is:
/\ albV bla.

a,beF
Assume that | is total and fix a € F such that a ¢ R. Then ~ 1la (otherwise
a-17' = a € R) and since | is total it follows that a|l. Hence a=! =1-a~ € R.
Conversely, suppose that R is a valuation ring and fix a,b € F such that ~ alb.
If @ = 0 then obviously bla, so assume that a # 0. Then ~ 1|ba~! and hence
ba~! ¢ R. But R is a valuation ring, so ab=! = (ba=!)~! € R. Thus 1|ab™?, that
is bla. Now we are able to state the next theorem:

Theorem 2. Let A be a valuation ring in F. There exists a Krull valuation va :
F — GaU{oo} such that:

Apy =A, M,, =A\U(A), U,, =U(A).

Proof. Fix a valuation ring A and let | be the corresponding divisibility relation
given by

alb = ba~! € A.
By the previous remark such relation is total. Consider the quotient additive group
G4 =U(F)/U(A). Define the relation <C G4 x G4 by:

a+U(A) <b+U(A) & alb.

Since | is reflexive, transitive, total and it agrees qith multiplication, the relation <
is also reflexive, transitive, total and it agrees with addition. It is also antisymmetric
- suppose that a + U(A) < b+ U(A) and b+ U(A) < a+ U(A). Thus alb and b|a,
so 1|ba—! and ba~'|1. Therefore ba~' € A and ba~! € U(A), which means that
a+U(A) =b+ U(A). Thus the group G4 is an ordered abelian group.
Define the mapping v4 : F — G4 U {co} by
a+U(A), gdya#0,
vA(a):{ 00, W gdy a = 0.
We shall show that v4 is a valuation which will be called the canonical valuation.
Obviously A,, = A, since a € A, if and only if va(a) = a4+ U(A) > 14+ U(A) =
U(A), that is when 1|a - or in other words when a € A. Similarly we can check that
M,, = A\U(A) and U,, = U(A). It is clear that va is surjective and v4(a) = oo
if and only if @ = 0. Since v4 is a homomorphism from a multiplicative group
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into an additive group, we have v4(ab) = va(a) + va(b). It remains to show that
va(a+0b) > min{va(a),va(b)}.

Fix a,b € F. We may assume that v4(a) < va(b). That means that a +U(A) <
b+U(A), that is a|b - hence ba~! € A. Since A is a commutative ring with identity,
we get 1 +ba~t € A. Thus 1|1 +ba™!, so U(A) = 1+ U(A) < 1+ba"t + U(A).
Finally:

(a+b)+UA) =a(l+ba"t)+U(A) =
= (a+UA)+((1+ba ") +U(A)) >
> a+U(A) =va(a) =min{va(a),va(b)}.

vala+0b)

V

O

The previous two theorems in the fact establish an almost bijective relation
between valuations and valuation rings. If v; : F — G; U {oc} and vg : F —
GoU{o0} are two valuations, then we say that they are equivalent, written vy =~ vo,
if there exists an order preserving group isomorphism g : G; — G5 such that
vy = g oy (we take g(oco) = 00). Clearly such relation is an equivalence and we
can state the following result:

Theorem 3. The set of all equivalence classes of the relation =~ is in a bijective
correspondence with the family of all valuation rings in F.

Proof. Suppose that v1 : FF — G; U{o0} and vy : F — G2 U {c0} are equivalent.
Then v1(a) > 0 if and only if va(a) > 0, so A,, = A.,.

Conversely, let A be a valuation ring and let A = A, for some valuation v :
F — G U {oo}. By the previous theorem A = A,, for the cannonical valuation
va: F — GaU{oc}. We shall show that v ~ v4. Observe that v|yp) : U(F) — G
is a surjective homomorphism and that kerv|y () = U(A). By the isomorphism
theorem G4 = U(F)/U(A) ~ G. If g : G4 — G is such isomorphism, then it is
easy to verify that g preserves order and that v = gowvy4. g

2. EXPONENTIAL AND DISCRETE VALUATIONS. VALUATIONS IN A FIELD OF
RATIONAL FUNCTIONS.

The main goal of this section is to describe all valuations of a field of rational
functions over a given field. We shall introduce the notion of exponential and
discrete valuations and show that all interesting valuations in the rational functins
field behave similarly to the well-known p—adic exponent. This requires some
definitions. First, let G be an ordered abelian group. A subgroup H of G is said
to be the isolated subgroup if:

/\{gEGzogggh}CH.

heH
Clearly the trivial groups (the zero subgroup and the whole group G) are isolated.
The set G(G) of all isolated subgroups of G is totally ordered by inclusion. The
order type of the set G(G) \ {G} is called the rank of G. If G is a value group of
some valuation v, then the rank of valuation v is the rank of G. Clearly v is a
valuation of rank 0 if and only if G is the zero group. Moreover, v : F — G U {00}
has rank less or equal that 1 if and only if G is Archimedean, that is:

/\ a,b>0= \/(nazb).

a,beG neN
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Indeed, suppose that G = {0}. Then G is Archimedean and clearly the valuation
v has rank 0. Suppose then that G # {0}. Fix a inG and let H, = |J,cny{b € G :
—na < b < na}. We shall show that H, is an isolated subgroup of G.

Fix h € H,. Let n € N be such number that —na < h < na. Let g € G be such
that 0 < g < h. Then —na <0 < g < h < na and therefore g € H,.

Now we shall show that if H an isolated subgroup of G and a € H, then H, C H.
Indeed, fix an isolated subgroup H and let « € H. Let h € H, and n € N be
such number that —na < h < na. Obviously na,—na € H. If h > 0, then
since0 < h < na, we have that h € H. If h < 0, then since —na < h < 0, we have
that 0 < —h < na, so —h € H and hence h € H.

Thus H, is the smallest isolated subgroup containing a. This implies that the
rank of G is equal to 1 if and only if:

/\ H, =G,

G3a>0

/\ /\ \/bgna.

G2a>0G3b>0neN

which is equivalent to:

We can also define the rank of a valuation ring. If A is the valuation ring in
F' then the set:

B={B:AC B, B - piercie waluacyjny}
is totally ordered by the inclusion relation. The order type of the set B\ {F'} shall
be called the rank of the ring A. We will show that the rank of valuation is equal

to the rank of associated valuation ring. First we need to know some properties of
isolated groups.

Theorem 4. Let G and G, be ordered abelian groups, let H be an isolated subgroup
of G.
(1) G/H is ordered by the relation:

g+H>0+He \[ g=h
heH

The mapping k : G — G/H given by:
k(g)=9g+H

is an order-preserving group homomorphism.

(2) If ¢ : G — Gy is an order-preserving group homomorphism, then ker ¢ is
an isolated subgroup of G.

(3) If ¢ : G — G1 is an order-preserving group homomorphism, then G/ ker ¢ =
im ¢.

Proof. In order to prove (1) define v : G — G/H by k(g9) = g+ H and let S =
{a+G :a >0}, S = kx(S). It is easy to verify that S is closed under addition.
Observe that SN —S = {0}.

Indeed, fix a; + H,ao+H € S and let a1 + H = —(ag+ H). Thus ay,as € S and
k(a1) = —k(az), hence k(a; +az) =0+ H, so a; + ay € H. Next, since a1, as > 0,
we have that 0 < a; < a; + as and since H is isolated, then ay € H. It follows that
a1+ H =k(a1) =0+ H.



In order to check that SU—S = G/H fixa+H € G/H. Thena € Sor —a € S,
soa+ H € S or —(a+ H) € S. Therefore S is an ordering in G/H and:

g+H>0+H&r(g)eSe \/f@'(g):ﬁ(a)@ \/g—a€H<:> \/ g > h.
aes a€s heH
Obviously k preservs ordering.

To prove (2) fix an arbitrary h € ker¢ and let g € G be such that 0 < g <
h. Then 0 = ¢(0) < ¢(g) < ¢(h) = 0, so g € H. To finish the proof of the
theorem observe that by the isomorphism theorem there exists an isomorphism
¥ : G/ ker ¢ — im ¢ such that ko) = ¢. We shall show that ¢ is order-preserving.

Fix g € ker ¢ and let g+ ker ¢ > 0+ ker ¢. Then there exists h € ker ¢ such that
g > h. Therefore (g + ker ¢) = ¢(g) > ¢(h) = 0. O

Now we can prove that the rank of a valuation coincides with the rank of a
valuation ring.

Theorem 5. Let F be a field, G an ordered commutative group and v : F —
G U {oo} a Krull valuation. Let A, be the valuation ring associated with v and let:

B={B:A, C B,B - ring}.

(1) Ewery element of B is a valuation ring.

(2) Let vg : F — Gp U{oo} be a Krull valuation associated with ring B € B
whose value group is Gg. Then there exists exactly one group homomor-
phism gg : G — Gpg such that vg = gg o v, gg 1S an order-preserving
surjection and ker gg = v(U(B)).

(3) Let G(G) be the family of all isolated subgroups of G. Then the mapping
®: B — G(G) given by:

®(B) =kergp
18 an order-preserving bijection.

Proof. (1) is trivial: for B € B fix a € F and suppose that a ¢ B. Then also
a¢ A,, hence a™! € A, C B.

To prove (2) fix B € B and observe that U(A,) C U(B). The valuations v and vp
determine the group homomorphisms v : U(F) — G and vp : U(F) — G such that
U(A,) = kerv, U(B) = kervg. By the isomorphism theorem there exists exactly
one homomorphism gp : G — Gp such that vg = gp o v. Moreover im gg = imvp
and ker gp = v(kervg) = v(U(B)). Since vp is surjective it follows that also gp is
a surjection. It remains to show that gp is order-preserving.

Fix g € G and let ¢ > 0. Since v is a surjection, there exists a € F such that
g = v(a). Thus, since v(a) = g > 0, we have that a € A, C B. Suppose that
g5(g) < 0. Then 0 > gp(g) = gp(v(a)) =vp(a), so a ¢ B - a contradiction.

In order to prove (3) observe that for all B € B the group ker gp is isolated, so
® is well-defined. We shall pick an inverse function to ®. Fix H € G(G). By the
previous theorem G/H is ordered. Define kg : G — G/H by ku(g) = g + H and
wg : F— G/HU{co} by wyg = kg ov. It is easy to verify that wpy is a Krull
valuation, so let By be a valuation ring corresponding to wg. Since for a € A,
wg(a) = kg ov(a) and kg preserves an order, we get that A, C By. Thus the
mapping ¥ : G(G) — B given by:

U(H) =By



is well-defined. We shall show that ¥ o ® = id .

Fix B € B, let vp : FF — Gp U{oo} be the valuation associated with B, let
g : G — Gp be such unique homomorphism that vg = gp o v, gp is a surjection,
preserves an order and kergp = v(U(B)). The mapping g : G/kergg — Gp
given by gg(g + ker gg) = gp(g) is an isomorphism. Define the functions Kier gy, :
G — G/kergp by Kiergy(9) = g + kergp and wyer g, : F — G/ ker gg U {oo} by
Wker g = Kker g © V. Obviously wier g5 is a valuation. Since vp = gp o v, we have
that vp = B © Wkerg- By the theorem that describes the relationship between
valuations and valuation rings, the valuation wyer ¢, corresponds to B.

Conversely, we shall show that Vo® = id g(g). Fix H € G(G) and let By = V(H)
be such valuation ring corresponding to H that A, C By. Let vp, : FF — Gp, U
{o0} be the valuation associated with the ring By. Define the mappings kg : G —
Gy by ku(9) =g+ H and wy : F — G/H U {0} by wy = kg ov. Obviously wy
is a valuation. By the theorem describing the correspondence between valuations
and valuation rings there exists an isomorphism 7 : G/H — Gp,, such that vg,, =
Towyg. Thus g : G — Gp, given by g = 7 o kg is such homomorphism that
kerg = H and vp,, = gowv. Hence g = gp, and H =kergp,, . O

Before we define discrete and exponential valuations, we need to know something
about ordered Archimedean groups. We shall prove the following result:

Theorem 6 (Holder). FEvery ordered Archimedean commutative group is isomor-
phic to some subgroup of the additive group of real numbers.

Proof. Let G be such ordered abelian group that A ,cq 9,k > 0=V, cy(ng > h).
Fix g inG and let g > 0. Define the mapping ® : G — R by:

®(h) = inf{% € Q:mg >nh,m,n € Z}.

Observe that @ is well-defined. Indeed, the set A, ,cqa,b > 0=\ y(na >0) is
nonempty; because G is Archimedean, there exists p € Z such that pg > h. Next,
this set has a lower bound; since G is Archimedean, there is ¢ € Z such that g < gh.
Now, if mg > nh, then 7% > é -if It < %, then mq < n, so mqg < ng < ngh, hence
mg < nh - a contradiction.

We shall show that ® is a homomorphism. Fix h, k € G and let m,n,p,q € Z be
such that mg > nh and pg > gk. Since G is abelian (mgq + np)g = mqg + npg >
ngh+qhk = ng(h+k). Thus 7t + 2 = %Z"p > ®(h+k). Suppose that ®(h+k) <
®(h) + ®(k). Then we may pick numbers m,n,p,q € Z such that 7+ < ®(h),
B <®(k) and @(h+k) <+ < ®(h) + (k). Hence mg < nh and pg < gk and
since G is commutative, this yields (mg+np)g = mqg+npq < ngh+ngk = nq(h+k).
Thus 7+ + 2 = %‘ZW < ®(h + k) - which is a contradiction.

It is obvious that ® is order-preserving, so it remains to show that ® is one-
to-one. Fix h € G. If h > 0, then there exists n € N such that nh > g, so
®(h) < % > 0. If A < 0, then there exists n € N such that —nh > g, so —g > nh,
and thus ®(h) < —1 < 0. Therefore ker & = {0}. O

Now we can introduce the notion of exponential valuations. The valuation
whose value group is a subgroup of the additive group of real numbers is called the
exponential valuation. Observe that - according to the above theorems - for a given
valuation v : F' — G U {oo} the following four conditions are equivalent:

(1) v has rank less or equal than 1,



(2) the valuation ring A, has rank less or equal that 1,
(3) G is Archimedean,
(4) v is an exponential valuation.

An exponential valuation whose value group is a discrete subspace of R (with respect
to the usual topology in R) is called the discrete valuation. We need some more
information about discrete subspaces of R. Let G be a subgroup of R. We shall
prove that the following conditions are equivalent:

(1) G is a discrete subspace of R,

(2) G is not dense in R,

(3) {g € G:g >0} has a minimal element,
(4) G = p-Z for some p > 0.

(1) = (2): Suppose that G is a discrete subspace of R. Then {{a} : a € G} is a
basis of the topology in G and {(b,¢) : b,c € Q,b < ¢} is a basis of the topology in
R. On the other hand the topology in G is induced from R, so:

AV {a} =0

a€G b,ceQ

So if @ € G, then we may pick b € Q such that (b,a) NG = . Thus G cannot be
dense in R.

(2) = (3): suppose that {g € G : g > 0} has no minimal element. We shall
show that G is dense in R. Fix (a,b) C R. We may assume that a,b > 0. Since
{g € G : g > 0} has no minimal element, we may choose g € G such that 0 < g <
17_7“. Since in the group R the Archimedean rule holds, there exists n € Z such
that ng < b < (n+ 1)g.Observe that ng > a - otherwise, (n+1)g < a+g < b, a
contradiction.

(3) = (4): let go be the minimal element of the set {g € G : ¢ > 0}. Fix
g € G. By the Archimedean rule applied for R, there exists n € Z such that
ngo < g < (n+ 1)go, so 0 < g —ngp < go. By the choice of gg, g = ngo, so
G= qgo - Z.

(4) = (1): observe that for all a € G(a — p,a + p) N G = {a}. Therefore
{{a} : a € G} is a basis for the topology of G.

We will try to simplify the notion of discrete valuations. A discrete valuation
is said to be the normalized discrete valuation when its value group is Z. Let
F be a field, G; and G5 ordered abelian subgroups of R and vy : F — G U {00},
vy 1 F'— Go U {oo} valuations. Clearly, if there exists a real number b € R such
that vi(a) = b-vs(a) for all @ € F, then v; and vy are equivalent. Actually, the
converse is also true; let ¢ : G; — G2 be such group isomorphism that vy = ¢ o vs.
By the previous remark, G1 = p1 - Z, Go = pa - Z. We shall show that ¢(p1) = pa.

Suppose that ¢(p1) = npg for some n € N\ {1}. Since ¢ is an isomorphism, there
exists m € N such that ¢(mp1) = (n — 1)p2. But ¢(mp1) = é(p1) + ...+ ¢(p1) =
mnpz. Hence mn = nl, that is n(1—m) =1, so n = 1 and m = 0, a contradiction.

Therefore ¢p(mp1) = mpy = %mpl and taking b = ﬁ—f we obtain vy(a) =

d(va(a)) = L2va(a).

This remark shows that every discrete valuation is equivalent to exactly one
normalized discrete valuation. Now we are going to describe the set of all normalized
discrete valuations in the field of rational functions. First we state a bit more general
result.
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Theorem 7. Let R be a unique factorization domain, let F' be the field of fractions
of R, let P be the set of representatives of irreducible elements in R (that is every
irreducible element in R is associated with ezactly one P € IP).

(1) For every P € P the mapping vp : FF — RU {oo} given by:

oo  ifa=0,
vp(a)z{ np ifa:uHQePQ”Q,nQEZ,UEU(R),
is a normalized discrete valuation in F. Moreover:
Avp = Rip) > By My, = (P) w Ay, (P) = MypOR w R, R/(P) = o (R) C Fop.,
where Ky, @ Ayp — Fyp is a cannonical epimorphism given by:
Kup (@) = a+ M,,.

(2) R=NpepAvp-
(3) For all a € F the set:

{P €P:uvp(a) # 0}

is finite.

(4) If R is a principle ideal domain, then for all P € P ky,(R) = F,,.. More-
over, if v: F — RU{oo} is a non-trivial exponential valuation such that
R C A,, then v is equivalent to exactly one valuation of the form vp for
some P € P.

Proof. First we shall prove (1). It is trivial to check that vp is a valuation. We
shall show that R C A,,. Indeed, fix @ € R. Then a = u[[yp Q"?, ng € Z,
u € U(R) or a = 0. Thus vp(a) = np > 0 or vp(a) = oo > 0, that is a € A,,.
Next, we shall prove that A,, = Rpy. Indeed:

Ripy={5:s,t € Rt¢ (P)} = {3 st € RPH} = {5t € Rup(3) > 0} = 4y,

In order to prove that in the ring A, the identity M,, = (P) holds, let us observe
that:

M,, = {;:S,teR,vp(i) >o}:{§;P+t,P|s}: (P).

To prove that (P) = M,, N R holds in the ring R note that:
(P):{aP:aeR}:{%~P:aeR}:MvpﬂR.
Finally, the identity R/(P) = £y, (R) is true, since:
R/(P)={a+(P):ac R} ={a+M,, :a € R} =Ky, (R).

The inclusion k,,(R) C F,, is obvious. (2) is true since R C A, for all P € P,
and (3) follows directly from the definiton of a unique factorization ring and a field
of fractions. It remains to show (4).

Suppose that R is a principal ideal domain. First we shall show that &, (R) =
Fyp. To do so, let us fix a + M,,, € F,,. There exists an element 3 € A,, = R(p),
s,t € R, t ¢ (P) such that x,, = a + M,,. Since R is a principal ideal domain
and ¢t ¢ (P), we have that NWD(P,t) = 1, so there exist ¢,d € R such that
cP+td=1. Thus § —sd = (1 —dt) = 3 (cp+td—td) = 3cp € (P) = M,,,. Hence
Kop(§ = 8d) = Kyp(3) — Kop(s8d) = My, that is Ky, () = kyp(sd) = a + M,, and
sd € R.
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Let v : f — RU{oo} be a non-trivial exponential valuation such that R C A,.
Then M, is the maximal ideal in the ring A,, so it is a prime ideal. Hence M, NR is
a prime ideal in the ring R, so M, N R = (P) for some P € P. Since R is a principal
ideal domain, M, N R is also maximal and thus non-zero. Let v(P) = p. Since v
is non-trivial, we have that P ¢ U(A,) and hence P ¢ U(R), which implies that
p > 0. Thus v(P) = p = pvp(P). Moreover, for a € R\ (P) v(a) = 0 = pvp(a).
Since any non-zero element x € F' is of the form z = P™{, m € Z, a,b € R\ (P),
we have:

v(@) = v(P™) + v(a) — v(b) = mv(P) = mp = pup(a),
which means that v is equivalent to vp. Since vp and vg for P # Q, P,Q € P are
not equivalent to each other, the choice of P € P is unique. (]

As a corollary we shall state the following theorem describing normalized expo-
nential valuations of a field of rational functions.

Theorem 8. Let F be a field, z a transcendental element over F' and let us consider
the field F(z). Let P be the set of all irreducible polynomials in the ring F[X], let
R = F[z]. For an arbitrary P € P define the mapping v, p : F(z) — R U {oo} by:

(a) = o ifa=0,
Vz,p(@) = np ifa= uHQePQ(z)"Q,nQ € Z,u € U(R).
Define also the function v, o : F/(z) — R U {oo} by:

00, if a=0,
'Upo(a'): degg —deg f, ifa= ggz)7f7g€F[X]\{0}-

We set degoo = 1.
(1) The mapping
P Vz,P
establishes a bijection between the set PU{oo} and the set of all normalized
exponential valuations of the field F(z) such that v(a) =0 fora € F. In
particular, every non-trivial exponential valuation in F(z) is discrete.

(2) mPE]P’U{oo} sz,P =F.

(3) For every P € P U {oo} the residue field F,, , of the valuation v, p is a
simple extension of the field F' (more precisely - a simple extension of an
isomorphic image of the field F, ki, ,(F'), where ky_, : Ay, p — Fy_  is
the cannonical epimorphism). Moreover [F,_, : ky, ,(F)] = deg P.

Proof. In order to prove (1) we first observe the trivial fact that v, o is a discrete
valuation. By the previous results it suffices to show that if v : F(z) — RU {oo}
is such exponential valuation that R ¢ A,, then v is equivalent to the valuation
Vsoo. Since R = Flz] ¢ A, and F C A, (because v(a) = 0 for a € F), we
have that 2 ¢ A,. Thus 2=! € A,. Let v(z7!) = p. Obviously p > 0 - if
p = 0, then v(z) = v(27!) = 0 and 2 € A,. In particular v(z) = —p. Let
f=a, X" +...+ag € F[X]. Then, since v(ayz*) = —pk # pl = v(a;2") for k # I,
we get:

v(f(2)) = v(anz"+. . +20) = min{v(a,z"),...,v(a0)} = min{—np,...,—p,0} = —np.
Thus, when x = J;Ez; € F(z), we obtain:

v(z) = v(f(2)) —v(g(2)) = —deg fp+deg gp = pv. ().
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It is clear that Npepufoo) Av.r = MNpepAv.p NAv, . = FlIN Ay, = F,
which proves (2), so it remains to show (3). Fix P € P and observe that ., , [F:
Ay, p — Fy, , is - as a non-trivial field homomorphism - an embedding, so F' =
Ky, p(F). Since F[z] is a principle ideal domain, we have that F,_ , =k, , (F[z]) =
sz;P(F)[Iin’P(Z)]. Obviously if P = a, X™ + ... 4 ao, then ky_,(an)X™ + ... +
nvz;P(aO) is a minimal polynomial for ,_,(2) and [F),, , : Ky, ,(F)] = n = deg P.

When P = oo, then: '
a2+ ...+ ag anz™ + ...+ ag
bmz™ + ...+ by bpz™+...+b+0
and the result follows from the previous part of proof and the remark that deg oo =
deg X = 1. (Il

'Uz,oo( ) =m—-n= ’Uz*l,X(Zn)_Uz*I,X(Zm) = rUz*l,X( )

Before we go to further theorems, we shall illustrate the developed theory with
some examples.

(1) Let F = C. Then the set P of irreducible polynomials in C[X] is just the
set of linear polynomials of the form:

{X—-a:a€eC}.

The construction of valuation is clear, the residue fields associated with
valuations derived from polynomials X — a are just the complex numbers,
since [Cy, «_, : kv, x_,(C)] = deg(X — a) = 1. Similarly the residue field
of the valuation V2,00 15 C.

(2) Let F' = R. Then the set P of irreducible polynomials in R[X] consists of
the polynomials of the form:

X —aforsomea€R or (X —a)®+0b? for some a,b € R.

Indeed, since C D R is an extension of degree 2 and C is algebraically
closed, every polynomial decomposes into irreducible factors of degree 1 or
2. If X? —2aX + c is an irreducible polynomial, then 4a? — 4c < 0, so
¢ —a? > 0. Moreover X% — 2aX + ¢ = (X —a)? + (c — a)?, thus taking
¢ — a? = b? we get the polynomial of the form (X — a)? + b2

Next, we have that:

Ro. x o i Ko x o (R)] = deg(X —a) =11
so the residue field R, ,_, is just R. Similarly R,, . = R and since:
R)] = deg((X — a)? +b?) =2

[sz,(Xfa)Qerz : Hvz,(X—a)2+b2(

we have RUZW(X_Q)QHQ = C. Since the polynomials X — a and the element
oo corresponds with points a € R and the point ”at infinity”, we shall often
call the unique maximal ideals associated with valuation rings derived from
valuations related with such polynomials to be the real places of the field
R(X).

(3) Let F = Q. Then the set P of irreducible polynomials may contain polyno-
mials of any finite degree, so the residue fields associated with valuations
derived from the polynomials in P are the finite extensions of the field Q,
that is - the algebraic number fields. By the primitive element theorem,
such fields are simply generated, so we may associate with each valuation
in Q(X) an algebraic number « € C.
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Now we want to show that all ”interesting” valuations in a field of rational
functions can be described in the above manner. In order to do that we need the
so called Krull’s intersection theorem. The nice and short proof given here is taken
from [3].

Theorem 9 (Krull). Let R be a noetherian ring and I an ideal in R. Then
Mo, I = (0) if and only if no element of the set {1 —a :a € I} is a zero-divisor.

n=1

Proof. (=) Suppose that 1 — z, z € I is a zero divisor. Then (1 — z)y = 0 for some
y # 0. This implies that y = zy = 2%y = ... = 2"y, n € N, that isy € (7.

(<) Since R is noetherian, the ideal I is finitely generated and we may take
I =(ai,...,a) for some ay,...,a; € R. Since b € (), I", for every n € N there
is a homogeneous polynomial P, (X1,...,Xk) of degree n such that:

b:Pn((lh...,(lk).

Now define the ideals J,, = (P, ..., P,). Clearly the family {J,, : n € N} forms an
ascending chain of ideals in the ring R[X7, ..., Xj]. By the Hilbert basis theorem,
the ring R[Xy,..., Xk] is also noetherian, so there exists a number m € N such
that J,, = Jy+1. That means, that:

Pm+1:QmP1+---+Q1Pm

where @; are homogeneous polynomials of degree i. Substituting X7 = aq,..., Xy =
ay, gives:

b= b(Ql(al,...,ak) +... |Qm(a1,...,ak))

or equivalently

b-[1—(Qi(a1,...,ak) +...|Qm(a1,...,ax))] =0.

Q; are homogeneous of positive degree, so Q;(a1,...,ar) € I. Since I is a proper
ideal, 1 ¢ I, which proves that 1 — (Q1(a1,...,ax) +...|@m(a1,...,ar)) # 0. By
our assumption such element is not a zero divisor, so b = 0. (]

As a corollary observe that if R is a noetherian domain and I an ideal in R, then
N.~; = (0). Now we shall prove the following result, which characterizes discrete
valuation rings.

Theorem 10. Let R be a local domain, let K be its field of fractions. Then the
following are equivalent:

) R is a noetherian valuation ring in K,

) R is a principal ideal domain,

) R is a noetherian ring and its only mazimal ideal is a principal ideal,
) the only mazimal ideal I of R is principal and (,—, I" = (0).

Proof. (1) = (2): Suppose that R is a local discrete valuation domain. We may
assume that R is a normalized valuation ring. We shall show that R is a principal
ideal domain (so it is noetherian). Let v : K — Z be such valuation in a field K,
that R = {a € K : v(a) > 0}. Let p € K be such element that v(p) = 1. If r € R,
then v(r) = k = kv(p) = v(p*) for some k € N. Thus v(r) — v(pF) = v(gr) =0
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and hence % € U(R), so 7 = up® for some u € U(R). Therefore (r) = (p*). Fix an
ideal I < R, {0} € I C R. Then:

- U o= U e

rel\{0} rel\{0}

Obviously £ = {(p*™) : r € I'\ {0}} is a chain of ideals and if v(r) < v(r3), then
p?)[p¥(m2) and then (p*(")) O (p¥(™2)). Since I is a proper ideal, such chain has
an upper bound. Therefore there exists ro € I \ {0} such that v(rg) = min{v(r) :
r € I'\{0}}. This implies:

= |J @) =)
reI\{0}

(2) = (3): Suppose that R is a noetherian valuation ring. We shall show that R
is a principal ideal domain. Let I be an ideal in the ring R. Then I = (a1, ..., am)-
Let v : K — G, be such that R = {a € K : v(a > 0)}, where G is some ordered
abelian group. In the set {v(a1),...,v(am)} there exists the least element, say
v(a1). Then v(a;) —v(a1) = v(z+) > 0 which implies 3+ € R, that is a; = u;a; for
some u; € R, i € {2,...,m}. That means aj,...,am € (a1),so I C (a1). Obviously
the second inclusion is always true, so I = (ay).

(3) = (4) is clear and (4) = (5) is just a corollary from the Krull’s intersection
theorem.

(4) = (5): Suppose that I = (p) is the only maximal ideal in the ring R and that
Moy I™ = (0). We shall show that R is a discrete valuation ring in the field K. Fix
z € R\ {0}. Since ;2o I" = (0), theset {ne N:z e I"} ={neN:z e (p")}
has a maximum. Define the function v : R — N U {co} by:

0, if x =0,
v(z) = { max{n e N:x € (p™)}, ifx#0.

We shall show that v(z + y) > min{v(z),v(y)}, z,y € R. fx =0 or y =0 or
x = y = 0, this is obvious. Suppose that x # 0 and y # 0. Let k, [, m be the
smallest numbers such that z +y € (p*), z € (p'), y € (p™). We may assume that
I <m. Then (p') D (p™), so z,y € (p') and hence = + y € (p'). Thus [ < k and so
min{l,m} < k.

We shall show that v(zy) = v(z) +v(y). f z =0o0r y =0 or z = y = 0, this
is obvious. Suppose that z # 0 and y # 0. Since = € (p*@) iy € (p*®), we
have that x = ulp”(‘”) and y = uzp”(y), u1,us € R. Thus zy = ulugp”(l)‘*‘”(y), SO
zy € (p*@+*W) and hence v(xy) > v(x) +v(y). If v(zy) > v(x) +v(y), then zy €
(p@ W+ 5o 1+ y = uzpp?@+?®) . On the other hand 2y = ujugp?®+vW)
50 uupp?@H0W) = yapp?@ e thus pr@)+0W) (yyuy — ugp) = 0 and since R
is a domain and p # 0, this implies that ujus — ugp = 0, so uyus = usp, that
is uqug € (p). Since (p) is maximal, it is prime. Thus uy € (p) or uz € (p)
- we may assume that u; € (p). Then u; = uyp for some us € R, and hence
z = u p’® = uyp?@+1 so z € (p*®)+1) - which contradicts the definition of v.

Define the mapping ¢ : K — Z U {oo} by:

5(3) = v(a) = v(b).

It is easy to check that ¥ is a discrete valuation. Clearly R C Aj, so it remains to
show the other inclusion. Fix % € Ay and let © = up*®), y = ugp®®) for some
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u,uz € R If () = n > 0, then v(z) —v(y) = n, so v(z) = v(y) + n. Thus
r = up®® = up?@H" hence zup = uiugp?@p" = uyyp”, that is % = Z—;p".

Moreover, observe that Z—; € R. Indeed, suppose that Z—; ¢ R. Since u; € R, we

get uy' ¢ R. But ug € R, 50 ug ¢ U(R). That means that uy € I = (p), that is
us = ugp for some uz € R. Then y = uzp”(y) = ugpv(y)“, which contradicts the
definition of v. Thus *+ € R, p™ € R which gives % € R. O

ug

Next we shall define the class of algebraic function fields and show that all
valuation rings in such fields are characterized in the way described before. The
algebraic function field in one variable over the field K is the field F' such that
F > K and F D K(z) is a finite extension for some element x € F' transcendental
over K. The algebraic closure K of the field K in F shall be called the field of
constans. Before we prove our main result we need some lemmas.

Lemma 1. Let I be an algebraic function field over K. Then z € F is transcen-
dental over K if and only if [F : K(z)] < co.

Proof. («<): Suppose that [F' : K(z)] < oo and z is algebraic over K. Then
[F: K] = [F : K(?)|[K(2) : K] < 00, so the extension F D K is finite - a
contradiction.

(=): Suppose that F O K(z) is finite and = and z are transcendental over K.
Consider the extensions K (z) C K(z,x) C F. Since K(z) C F is a finite extension,
we have that K(x) C K(z,z) and K(z,x) C F are also finite. Thus z is algebraic
over K(z). We shall show that x is algebraic over K(z).

Since z is algebraic over K(x), there exists f € K(x)[X] such that f(z) = 0.
Since K (z) = (K|[z]), we may suppose that f € K[z][X]. Let F(t,X) € K[t, X] be
such polynomial that F(x, X) = f(X). Since z is transcendental over K, we have
that F' is non-zero. Let g(t) = F'(t,z) € K(2)[t]. Since z is transcendental over K,
g is non-zero. Moreover, g(z) = F(x,z) = f(z) = 0. So z is algebraic over K(z).

Consider the extensions K (z) C K(z,z) C F. Since K(z) C K(z,z) is algebraic
and finitely generated, it is finite. Since K(z,x) C F is finite, K(z) C F is also
finite. |

Lemma 2. Let F be an algebraic function field over K, let R be such valuation
ring in F that K C R C F. Then:

KcR and Kn(R\U(R))={0}.

Proof. Fix z € K and suppose that z ¢ R. Then z=! € R. Since z is algebraic over
K, we have that 27! is algebraic over K, so for some a1, ...,a, € K:

ar(z7H" 4+ daz7 4 1=0,
hence —1 = 27 Y(a, (7Y™ ' +... +a1). Thus z = —(a,(z7)" "1 +... +a1) €
K(271) C R, so z € R - a contradiction.
Suppose that there exists a # 0 such that « € KN (R\U(R)). Since K is a field,

we also have that «=! € K € R. Since R\ U(R) is an ideal in R, we have that
aa~! € R\ U(R), so 1 € R\ U(R), which is a contradiction. O

Lemma 3. Let F be an algebraic function field over K, let R be such valuations
ring in F that, K C R C F. Let 0 # x € R\ U(R) and let x1,...,2, € R\ U(R)
be such elements that v1 = = and x; € r; 1R\ U(R), i € {1,...,n —1}. Then
n < [F: K(x)] < oo.
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Proof. By the previous lemma x is not algebraic over K, so it is transcendental.
By the first lemma [F': K(x)] < co. It remains to show that z1,...,z, are linearly
independent over K(z). Suppose that there exist fi,...,f, € K(x) not all zero
such that:

flxl—l——i—fnxn:O

The elements f; are rational functions in one indeterminate x. Multiplying both
sides of the above equality by the common denominator of f1, ..., f,, we may assume
that f1,..., fn € K[z]. Eventually dividing by the appropriate power of x we may
also assume that not all f; are divisibe by x. Let a; = f;(0), i € {1,...,n}, be the
free coefficients of the polynomials f1,..., f,. Let a; be the last non-zero element
in the sequence ay,...,a,. Then:

—fiz; = fizi+ ...+ ficizjo + fjmxi + .o+ fas.

Moreover, by the choice of j we get f; = xg; for some g; € K[z], i € {j+1,...,n}.
Dividing both sides of the above equality by z; yields:

X x X
—fi=hot b T b aga T b aga

J J J Lj

LU]',

Since z = 21 € R\ U(R) C R and K C R, we get fi1,...,fn € K[z] C R. Since
z; € zip1 R\ U(R), i € {1,...,n — 1}, we have in particular z; € z;R \ U(R) for
i€{l,...,j—1}. Hence s R\U(R) and so figt € R\U(R) forie {1,...,5—1}.
Similarly % = ﬁ—j € R\ U(R) and since z;,g9; € R for i € {j+1,...,n}, we have
that =giri € R \U(R) for i € {j +1,...,n}. Therefore all summands on the
right side belong to the ideal R\ U(R), so f; € R\ U(R). On the other hand
fj = aj + xgj, where g; € K[z] C R and 2 € R\ U(R) (so zg; € R\ U(R)). Thus
a; = fj —xg; € R\ U(R). But also a; € K i a; # 0, which is contradicts the result
of the previous lemma. O

Now we may state the final result of this section:

Theorem 11. Let F' be an algebraic function field over K, let R be such valuation
ring in F that K C RC F.
(1) R\ U(R) is a principal ideal.
(2) If R\U(R) = (p), then every element z € F\{0} has a unique representation
of the form z = p™u for some n € Z and u € U(R).
(3) R is a principal ideal domain.

Proof. (1): Suppose that R\ U(R) is not principal and fix an element 0 # z; €
R\ U(R). Since R\U(R) # (1), there exists 2o € R\U(R)\ (z1). Thus 292;* ¢ R
(otherwise zo € ;R = (71)), so z125 " = (z927")~' € R\ U(R), hence z; €
22R \ U(R). By induction we may pick the infinite sequence x1,zo,... of the
elements of the ideal R\ U(R) such that z; € z;41 R\ U(R) for ¢ € N, which is a
contradiction with the previous lemma.

(2): Fix z € F. Since z € Ror 2~! € R, we may assume that 2 € R. If 2 € U(R),
then we may take n = 0 and u = z. So we may restrict ourselves to the case when
z € R\ U(R). Since R\ U(R) = (p), we get z = p'x for x € R. Observe, that the
sequence z,t!=1 #72 ... t satisfies the assumptions of the previous lemma, so its
length is bounded. Let k = max{l: z = p'z,» € R} - we may assume that z = p~z.
It remains to check whether € U(R) is true - otherwise z € R\ U(R) = (p), so
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x = py for some y € R, so z = p**1y, which contradicts the definitoon of k. It is
trivial to check that such presentation is unique.

(3): We shall show that if (0) # I < R, then there exists n € N such that
I = (p™). Fix an ideal I, where we may assume that I C R - otherwise we take
n =0 and get R = (1). Since R\ U(R) is a maximal ideal, we see that I C R\ U(R).
Note that if z € I and z = p*u, k > 0, u € U(R) is the decomposition obtained in
(2), then p¥ = zu~! € I, so the set:

{k:p"el}
is non-empty. As a subset of the set of positive integers it has the smallest element,
say n. We shall see that I = (p").

Obviously (D), because p" € I. To proove (C) fix z € I and let z = pFu, k > 0,
u € U(R). Thus k > n, that is p*~" € R. Hence z = p*u = p"p*—"u € (p"). O

Thus we have described almost all valuations in the field F(X). If v : F(X) —
G U {0} is a non-trivial valuation such that v(a) = 0 for a € F and R is its
valuation ring, then F C R C F(X). So R is a principal ideal domain and hence
it is a discrete valuation ring in its field of fractions. Since v is non-trivial, we may
assume that X € R, so F[X] C R and F(X) must be the field of fractions for R
(as the smallest field containing F[X] and - consequently - R). Since v is discrete,
G = Z and v could be described as in the theorem 8.

3. BAER-KRULL CORRESPONDENCE

Recall that a semiordering of a field F' is the subset S C F' such that:

(1) ApypresPr +p2 €S,
(2) /\peS /\LLEF CL2 S Sa
(3) SN S = {0},
(4) Ngepa€ SV —acs.
For the given semiordering S of the field F' we define:

a>gbiff. a—be S

and
a>gbiff. ~b>ga.

Clearly the relation >C F' x F satisfies:
1) Neera > a,
2) /\a’beFaz bAb>a=a=0,
) /\ayb’ceFa >bAb>c=a>c,
) Napera=bVb=>aVa=h,
5) /\a’b’ceFa >b=>a+c>b+ec,
6) /\a’b’ceFa >b=a-c2>b-c?,

() ~0>1
if and only if the set S = {a € F : a > 0} is a semiordering. Similarly, an ordering
is the set P C F' such that:

(1) Apy poepP1+p2 €P,
(2) Ap, pocpP1-p2 € P,
(3) Ngena€ PV —acP,
4) PAZP = {o}.

=~ W

(
(
(
(
(
(
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We denote:
a>pbifa—beP.

and - as above - observe that the relation >C F' x F' satisfies:

(1) Aeera = a,

2) /\mbeFaz bAb>a=a=0,
(3) /\ayb’ceFa >bAb>c=a>c,
(4) /\abeFaz bvb>aVa=hb,
(5) /\a’b,ceFa >b=>a+c>b+ec,
(6) Auper Arsespa=b=a-c>b-c,
if and only if the set P = {a € F : a > 0} is an ordering. Instead of speaking of
the set P we shall often speak of the set P* = P\ {0}. Clearly P is an ordering if
and only if the set P* satisfies:

(1) /\Pl,pzeP* D1 +p2 S P*v

(2) Prn—P* =10,

(3) Neev(rya € P*V —a€ P,
(4) Ap, poep-P1-p2 € P".

Similar conditions can be written for P* in order for P to be a semiordering.
Therefore we shall often confuse the notion of P and P*. Let:

Yr={P CU(F): P is a semiordering in F'},
Xp={P CU(F): P is an ordering in F'}.
In the sets Yr and Xg define the Harrison sets:
H(a)={P €Yp:a€ P},
Hx(a)=H(a)NXp
and introduce a topology in Yz by taking H(a)’s as subbasis sets. The topology in
X is the topology induced from Y, since Xp C Yp.

Let F be a fields, > a semiordering in F, v : F — G U {oc} a valuation. The
valuation v is said to be compatible with the semiordering > if:

/\ 0<a<bev(a)>vbd).
a,beF
A subset A C F is said to be symmetric if:
NacA=—acA
acF

A symmetric subset A C F' is convex (with respect to the semiordering >) if:

N\ 0<a<brbeA=ac A
a,beF

Lemma 4. Let F be a field , v: F — GU{oco} a valuation, > an ordering. The
following are equivalent:

(1) > is compatible with v,

(2) A, is convex with respect to >,

(3) M, is conver with respect to >,

(4) Nger0<anae M, =a<l.
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Proof. (1) = (2): Let a,b € F be such that 0 < a < b. Suppose that b € A,. Then
v(a) > v(b) >0, so a € A,.
(2) =3 ) Let a,b € F be such that 0 < a < b. Suppose that b € M,. Clearly
%g% and & 5 7 Au. Thusf#AU,sanM
(3)= (4 ) Let a € F be such that 0 < a. Suppose that a € M,,. If 1 < a then
1 € M, - a contradiction.
(4) = (1): Let a,b € F be such that 0 < a. Suppose that v(a) < v(b). Then
O<v(b)7v(a):v(§),sog € M,. Thus 2 <1,s0b < a. O

Denote:
X} ={P € Xp : P is compatible with v},

Yp ={P € Yp : P is compatible with v}.
Remark 1. X7 and Yy are closed subsets of Xp and Y, respectively, for all v.

Proof. We shall show that Y \ Y% is open. Fix P € Yp \ YZ. Then for some
a,b € F we have a € P, b—a € P and v(a) < v(b). Thus H(a) N H(b — a) is
an open neighbourhood of P. Moreover, H(a) [ H(b— a)(YZ = 0 - otherwise, if
Qe H@NHb—a)YZ thena € Q,b—a € Q, sov(a) > v(b) - a contradiction.

Since X is a closed subset of Y, X} is a closed subset of Xp. O

Let F be a field, v : F — G U {oo} a valuation. A semisection is a mapping
s: G — U(F) such that:

(1) s(0) =1,
(2) v(s(g9)) = g,

(3) 20502 ¢ U(F)2, that is s(g1 + g2) = 5(g1) - s(g2)modU (F)2.

A section is a mapping s : G — U(F) such that:
(1) s(0) =1,
(2) v(s(9)) =g,
(3) s(g1+92) = s(g1) - s(g2).

Remark 2. Let F be a field, v : F — G U {o0} a valuation, s : G — U(F) a
semisection.
(1) s(g1 +g2) € U(F)?,
(2) g1 —92 = g3+ 93 = 283 € U(F)?, that is g1 = gamod2G = s(g1) =
s(ga)modU (F)2.

As an example consider G =Z and v : F — Z U {0} a valuation. Let p € U(F)
be such that v(p) = 1. Then s : Z — U(F) gicen by:

n

s(n)=p
is a semisection.

Theorem 12. Let F' be a field, v: F — G U {0} a valuation. Then there exists a
semisection for the valuation v.

Proof. Since v is a surjection, for every g € G there exists a, € U(F) such that
v(ag) = g. Observe that 2G = {g+g¢ : g € G} is a subgroup of the group G which -
since G is commutative - is normal. Consider the group G/2G. It can be viewed as
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a vector space over the field Fo. Let B C G be such subset that {g + 2G : g € B}

is a basis for G/2G. Thus for all g € G there exist ¢, ..., g, € B such that:
g=gn+...+tam+tg+g.

Define s : G — U(F) by:

s(9) = ag, - ... ag, - (ag)*.

It is trivial to check that s is a semisection for v. O

Lemma 5. Let F be a field, v: F — G U{oo} a valuation, F, a residue field for
v, s : G — U(F) a semisection for v. Then every semiordering P € Y¥ induces a
pair of mappings ¢p : G/2G — Yp, and op : G/2G — {—1,1} given by:

/\ op(g+2G)-s(g) € P
geG

and

/\ /\ b+ M, € opp(g+2G) < b-s(g)-op(g+ 2G) € P.
9geEG beU(Ay)

Proof. Tt suffices to verify that ¢p and op are well-defined. If ¢’ + 2G = ¢” + 2G,
g, 9" € G, then ¢’ = ¢"mod2G, so by the previous remark s(g’) = s(g”)modU (F)?,
so op is well-defined.
o+ M, =00+ M,V € UCA,), then & = V" + m for some m € M,.
Suppose that 's(g)op(g + 2G) € P. We have that:
v(b's(g)ap(g+2G)) = v(t') + v(Es(g)) = v(V') + v(s(g)) =
= o) +g = o(t" +m) +g = min{o(b"),0(m)} + g <
< v(m)+g=uv(ms(g)op(g+ 2G))
because if b € U(A,) and m € M, then v(b”) = 0, v(m) > 0. Since v is compatible
with P:
b's(g)op(g+2G) = (b' —m)s(g)op(g + 2G) € P.
Thus ¢p is well-defined. It is easy to check that ¢p(g + 2G) is a semiordering. O

Corollary 1. Let F be a field, v : F — G U {00} a valuation. If Y2 # 0, then
A, = F or F is formally real.

Proof. Let P € Y¥. By the previous lemma ¢p(0 + 2G) is a semiordering in F,.
Thus F, is ordered and hence real (by the Zorn’s lemma every semiordering can be
extended to a ordering). O

Lemma 6. Let F be a field, v: F — GU{o0} a valuation, F, a real closed residue
field, s : G — U(F) a semisection of v. Every pair of functions ¢ : G/2G — Yp,
and o : G/2G — {—1,1} induces a semiordering ¢° € Y7 given by:

A\ ace¢ = S(vcéa))a(v(a) +2G) + M, € ¢(v(a) + 2G).
acU(F)
Proof. We shall show that:

N\ a+beo.

a,bep®
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Fix elements a,b € ¢. Then

mo(v(a) +2G) + M, € ¢(v(a) + 2G),

S(U(b))a(v(b) +2G) + M, € ¢(v(b) + 2G).

If v(a) = v(b) then:

(ol (@) F 200+ M)+ (g

_ ;T—&l;)a(v(a) +9G) + M, € 6(v(a) +2G),
S0 S(‘j)'(if)) € U(A,) - otherwise 0 € ¢(v(a) + 2G) which contradicts the definition of
a semiordering. Thus v(a +b) = v(s(v(a))) = v(a) and hence Wﬂ?b))a(v(a +0b)+
2G) + M, € ¢p(v(a+b) +2G), that is a + b € ¢°.
If v(a) < v(b), then v(a £ b) = min{v(a),v(b)} = v(a). Moreover, v(:ts(vlza))) =

v(b) — v(s(v(a))) = v(b) —v(a) > 0, so £ e ( 57 € My. Thus S(U‘E;tibb))o(v(aib) +

o(v(b) + 2G) + M,,) =

2G) + M, € p(v(a£b) +2G),s0at+b e ¢°.
If v(b) < v(a), then v(a + b) = min{v(a),v(b)} = v(b), Moreover, v(m) =
v(a) — v(s(v(b))) = v(a) —v(b) > 0, so oy € Mo. Thus 75(1;?;1}31)))‘7(”(@ +0b) +

2G) + M, € p(v(a+b) +2G),s0a+b € ¢°.
Considering the case when v(a) < v(b) we proved that ¢7 is compatible with v.
Now we shall show that:
/\ /\ ab® € ¢°.

a€d? beU(F)
Fix a € ¢” and b € U(F). Then:

ma(v(a) +2G) + M, € $(v(a) + 2G).
Moreover:
G T = St M e -
- s(v(a)bis S M= sy M
. v(ab?) 4 2G = v(a) + v(b) + v(b) + 2G = v(a) + 2G

ab?
s(v(ab?))
which implies that ab? € ¢°.
Finally, it remains to show that:
/\ a€ ¢’V —acp?,
acU(F)
but this is clear by the definition of ¢(g + 2G), g € G. O

o(v(ab®) + 2G) + M, € d(v(ab?®) + 2G)

Now we may state the main result of the current stection:
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Theorem 13 (Baer-Krull). Let F be a field, v : F — G U {0} a valuation, F,
a real closed residue field, s : G — U(F) a semisection of v. The constructions
described in lemmas 5 and 6 establish a bijective correspondence between the set Yz
and the set {¢: ¢ : G/2G — Yp,} x {o:0: G/2G — {-1,1},0(0+ 2G) = 1}, that
is (¢pp)?F = P and (¢gr,040) = (¢,0).

Proof. We shall show that for all P € Y2 (¢p)?? = P. Fix P € Y. Let ¢p and
op be defined as in the lemma 5. Then for a € U(F):

a € (¢pp)’f < a

op(v(a) +2G) + M, € ¢pp(v(a) + 2G) &

s(v(a))
= m p(v(a) + 2G)s(v(a))op(v(a) + 2G) =
= aop(v(a) +2G)* =a€ P.

We shall show that (¢40,0¢0) = (¢,0). Let ¢ : G/2G — Yp, and ¢ : G/2G —
{—1,1} be such that ¢(0 + 2G) = 1. Let ¢” be defined as in the lemma 6. Then:

o(g+2G)s(g)
s(v(o(g+2G)s(g)))
= Wa(g+2G)+Mv = 1+M7f =

= 124 M, € §(v(o(g +2G)s(g)) +2G).

Thus o(g + 2G)s(g) € ¢° and hence o = g4o. Moreover, for g € G and b € U(4A,)
we have:

o(v(o(g+2G)s(g)) + 2G) + M, =

b+ M, € ¢po (g +2G) < bs(g)og (g + 2G) < bs(g)o(g + 2G) € ¢7 &
bs(g)o(g + 2G)
s(v(bs(g)a(g +2G)))
bs(g)o(g + 2G)
s(v(b) +g)
bo(g+2G)* + M, =
= b+ M, € ¢(v(bs(g)o(g + 2G)) + 2G) = ¢(g9 + 2G).

a(v(bs(g)o(g + 2@)) + 2G) + M, =

o(v(b) +g9+2G)+ M, =

O

Let G be any group and K a field. A character of the group G in the field K
is a homomorphism x : G — U(K).

Theorem 14. Let F be a field, v : F — G U {o0} a valuation, F, a real closed
residue field, s : G — U(F) a semisection of v. Use the notation from lemmas &
and 6. Then P € X} if and only if ¢p : G/2G — Xp, is constant and op is a
character on G/2G.

Proof. (=): Let P € X} . Then for g1, g2 € G:

op((91+2G) + (92 +2G)) =1 & s(g1+92) € P s(g1)s(g2 € P) &

< s(91),5(92) € PV s(g1)s(g2) ¢ P&
< op(g1+2G)op(g2 + 2G) = 1.
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So - since the value set of op consists of only two elements - this implies that op
is a homomorphism. Next, for b € U(A4,) by the lemma 5:

b+ M, € ¢p(g+2G) < bs(g)op(g+2G) € P
and
b+ M, € ¢p(0+2G) < bs(0)op(0+2G) =be P.
Since op(g + 2G)s(g) € P and P is an ordering, this yields:
b+ M, € ¢p(g+2G) & bs(g)op(g+2G) € P be P b+ M, € ¢p(0+2G),

so ¢p is constant.
(«<): Let op be a character, let ¢ p be constant. We shall show that for a1, as € P
ayaz € P. Indeed, by lemma 6 for ay,as € P:

s(v(ai))
Since s(v(aiaz)) = s(v(ay))s(v(az))modU(F)?, we have:
s(v(aiag))

P ap(vla) +26) + (o(a2) + 26)) + M, =
- -2 iy

Stota TF (e +26) + Mo - o
{f? + M,] € ¢p(0+ 2G) = ¢pp(v(ayas) + 2G).

ap(v(ai) + 2G) + M, € (bp(’l}(ai) + 2G) = (bp(o + 2G),i S {1,2}.

op(v(aias) + 2G) + M, =

op(v(az) + 2G) + M,] -

O

Corollary 2. Let F be a field, v : FF — G U {oo} a valuation, F, a real closed
residue field. Then X3 # 0 and every semiordering P € Y} is non-Archimedean.

Proof. Since F, is real, we have that Xp, # 0. Fix an arbitrary constant function
¢ : G/2G — X, and a constant character ¢p : G/2G — {—1,1}. By the Baer-
Krull theorem and the previous theorem, X3 # 0. Fix P € Y and g € G such
that g < 0. Let a € P be such that v(a) = g. Since Fj, is real, v(n) = 0 for n > 1.
Since P is compatible with v, we have that, as a € P and v(a) < v(n) - a,n € P.
Thus P cannot be Archimedean. (]

Corollary 3. Let F be a field, v : F — G U {oo} a valuation, F, a real closed
residue field. Then X3 =Yg if and only if

|G/2G| =2 and | XFp,| =1

or
‘G/2G| =1 and XFy = YFU~

Proof. Let s : G — U(F) be a semisection. Observe that the mapping o : G/2G —
{—1,1} such that o(0+2G) = 1 is a character if and only if |G/2G| < 2. Moreover,
if | Xp,| = 1, then |Yg,| = 1. In this case every mapping ¢ : G/2G — Xp, is
constant. Thus our statement follows from the Baer-Krull theorem and the previous
result. (]
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Let (F,>) be a field with semiordering >, let A, B C F. We say that A is
cofinite in B with respect to > it A C B and

/\ \/bga.

beEBacA

Remark 3. Let (F,>) be a field with semiordering >, let Fy C F be a subfield.
The set
A%O:{aer|a| > b for some b € Fy}

is the smallest convex set B such that Fy is cofinite in B.

Lemma 7. Let (F,>) be a field with semiordering >, Fy C F be a subfield. Then
A}Z,O 18 a valuation ring in F' convexr with respect to >.

Proof. Obviously Q C A%O (where Q means the field isomorphis with the rationals)
and A%O is closed with respect to addition and subtraction. We shall show that if
a€ AIZ,O, then a? € A}Z«})' Indeed, fix a € AIZ,O. There exists b € Fy such that |a| < b.
We may assume that 1 < b. Thus |a| < b* and |a?| = |a]? < b* € Fy, so a® € A%O.
That mens that - since (%F2)? — (252)2 = ab - A%O is also closed under multipli-
cation. It remains to show that it is a valuation ring. Fix a € F' and suppose that
a ¢ A%O. Again, we may assume that 1 < a. Then0<a ! <1,s0a" ! € A%O. ([

Theorem 15. The topological space X of orderings is the sum of the Archimedean
orderings and the sets Xp, where v : F — GU{oo} are such valuations that F, are
real.

Proof. Let > be a non-Archimedean ordering. By the previous lemma AS is a
valuation ring different from F. Let v : F — G U {oco} be such valuation that
A, = Ag. Since A, is convex with respect to >, v is compatible with >. Thus
>€ X} and by the previous corollary F, is a real field. O

4. ORDERINGS OF Q(X)

By the Baer-Krull theorem we know that orderings in Q(X) arise from the
orderings in the residue fields associated with valuations on Q(X). By the previous
examples we know that the residue fields associated with valuations on Q(X) are
just the algebraic number fields Q(«a). Next, by the Artin-Schreier theorem, Q(c)
is an ordered field if and only if Q(«) C R, that is if @ € R. Therefore R is the
real closure for all every field Q(«). We shall describe orderings in Q(«) in more
details.

First, observe that orderings on Q(«) are in bijective correspondence with Q-
embeddings of Q(«) into R. Indeed, let o : Q(a) — R be an Q-embedding. Then
o defines an ordering P = o~ }(R?). If 01 # oy then o] '(R?) # o, '(R?). For
if o7 (R?) = 05 *(R?) then op 0 07" : 01(Q()) — 02(Q(a)) defines an order-
preserving isomorphism between two ordered fields lying in the same real closed
field, so - by the uniqueness of the real closure - 09 0 07 = id and thus o1 = 09 -
a contradiction. Thus our correspondence is one-to-one. To show its surjectivity,
let P’ be an ordering of Q(«). Let Q(«) be a real closure of Q(«) extending the
ordering P’. By the uniqueness of the real closure, there exists an isomorphism
o* : Q(a) — R, which induces an embedding o : Q(a) — R such that o = 0%|g(q)-
Clearly P' = o~ 1(R?).
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Next, let f be a minimal polynomial for . We shall show that embeddings
of Q(«) into R are in bijective correspondence with real roots of f. Indeed, let
0 : Q(a) — R be an embedding. f - as a polynomial with coefficients in Q - may
be viewed as a polynomial in R[X] as well. Clearly f(o(a)) = 0, so o(a) is a
root of f. Such correspondence is one-to-one: assume that o1(«) = o2(a). Clearly
Q(a) ={ap + a1+ ...+ am_1a™ 1 : a; € Q}, where m = [Q(a) : Q], so we may
write:

o1(ag +ara+ ...+ apm_1a™ ) =ag + ajor(a) + ...+ am,lal(a)m_l =
= ag+aoz(a)+...+am_102()" =

= oolag +ara+ ...+ apm_1a™Y)

)

which implies that 01 = 02. To chow that the correspondence is surjective, fix a
root B of f € R. If m = [Q(c) : Q] then for all [ < m the elements 1,3,...,5 !
are algebraically independent; indeed, suppose that for some b, € Q:

bo+b1B8+...+b_187 1 =0.

Then by + b1 X + ... + b1 X'71 € {h € QX]: h(B) =0} and I = {h € Q[X] :
h(B) = 0} is an ideal such that f € I. Sinve Q[X] is a principal ideal domain,
I = (g) for some g € Q[X] and since by + b1 X + ... + b_1 X"t € I we have
that degg < ! —1 < m — 1. Moreover, g|f, which is a contradiction, since f is
irreducible. Thus 1,3,...,3 ! are algebraically independent and ¢ : Q(a) — R
given by o(ag+...+am_10™ 1) = ag+...+a,_18™ ! is a well-defined embedding.

Now we shall describe orderings in the field Q(X) associated with valuations.
As we already know, the valuations on Q(X) are in bijective correspondence with
irreducible polynomials f € Q[X] and the element co. Let f € Q(X) be an irre-
ducible polynomial, let n = deg f. Denote by vx, s the valuation associated with f,
namely vx, 5 : Q(X) — Z U {oo} given by:

() = o ifg=0,
PAD = iy i g — e HX)™ € Zou€ {-1,1).

where P denotes the set of all irreducible polynomials in Q(X). Clearly the valuation
ring associated with vx ¢ is:

p
A’L}X,f = {6 : f*q}
with the only maximal ideal given by:

My, = {g - f1a, fla}.

Observe that the residue field associated with such valuation satisfies:
Foxy= AUX,,f/va,f = Q[X]/(f)-
Indeed, consider the homomorphism & : Q[X] — A, /M, , given by:
D(g) =g+ Myy ;-

Clearly, the kernel of @ is the ideal generated by f. Moreover, ® is surjective: if
p(X)

g € Ayy;, We can write g = Fes) with p, ¢ € Q[X] such that p { q. Thus there are
r,s € Q[X] with r(X) f(X) + s(X)q(X) = 1, therefore
r(X)p(X
g=1-g= ") i) L sxpp(x)

q(X)
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and g + M,y , = s(X)p(X) + M, , is in the image of ®. Thus ® induces an
isomorphism ® : Q[X]/(f) — Auy ; /My, given by:

(/Is(g + (f)) = 9+va.f'
Next, suppose that aq,...,a,, are all real roots of f. We shall show that the
residue field Q[X]/(f) can be mapped isomorphically onto each of the fields Q(c«;).
Indeed, fix i € {1,...,m} and define the mapping ¥ : Q[X]| — Q(«;) by:

U(g) = g(a).
Clearly W is surjective and its kernel is the ideal generated by f, so ¥ induces an
isomorphism V¥ : Q[X]/(f) — Q(«;) given by:
V(g +(f) = gle).

We shall describe the orderings of Q(«;) more precisely. We know that - via the
Baer-Krull correspondence - those orderings play an essential role in building or-
derings compatible with vx, ¢. From the previous remarks we know that the residue
field of vx ¢ is isomorphic to Q(c;) and that Q(c;) has m orderings corresponding
to variuos embedings of Q(«;) into R, each determined by the element «; and one
of the real roots o of f. Let P,, o, denote the ordering of Q(c;) derived from the
embedding which maps o; onto ;. We shall show that:

(Q(ay), Pai,aj) is order-isomorphic to (Q(e;), Paj,a]-).
Clearly the fields Q(«;) and Q(«;) are isomorphic and the isomorphism I' : Q(cy;) —
Q(evj) is given by:
F(G/O + ...+ an_la?_l) =ay+...+ an—la?_l.

Let 04,0, : Q(a;) — R and 04, ; : Q(a;) — R be the embeddings given by:

n—1 n—1
Oasa;(@0+ ..+ ap10f ") =ag+...+ an-10]

and
Oaj,a; = id.

Then Py, o, = 0;7,’17%, (R?) and Py, o, = J;J{aj (R?) and we have to show that
I'(Pu;,;) = Paj,a,- This is clear; (C): let ag + ... + an_la?_l € Py, a;, that is
ag+ ...+ an_la?_l € R? which means that T'(ag + ... + ap_1a]" ') =ag +... +
an_la?_l € Poja;- (D) let ag+ ...+ an_la}’_l € Paj.a,, that is ag + ... +
an,la;hl € R?, which means that ag+ ...+ an,la;“l € Pa, o, while '(ag + ...+
an,la?fl) =ag+...+ an,lcz;‘*1

Thus instead of considering Q(c;) with the ordering P, ;, We may consider
the field Q(cy;) with the usual ordering induced from the reals. Therefore the set
Y, , may be viewed as a family of the fields {Q(e;) i € {1,...,m}} with the
usual orderings.

Next, the semisection s : Z — Q(X) \ {0} of vx s is clearly given by: s(n) = f»
and each function ¢ : Z/27Z — Yva,f is constant, that is we may say that there
are m such functions ¢, ..., ¢, each ¢; - in view of the previous remarks - taking
Q(«;) with usual ordering as the only value. As we know there are 2 characters
0 :7/2Z — {—1,1}, namely o; and o9 defined by:

v |04+2Z|142Z o |0+2Z|1+2Z
o 1 | -1 o | 1 | 1
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Thus f induces 2m orderings, namely:

g1 (71 02
oL 72 ¢

We shall describe such orderings in terms of polynomials. Let g € Q[X] and
suppose that g = f*(9) . h. We have:

ged & o g(g)) o1(v(g) + 2Z) + My , € P o, <
< ho(v(g) +2Z)+ (f) € Py as &
& hoy(v(g) +2Z)(a;) € Pa, 0, &
& hoy(v (9)+2 () R &
& (h(a;) €R* Aw(g) - even ) V (—h(a;) € R* Av(g) - odd ).

Similarly:
g € ¢7" < h(a;) € R
This describes all orderings associated with polynomials.
Let vx 00 : Q(X) — Z U {oo} be the remaining valuation of Q(X) given by:

) 0, if g=0,
UX.00(g) = .
Xoeld deg q — degp, lfg—”g;,p,qE@[X]\{O}-
The valuation ring for such valuation is defined by:
p
Avy o = {5 tdegp < degq}

and the only maximal ideal is:

M :{gzdegp<degq}.

VX, 00

The residue field F,, . = Ayy /M,y . is isomorphic to Q and the isomorphism
O: Ay /My, — Qis given by

apn X"+ ...+ ag
b X"+ ...+ b
The semisection s : Z — Q(X) \ {0} is clearly given by:

1

Since the degree of such valuation is 1, the residue field is just Q. Q has only
one ordering, so the set Yp,  consists of only one element, which may be viewed

as the field Q with the usual ordering and there is only one constant function
¢ : Z/2Z — YF, . Thus - since we have two characters o : Z/2Z — {-1,1} -
there are only two orderings associated with this valuation, namely

7.

Let us see how this ordering works with polynomials. Let ¢ = a, X" +...4+ag €
Q[X]. Then:

(/I;( ) +va,oo =

an
by

o1 g
9E€P S )

& a,-01(v(9) +22) € QT &
< (ap>0An-even )V (a, <0An-o0dd).

o1(v(g) +22) + My, , €Q" &
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Similarly:
gE PP a, >0
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